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By analysing the size-frequency distributions of large cosmic ray bursts obtained at three stations 
by SRI ion chambers, it is concluded that: a) about 4024 of the total bursts at sea level are those 
induced by N-rays, and the portion of them decreases with increasing size, b) apsorption mean free 
path of burst-producing N-rays is 120 g/cm? in air, and decreases with increasing size, approaching to 
collision mean free path of air. Moreover, from the comparison of our results with others, it is shown 
that the absorption mean free path of burst-producing N-rays near sea level is not same as that at 
high altitude, but it elongates near sea level. Some discussions on burst production are presented in 
connection with our results. 


§1. Introduction 


The large cosmic ray bursts under thick shield have been studied by many investiga- 
tors with ion chambers of various geometries. Especially, since the importance of the study 
on large cosmic ray bursts was pointed out by Christy and Kusaka” in connection with 
meson bremsung, Lapp” elucidated much of the nature of cosmic ray bursts. 

However, recent studies. on nucleonic components in cosmic ray particles, observed in 
nuclear emulsions and cloud chambers, made it clear that some of the dense electron cascade 
showers ate initiated by nuclear events, and Rossi et al” clarified that some of the bursts 
observed at high altitude are initiated by the passage of electrons induced by nuclear events. 

Concerning the nucleonic origin of large cosmic ray bursts, Hayakawa and Fujimoto” 
suggested theoretically that most of them at mountain altitude are initiated by nuclear 
events, and they succeeded qualitatively in the explanation of the variation of the ratio of 
burst frequencies at mountain to those at sea level with burst size. Thereby, as other 
investigators, they assumed that all bursts at sea level are meson induced bursts (y-bursts) , 
and compared their results derived theoretically with experimental data. 

However, it must be noted that there has been no proof that the bursts at sea level 
are all initiated by p-mesons. Thus, when comparing the experimental data with the 
theoretical results, it is so important to know whether at sea level some bursts produced 
by nucleonic components (N-bursts) exist or not, and to know the absorption mean free 
pathes (hereafter denoted by absorption MFP for abbreviation) of the burst-producing rays 
in air and other materials, if there are some N-bursts. 

From the viewpoint above mentioned, we compared the size-frequency curves of bursts’ 
obtained at three places, that is, at mountain altitude (2930 m elevation), at sea level, 
and at basement (under 170 g/cm* concrete at sea level). The ion chambers used are the 


s 
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same one at sea level and at basement, and that used at mountain is the same geometrical 
size as the above one, though the pressure of gas filled in the chamber is lower than that 
of the former one. Thus, after carrying out some corrections, the comparison of the data 
at three different places became sufficiently meaningful and reliable, and made it possible to 


deduce some informations on the nature of burst production. 


§2. Apparatus and experimental data 


a) Apparatus 
The jon chambers used were made at Scientific Research Institute in order to measure 
the cosmic tay intensities continuously, and details of the structure and characteristics of 


them were reported by Dr. Tshit"’. 


Pigweds 
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Structure of SRI ion chamber 


As illustrated in Fig. 1. the chamber is a cylindrical vessel made of steel and uran 
compensation type. Its effective volume and horizontal cross-sectional area are 21.5 litres 
_and 1120 cm’ respectively, and details of the geometrical sizes are shown in the figure. 
The chamber is filled with argon of 95% purity to a pressure of about 40 atm. usually. 
The inner electrode / (which consists of five rods) is connected to Lindemann electro- 


meter ZL, and the deflection of its needle is photographed continuously on the film by 
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camera system. In operation, the potential difference of 180 volts is given between electrodes, 
and earth contact of the inner electrode and calibration of sensitivity of the electrometer 
ate automatically photographed periodically. All measurements from which the following 
data of bursts were obtained were carried out with 10cm thickness of lead shield sutround- 
ing all sides of the chamber. 

b) Experimental data 

The bursts reported here are picked up from the recording films obtained in the con- 


tinuous observation of cosmic ray intensities. The details of measurements are summarized 


in Table I. 


Table I. 
Station Altitude Atm. depth Apparatus Gas press. Duration Total time 
(at 0°C) 

Mt. Norikura 2830m 750 g/cm? SIR ion chamber No. 4 38.5 kg/cm? Sept. 1950 792 hr 
Mamiana, Tokyo 40m _ 1030g/cm? No. 1 39.5 kg/cm? May 1942— 7779 hr 

: Sept. 1943 
Komagome, Basement 1030 g/cm? ” No. 1 39.5 kg/cm? Mar. 1939- 15733 hr 
Tokyo +170 g/cm? Apr. 1941 

concrete 


ie Fig. 2. a. The size of the bursts, tabulated in 
10-6 


the tables left on record, was again checked 
by one of the authors (W), and the 


films recorded at Mt. Norikura were read 


by him also. Corrections for the data at 
mountain due to the usage of different 


10-7 apparatus were strictly carried out follow- 


ing the report (5), in order to compare 
it directly with those at sea level and at 


the basement. 


The integral size-frequency distribu- 
tions of bursts thus obtained are shown 
in Fig. 2a, b, and c.. In the. figures, 
burst size is represented in terms of the 
deflection of electrometer needle on the 


burst frequencies (cm~2-sec~!) 


film in 1/10mm at normal condition, 
and size 1 corresponds to 3.34 x 10° ion 


pairs. The frequencies. of the bursts are 


indicated in the number of bursts divided 


by the time of total duration and by the 


horizontal cross-sectional area of the 


chamber. The materials above the ap- 


ant paratus are thin wooden roof at Mt. 
1 gener A ore 100-5. Norikura and at sea level, and those at 
burst size 


Size-frequency distribution at Mt. Norikura the basement are four-storied concrete 
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Ss Fig. 2. b. Fig. 2. ¢. 
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ceiling, whose thickness is 60 cm of concrete (density 2.4) and 24 cm mortar (density 1.5 
~1.6), being estimated as 170 g/cm” in total thickness in vertical direction. 


§3. Discussion of the results 
a) Intensities of total ionization 


The intensities of total ionizations measured by the above mentioned ion chambers are 


tabulated in Table II. 


Table IL. 
Station Atm. depth Duration Intensities 
Mt. Norikura 750 g/cm? Sept. 1950 1.79* 
Mamiana _ 1030 g/cm? Nov. 1942 1.00 
Komagome 1030 g/cm? +170 g/cm?* Jan—Dec. 1941 0.74 


* corrected for the apparatus. 
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Fig. 3. Ratio of burst’ frequencies at mountain to those at sea level 


kR 
30, 
—.«— from experimental data) .. ae 
eS PP eit anoling eave (integrated distributions) 
--4--— from differential distributions 
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jo) 


frequency ratio 
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burst size 


b) Frequency ratio of the bursts 

Frequency ratio of the bursts at mountain to those at sea level against burst size, is shown 
in Fig. 3. in which the solid line was obtained from Fig. 2. directly, the dotted line from 
the smoothing curve in Fig. 2. and the broken line from the differential size-frequency 
distributions (averaged over several sizes to reduce fluctuation). Similarly, Fig. 4. shows 
the frequency ratio of the bursts at basement and at sea level. 

From Fig. 4. it will be easily noticed that the decrease of burst frequencies at smaller 


Fig. 4. Ratio of burst frequencies at basement to those at sea level 


a from experimental data) 


EP aes from smoothing curvesf 
from differential distributions 


(integrated distributions) 
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size is more remarkable than the total ionizations and that the frequency ratio gradually 
increases ftom 0.65 to roughly 1 with increasing burst size. 

The former fact can not be explained if we assume that all of the bursts at sea level 
are f/bursts, because the mesons capable of producing the bursts have fairly high energies 
and ate less absorbable than the total components. However, if we assume that the burst- 
producing rays at sea level are mixture of mesons and /V-rays,* the decrease of the burst 
frequencies at basement will be easily understood. The latter fact that the ratio increases 
with increasing size and at larger size it approaches to roughly 1, represents that the por- 
tion of p-bursts at sea level gradually increases with increasing size, and that mesons are 
predominant components which produce very large bursts at sea level and at basement. 

By comparing the second fact with Fig. 3. showing that the ratio of burst frequencies 
at mountain to those at sea level increases with increasing burst size, it may be concluded 
that the burst-producing /V-rays have not the same absorption MEP in air for bursts of all 
size. That is, \V-rays producing small bursts have longer absorption MFP, and those of 
large bursts have much shorter MFP. 

c) Tentative deduction of the absorption MFP of burst-producing rays 

According to the studies on penetrating showers, the absorption MFP of the particles 
producing penetrating showers are 120~125 g/cm” in air (6), that is, twice of the collision 
MEP deduced from the geometrical cross section of air nucleus. On the other hand, from 
the results obtained by nuclear emulsion (7), it is known that the absorption MFP of 
star-producing rays in alminium is similarly about twice of the collision MFP in it. Referring 
to these results, we tentatively assumed that the absorption MFP of /V-rays producing 
bursts of size 4** is 120 g/cm” in air and 150 g/cm* in concrete. Next, designating the 


fraction of j/bursts and /V-bursts at sea level as /4 and JV respectively, we assume the 
following equations, 


at sea level 1=p+J, 


at mountain altitude R=uy+ lV exp ( Souls ) 


120 


at basement Ri =o! + Nexp ( aa 
\ 150 
where R and A’ are ratio of burst frequencies at mountain and at basement to those at 
sea level, and they are determined from the dotted curves of Fig. 3 and 4 respectively. @ 


/ . . . . = 
and u! are the factors relating to ionization loss and decay loss of semesons, and are func- 


* Of course, though we must not exclude the possible contribution of high energy electronic components 
which impinge upon the apparatus, the electrons capable of producing such large bursts as containing several 
hundred ionizing rays under more than 20 radiation units will be very rare, and if they exist, we may include 
them in JV-rays because they are considered to be produced by nuclear events near the apparatus or contained 
in air showers, which we regard as the same as /V-rays for the burst production. : 

** Bursts smaller than size 4 are excluded for their less reliability, because of possible introduction of 
errors when distinguishing the true bursts from the fluctuation of the total ionizations. 
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tions of their energies or burst size. The value of a lies between 1.07 (for size 4)* and 
about 1.0 (for size 40 or more), and that of a! is estimated to be between 0.92 (for 
size 4) and about 1.0 (for size 40 or more) **, taking into account the structure of 
building. ¢ is a constant indicating the rate of decrease of adsorption MFP, and depends 
on the burst size. Assuming that ¢ takes the same value in concrete as in ait at a given 


size***, these equations are solved with respect to #4, /V, and e. 


Fig. 5. Fraction of y-bursts, and absorption mean free path of burst-producing /V-rays in air 
Scale for fraction Scale for 
of y-bursts absorption MFP 
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The results thus obtained are shown in Fig. 5, and each portion of w-bursts and /V- 
bursts at sea level is shown in Fig. 2 b. . 

From the Figs., the followings are found ; 
I) At sea level, 40+3% of bursts of size 4 are /V-bursts, and with increasing burst 
size they diminish gradually. 
II) Absorption MFP of the burst-producing /V-rays is about 120 g/cm* for bursts of size 
4, decrease with increasing size, and at the greatest burst (of size 40) approach to the 


collision MFP. 


§ 4. Comparison of the results obtained with others 


a) Burst frequencies under the concrete roof of 75 g/cm” thickness 

| According to the burst data obtained by SRI ion chamber No. 5 which is now in 
operation at Nishina Laboratory of Scientific Research Institute in Tokyo, the burst frequencies 
‘under the concrete roof of 75 g/cm’ thickness are 0.82 of those at sea level for the bursts 
of size 4. This value is in good agreement with that estimated from the third equation 
}of (1), 0.83, where a’/=0.98, e=1. 


* As we are comparing the integral size-frequency distributions each other, bursts of size 4 mean all 
bursts of size greater than 4. This terminology will be used throughout this report. 
: ** Estimation of minimum energies corresponding to each size will be shown later. 
***k Taking account of the small difference of atomic number between air and concrete, this assumption 
imay not be so far from reality. 
| 
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b) Bursts by Model C Meter 
Concerning the burst production by Model C Meter, many valuable results have hitherto 


been reported. However, some discrepancies are found between them in altitude dependence, 
perhaps, resulted from statistical poorness and neglect of the materials above the apparatus*. 
Therefore, in so far as the conditions in each experiment are not known precisely, com- 
parison of each result is difficult and dangerous. Nevertheless, we may obtain some informa- 
tions about the altitude dependence and the nucleonic origin of bursts by comparing their 
results each other. 

As the burst frequencies at sea level for Model C Meter, we cited those at Cheltenham 
reported by Lapp”, and compared them with the frequencies at several altitudes, referring 
to the papers reported by Benett et al, Schein and Gill”, Lapp”, Fahy and Schein’ and 

Fig. 6 Altitude dependence for Model C Meter Stinchcomb™. The result is 
R illustrated in Fig. 6. On the 
other hand, we roughly estimated 


ME Mt. Evans (8) 


CL; Mt. Climax 4 (10) the ratio of /V-bursts to /#-bursts 
CL, Mt Climax (0) at sea level to be 0.61+0.06 
EL Echo Lake (8) (normalized to the 
HUM So Hudneaye<)) 2), Calculated curve) Wors.38a 62 for Model C Meter, 
CE pwr e taking into account the thickness 
CH Chelenham (2) : 

of the lead shield**** and as- 


suming for the absorption MFP 


10 


of burst-producing /V-rays to be 
350 g/cm” in lead*****. The 
full line in Fig. 6 is the estimated 
altitude dependence thus  ob- 


600 800 1000 t tained. From the Fig., the 
Atmospheric depth (g/cm*) 


Ratio of burst frequencies 


followings are shown ; 


* Unfortunately, we could not know the materials above the apparatus at each observatory or station 
cited here. As the materials above the apparatus affect seriously the frequencies of burst, some descriptions reported 
here may be somewhat altered. 

** Here we do not cite the data at Chicago 
and Denver because of the statistical poorness. 
*** The data at Teoloyucan are cited. 
*# Mean thickness of the lead shield was com- 


puted from the following expression (Fig. 7): 


2 a 
I ——— 
2 ua ls Tari 


t= (A) 
In our chambers, the mean thickness of the lead 
shield was ‘estimated to be 11.5 cm, taking accounts 
of the shape of the shield and the zenith angle dis- 
tribution of /V-rays deduced from absorption MFP. 
*keKK Absorption MFP of 350 g/cm? is deduced 
from the experimental data of Schein and Fahy!), 
taking the contribution of .-bursts into consideration. 
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I) Estimation of /\V-bursts ‘as 38% at sea level are not in so far from reality. 
II) The frequencies at Huancayo reported by Lapp are appreciably deviated from the 
estimated one. Considering the lack of latitude effect of such high energy /V-rays as capable 
of producing bursts, we can not understand why such discrepancy exists.* 
III) At higher elevation, the observed ratio is appreciably higher than the estimated one. 
Concerning this point, we shall discuss in § 5. 
c) Recombination 
To study the correspondence between the bursts measured by Model C Meter and 
those by our apparatus, the frequencies of JV-bursts at sea level in Fig. 2b were reduced 
a factor corresponding to an absorption in 13.7 cm lead referring to Fig. 5, that is, the 
Pita ke ora parian of Laie dives ratio of /V-bursts to yp-bursts was 
Nv changed to be same as that by Model 
C Meter. Thus the relation between 
, burst sizes of both chambers was 
5000|_—- 5 ; compared at same frequencies**. The 
result is shown in Fig. 8. Denoting 
the burst sizes of our chamber and 
Model C Meter at the same frequen- 
cies as S and JV respectively, next 


burst size for Model C Meter 


1000 
expression is obtained from Fig. 8. 
500 NVez150S% 
d=1.0 40.03. (2) 


This means that the size- 
frequency distribution obtained by our 
d apparatus is completely same as that 
PF A ioe ON obtained by Model C Meter, if size 


1 in the former is assumed to correpond to 150 particles in the latter.’ This figure shows 
that some impurities in gas, or recombination, and difference of the shape of chamber does 
not affect the size-frequency distribution. 

In connection with the above mentioned, we compared the size frequency distribution 
for Model C Meter with that for Neher’s ion chamber which was obtained on the Pacific 
Lines during 1937 to 1939 and shown in Fig. 9***!2) Thereby, the frequencies of /V- 
burst for Model C Meter are reduced by a factor corresponding to the difference of shield 
thickness (referring to Figs. 5 and 7). As illustrated in Fig. 10 the relation between both 


sizes is expressed as follows ; 
N=60 Syi7*9-% (3) 


* Here we doubt if the material above the apparatus might affect the. frequencies. 
** Strictly speaking, same frequencies have no definite meaning, because the cross-sectional area o 
chamber depends on zenith angle and azimuth for its complicated shape. bos 
*** Dr. Sekido kindly lent us the unpublished data. 


f our 
a 
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Fig. 9 Size-frequency distribution of bursts where Sy designates the burst size for 
if for Neher’s ion chamber Nidkegaian as stab 


burst frequencies (cm~?-sec—") 


Thus, if the burst frequencies 
ifiatas related to the burst size for 
Model C Meters as 


f=4,N" (4) 


the relation between f and Sy is des- 
cribed by 


Jat. (4’) 


The difference of power factor 
may be attributed to small size of 
the chamber. 

d) Note on prbursts at sea level 

Size-frequency distribution of 
the bursts was theoretically deduced 


burst size 


ing the current notion concerning to 
pemeson and its energy spectrum at 
sea level deduced from the intensity- 
depth relation underground”. 
However, in comparing the 
theoretical results with the experi 
mental data, the followings must be 
noted ; 
I) The experimental data at sea 
level contain some portions of /V- 
bursts. By Model C Meter, #-bursts 
are about 62% of the total bursts 
at small size, and at larger size their 
percentages increase. 
II) It is necessary to recalculate the 
value of critical energy in lead-iron 
(1.2 cm thickness) transition, taking 
into account the existence of /V-bursts. 


by Christy and Kusaka”, assuming 
that they are all induced by /+mesons, 
and the result was compared with 
experimental data by them, and by 
Lapp”. Thereafter, Fujimoto and 
Hayakawa” computed the size 
frequency distribution of bursts, follow- 


Fig. 10 Comparison of burst sizes 


burst size for Model C Meter 


burst size for Neher’s ion chamber Sw 
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In evaluating Pp,~. (denoted by 8, for abbreviation hereafter) from Lasp’s measurement 
carried out with 10.7 cm Pb and 35cm Fe shield, we assume as follows for the sake of 


simplicity ; 


1) In equal number of atoms, the production ratio R of JV-bursts and pebursts is pro- 
portional to A”*/Z°, where A and Z are atomic weight and atomic number respectively. 
2) Absorption MFP of burst-producing /V-rays are 350 g/cm” and 220 g/cm? * in lead 
and iron respectively. 
Then, the ratio Ry. of AV-bursts to y-bursts under 35 cm Fe shield is represented by 
= bre, try Are eg Zp ) 
Rac limoeel tasting ais) (eee) (5) 


Ap, 


By substituting 307 g/cm*, 150 g/cm’, and 38/62 for Zp, ¢p,, and Rp, respectively, we 
obtain 0.89 for R,,, that is, 44% of the total bursts under 35cm Fe are initiated by 
/V-rays. 

Thus, taking the critical energy $y. of iron as 25 Mev", 2, is determined to be 
16.1 Mev, which is in good agreement with the value cited by Lapp, though he did not 
take into considerations the contribution of /\V-bursts. 

Considering the above note, discrepancy between the experimental result and the 
theoretical one deduced by Fujimoto and Hayakawa, amounts to a factor 6.0 or more. 
Meanwhile, according to Nishimura and Ida, the theoretical result should be lowered by 
a factor 3.5 or more by taking into account Coulomb scattering of the cascade electrons 
in the shield. Thus, though the discrepancy between them becomes remarkably small, the 
theoretical result is still greater than the experimental one by a factor about 2. 


§5. Some difficulties in an interpretation of our results 


a) Altitude dependence and barometric effect at mountain altitude 

According to the result obtained by Benett et al”, the number of bursts larger than 
2x10’ ion pairs** increased by factor 2.9 between Echo Lake (3240 m) and Mt. Evans 
(4300m). If sbursts are subtracted, the absorption MFP of burst-producing /V-rays 
between both altitudes is found to be about 80 g/cm” in air. Similar result was obtained 
by Stinchcomb"” from the barometric effect of the burst frequencies at Mt. Climax (3510 m). 


Therefore, we must conclude that the absorption MFP of the burst-producing /V-rays in 


air above and near 3500 m is approximately equal to the collision MFP of air. These 
results immediately contradict with our result that the burst-producing /V-rays are absorbed 
by air with an absorption MFP of 120 g/cm* at bursts of smaller size. 
b) Flux of primary cosmic ray particles 

An exact computation of the mean length traversed by a particle in our chamber is 


* For iron, we cited the value slightly longer than that reported by Tinlot and Gregory,1*) so as to be 
consistent with the absorption MFP in lead. 
** Although the correspondence of the size of these bursts with our burst is not known, they seem to 


correspond to our relatively small bursts, taking into consideration their frequencies. 
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very difficult, because the mean length is a function of zenith angle and azimuth, and the 
zenith angle distribution of burst-producing rays must be taken into consideration. There- 
fore, we took the following procedure in order to obtain a particle number-frequency dis- 
tribution at mountain ; 

I) From Fig. 8, the number of particles corresponding to each size of bursts for our 
chamber is estimated. 

II) The size-frequency curve of W-bursts at 2830 m is depicted, taking number of particles 
as abscissa.* 

Next, we assume as follows ; 

I) A-bursts are produced by cascade electrons initiated by 7,-mesons which are produced 
by JV-rays. 

Il) The number of particles corresponds to that at shower maximum. 

Ill) Total energy of a nucleon is consumed by nucleonic collision, and in average 1/3 
of it is transfered to 7,-meson. 

Following these assumptions, energy E of a nucleon which produces a burst contain- 
ing JV particles, and the integrated intensity Jx(E, 750) of (V-rays at mountain altitude, 
of energy more than Z, were determined, taking into account the production probability** 
of burst in the shield. On the other hand, directional intensity /(Z, 0) of primary 
nucleons of energy greater than £ was obtained by referring to the paper reported by 
Winckler et al’. From both intensities thus obtained, the absorption MFP of burst- 
producing /V-rays in air was calculated***, and the followings were revealed ; 

I) Absorption MFP of /V-rays capable of producing the bursts of size 4, is 100~105 
g/cm’. 
Il) That of JV-rays capable of producing the bursts of size 40 is 95~100 g/cm’. 

For simple exponential absorption****, the above figures become 85~90 g/ cm”? and 
80~85 g/cm’, respectively. 

Of course, owing to some ambiguities in the burst production probability, above figures 
may not be accurate enough, nevertheless, we may conclude that the absorption MFP of 


burst-producing /V-rays above mountain altitude is shorter than those near sea level for the 
bursts of smaller size. 


* This procedure is equivalent to replace our chamber by Model C Meter with thinner lead shield at 
2830 m. 


** Burst production probability s(Z, S) means the probability that a V-rays impimging upon the shield 
with energy greater than £ produce a burst greater than size S' in the shield. 
*** Absorption MFP was calculated by the following expression, 


/_(Z, 750) =2xH(¢)1(£Z, 0) (B) 
where H(4) =exp(—?) +4£;(-“), 
¢=750/4, and A is absorption MFP in air. 


**#* 2 is determined by the following relation ; 


J_(L, 750) =2n exp(—*) “LZ, 0)/(¢+2) (C) 
and ¢=750/A. 
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On the other hand, for the bursts of the greatest size the absorption MFP of burst- 
producing /V-rays derived by the above procedure is not same as that-obtained in § 3, 


but is appreciably larger than the latter. Concerning this inagreement, we ate now in study. 
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Note added in proof 


Two parers, recently published by Fahy* and Stinchcomb**, reported the detailed studies on large cosmic 
tay bursts and revealed much of the nature of the burst-producing rays. Meanwhile, most figures concerning 
Model C Meter described in this report seem not to be altered appreciably by their papers. 

However, the followings must be noted ; 

a) Throughout this report, we did not take into account the role of air-showers in the burst-production, but 
regarded it as the same as that of WV-rays. Therefore, our conclusions described in §3 c) and §5 b) must be 
reexamined, standing on the facts found by them that the cointident rate of bursts with air showers increases 
with increasing burst size, and at burst size of, say, 4000 particles, most of them coincide with air showers. 
Thus, some informations will be deduced on the burst-production by air showers.*** 

b) The result concerning the fraction of y-bursts at sea level, deduced by Fahy, is in good agreement with 
our result notwithstanding that he derived it from the revised calculation of CK. While, the similar revised 
calculation of CK gave a result greater than the experimental one by a factor 2 or more as described in § 4 d). 
However, if we, as Fahy, quote the usual value of specific ionization of pure argon as cited by Schein and 
Gill,**** the above discrepancy may nearly disappear. Considering some ambiguities in cascade function and in 
fluctuation, it seems to be dangerous to decide the fraction of y-bursts at sea level following CK’s theory. 


* E. F. Fahy, Phys. Rev. 85 (1951), 413. 
** T, G, Stinchcomb, Phys. Rev. 85 (1951), 422. 
*** Concerning these points, possible explanation will be presented elsewhere in connection with the variation 
of absorption MFP above mountain altitude and near sea level. 
**** Fujimoto and Hayakawa cited the value higher than that of Schein and Gill by a factor 1.4 for specific 


ionization of argon. 
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The g-values in the paramagnetic resonance experiment and the static magnetic susceptibilities of 
the cobalt Tutton salts are calculated under the assumption that the crystalline field is nearly cubic 
with a small tetragonal component. The values of these quantities depend on the value of a parameter 
n=40/34, where 6 is the energy separation between the lowest energy levels when the spin-orbit coupling 
is disregarded, and 4 is the spin-orbit coupling constant. Comparing the theoretical results with the 
experimental data, we have estimated 7=3.5~4.5 from g-values, 7=4~5 from 71, but the measured 
values of x; do not fall between the theoretical curves of y,, versus 7 with y=4 and 5. This dis- 


crepancy is discussed. 


§ 1. Introduction 


The behaviour of the paramagnetic ion in the magnetically dilute crystal can be many 
experimental methods. One of the most direct method is the paramagnetic resonance 
experiment. The measurement of the static magnetic susceptibility offers also a powerful 
but somewhat indirect means for the purpose. Making some reasonable assumptions on the 
symmetry and magnitude of the electrostatic field acting on the paramagnetic ion in the 
crystal, we can calculate theoretically the energy levels of the ion, the -values and its 
static magnetic susceptibility. 

If the experimental values of those quantities can be explained consistently by the 
adjustment of some parameters appearing in the theoretical calculation, the theory will be 
warranted. We performed this type of calculation for the Cobalt Tutton salt, since the 


experimental data are available in this case. 
§2. Crystallography and crystalline field 


All the Tutton salts have a monoclinic crystal structure. The ratio of the axes 
-a:6:c is nearly 3:4:2. The 6 axis normal to ac-plane, and the angle B between a 
lend c axes is about 105°. As for Co-NH, Tutton salt, a= 9,28A,~0 = 12.57 A, 
¢=6.22 A and P=106°56’. 

We shall assume that the atomic arrangement of Co-NH, Tutton salt is analogous 
‘to that of Mg-NH, Tutton salt, of which the X-ray analysis has been performed by 
‘Hofmann.? This is based on the fact that the similar assumption made in Polder’s 


‘treatment of the susceptibility of Cu Tutton salt? has been confirmed by Bleaney e¢ al.” 


: * Read on November ry 1950 and May 8, 1951 before the meeting of the Physical Society of Japan 
| held at Osaka University and Kyoto University respectively. 
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through the paramagnetic resonance experiment. According to this assumption, the oo me 
ion is surrounded by six water molecules which make ‘a slightly distorted octahedron. On 
the basis of the dimension of the unit cell, it has been estimated that the two H,O 
molecules are at a somewhat larger distance 2.2 A from the central ion, while the other 
four are located at the distance 1.9 A. The system composed. of the Co*+t ion and the 
six H,O molecules has a tetragonal symmetry, the axis being the line which passes through 
the two, more distant H,O molecules. The unit cell contains two Co** ions, one at 
(0,0,0), the other at (172;1/ 2,0) ce tetragonal system with the central ion at 
(1/2,1/2,0) can be obtained from that at (0,0,0) by a simple symmetry operation, 
namely, a translation (a>a+1/2, 6-641 /2, c—>c) followed by a reflection in aé-plane. 
The tetragonal axis of the complex makes an angle « with the ac-plane. The estimation 
described in Section 4 shows that « is about 33° for Co-NH, Tutton salt. 

The internal electrostatic field acting on a Cot+ ion is determined mainly by the six 
H,O molecules surrounding it. It can, therefore, be safely assumed that this crystalline 
field consists of a large cubic component and a small tetragonal component. Then, as far 
as it concerns d-electrons the crystalline field potential can be written in the following 


form : 
A(t y—22°) + D(a ty +24) + Oe + 62°97") +f) 


where A, D, Q and /(7) are functions of v. Here the tetragonal axis has been taken 
as s-direction. The second term represents the cubic field component and the first and 
third terms, the tetragonal component. As will be seen later on, we are concerned with 
the states originating in a single electronic configuration of the corresponding free ion, and 
hence we can omit the spherically symmetrical field T(r). 

Treating the functions A, D and Q as constant parameters, Polder? has calculated 
their values on the basis of a dipole model. He has further used an appropriate Slater 
function for the radial part of 3a atomic orbital and showed that the values of the above 
parameters are reasonable in the order of magnitude for the cupric salt. In this paper, 
however, we shall regard (A7*) 4y, (Dr*) av and (Qr') 4, as parameters to be determined 
through comparison with experiments. Here the average is to be taken over the density’ 
of the 3d-atomic orbital. 


$3. Energy levels and g-values 


The energy levels of Co** ion in a crystalline field was at one time investigated by 
Schlapp and Penney.” The field they treated was of rhombic symmetry and the secular 
equation was not solved except the two extreme cases : the case where the. spin-orbit 
interaction. overrules the rhombic field and the oppositely extreme case. In contrast to this 
- our crystalline field has a tetragonal symmetry and besides in our case the spin-orbit. 
coupling are comparable in magnitude with. the tetragonal component of the field. 

The lowest energy state of a free Co** ion is (32)'4#(L=3, S=3/2). The first 
excited state is ‘P(L=1, S=3/2) and lies about 1500 cm~* above the ground state 
These two ate all the quartet states that are originating in the (3d)' con geieiea 
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When the ctystalline field is not so strong that the Russell-Saunders coupling is not 
destroyed, as is the case, we can perform the perturbation calculation starting from the 
free ion states. The relevant perturbation is composed of two parts : spin-orbit interaction 
and crystalline Stark energy. Its dominat contribution is due to the Stark energy arising 
from the cubic field component. The only state that this energy combines with the ground 
state is “P, but Van Vleck" estimated that the contamination of “FT, by *P is of the 
order or 5 percent and is too small to alter materially Schlapp and Penney’s calculation 
made on the assumption that the basic state is pure “#7. We shall, therefore, take the 
4F free ion state as the unperturbed state. The perturbation hamiltonian is 


H'=V,+4(L-S) +6(4-L+28) (1) 
with 
Ci OH [Ai +9227) 4+ D(a THe +2!) + Ob +6476 97) +/(%) ] (2) 
where LE and § are orbital and spin angular momentum operators respectively, A= — 180 cm~? 


is the spin-orbit coupling constant, § is the Bohr magneton, ff is the external static 
magnetic field, ¢ is the electronic charge, (%, Vi, 2;) is the coordinate of the 7-th 37 
electron. 

When we take into account only the cubic component of the crystalline field, the 
unperturbed level which has sevenfold orbital degeneracy splits into a singlet /”, and two 
triplets, /', and /’,, [’; being the lowest level and /’, the highest. The energy separation 
between /”, and [’, is given by (104/21)e 
(Dr') 4y, and of the order of 104 cm71. 
We can therefore neglect /*; and J’, states 
for our purpose. The lowest orbital state 
[’, has a further fourfold spin degeneracy, 
so we have a twelvefold degenerate state. 
This state. splits into six doublets under 
the combined action of the tetragonal field 
and the spin-orbit coupling. Each doublet 


(a) (b) ker (4) splits further under the influence of 
Fig. 1. Scheme of the level splitting for Cot*+ ion external magnetic field. The scheme of 
‘under the influence of crystalline field and 
spin-orbit coupling. 
(a) free ion state +” 


these level splittings is given in Fig. 1. 
The three orbital states belonging 


(b) splitting in cubic field only. o to the fz level will be called Pee pe pu 

(c) tamed in tetragonal field with spin-orbit sodithas iain Wave Een 
coupling. 

(d) under the external magnetic field where all as follows ¢ 


degeneracies are remoyed. 
g(I/) = 7 (V 109+ V6 9-1) 
ol) =i (V6 e+ VS 109-3)5 


| (3) 
gly!) =; / 
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where Yx5 Piss Px Po ate the orbital wave functions with the magnetic quantum number 
Moat 3, eae 0 (la 3.) respectively. 

The crystalline field energy IV’, gives the matrix elements only between the levels 1’, 
and I",, and the states 1’, Dl Df vateccheser in such a way that the energy V,. is 
diagonal in /). But when we supplement the orbital wave functions (3) with the spin 
functions and consider the spin orbit coupling, we obtain a secular matrix of order twelve, 


which is given in table I. 


Table I. Secular Matrix 


(The common term is omitted from the diagonal elements) 


3/9 yw 
AES ee) | 
2\4 | | | 4 A\ 
| | / 
i Ey a |3¥ 2 5 
Ry 2 4 1 
-+ — 2148 | 3 VSS 
2 ce) | y 
> ol! 
2 ae ee 
2. |-2 +8 | 
i Sema 136 
Te 2 Sees 4 A 
al |3 | 3 2 
ae A+o6 
A) 
: ta 2 
a Ht 
= IZ=a+é av % 
he ee sie. 4 rine 
3 3V 6 
2 bbe 4 
13 6, BV? 
Ip? 2 4 A ie 
sey 3V2 BV 6 | 
2 D lear 
ay BV 6, 
alt 2ilee oy lls I A I Se a ee 


In the secular matrix given by Table I, we have omitted from the diagonal elements 


the common term, and 0 is given by the following expression : 
10 72 ; 
rs) —— es A , —-- a , 
Sie ) av dee Ay ) At : (4) 


If we neglect the spin-orbit coupling, the level J’, splits into a doublet (/7/, 17” ) andea 
singlet (/7/’’), the energy separation of which is given by 0. Since, however, the 
magnitudes of 0 and 4 are comparable, we must treat them on the same footing. The 
secular equation of twelfth order are split into the factors of 3rd, 2nd and Ist order, each 
appearing twice. If we measure the level energy W/ in the unit of (3/4)4(=—135 cm’), 
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: Sy Dos ; 
and write |]/ (22 )=n, # must satisfy one of the following equations with the parameter 7 : 


4°— (4+ 2) #’—(11—49—7°) r+ (30 +147) =0, (5, a) 
ait (1—7)x+—6=0, (5, b) 
x +3—7=0. (5, ¢) 


The roots of these equations are denoted by x,, x, and x, for Eq. « (G)ra)ye and a: 
for Eg. (5, b),. 2, for Eq. (5, c). We have calculated the variation of these roots with 


the parameter 7, and the results are shown in Fig. 2. The lowest energy level corresponds 


xX , energy in cm! 

-1 7945 

-6 +810 

-5 7675 

~4 4540 

| 405 

=o x 


-1 Xs 


4 +540 
675 t, 
6 +-810 
7 +-945 
8 +~1060 x, 
Fig. 2. Variation of the roots of Eqs. (5, a, b, c) with 7. 


to the highest root 2,, since the spin-orbit coupling constant 4 has negative sign in our 
case. From Fig. 2, the energy level scheme can be determined it we find the value of 7 
. bd > 


i i the value of for Co Tutton salt, we 
corresponding to the actual case. To determine y) : 


shall make use of the two quantities, namely the g-value and static magnetic susceptibility. 
tom the first order Zeeman 
The g-value of the lowest level may be calculated from 


splitting AW with the formula 
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AW = gPH (6) 
where Z/ is the magnitude of the external magnetic field. 
The wave functions of the lowest level are 
P= (I) u(3/2) +eg Ly) u(—1/2) +00 (1y")u(1/2)> (6, a) 
B=c (PY )u(a/2) Fee (Pie — 3/2) bee Pu ul 1/2) (6, b) 
where «(+3/2) and «(+1/2) are the spin eigenfunction with /, = 43/2 and +1/2 


respectively, and c’s are given by 
Giles WV 6 6s/ (4;—3—9)» C= V 8 63/(41— i=-9)); 
c= [14+ 6/ (4-3 —9)°+ 8/(41-1—-7) ]"- (7) 


The first order Zeeman energy can be obtained from the secular equation with the matrix 
elements (F;| 26n| %,) @, 7=1, 2), where 4, = (H- +28) is the magnetic energy. 
If the external field is parallel to the tetragonal axis (g-sxis), we have N,,=PHAL. +25.); 


the matrix elements of which are 
(VF) ys) =— Le| Gul Bs) =( Se? 2a + a) 


(¥,|H,,| Ve) — (¥,\26,,| P,) =0. 
The first order Zeeman splitting is therefore 


AW=(¥ | n| a (F146 n| P)= (9ey9— 56g +2c5') BH.. 


5 


Hence, the g+value for the parallel field are 
| Sy =I — Sty + 2cg - (8) 


In the case of the field perpendicular to the 
tetragonal axis, we obtain similarly the g-value 


as follows : 


Lp HBV 2 Coleg tA 3 Clot Acs, 349) 


Calculating the c’s with the formulae given by 
Be 3) ute 4 og ae ee (7), we obtained the behaviour of g, and gy 
when 7 varies. The results are presented 
Fig. 3. Variation of g,; and g, with 7 graphic ally in Fig. 3. 
For the Co-NH, Tutton salt which is highly diluted magnetically with Zn-NH, salt, 
Bleaney and Ingram” has observed the paramagnetic resonance line with the hyperfine 
structure. The g-values determined by them are 


Lj=6.2 and g,=3.0. 


Inspecting in Fig. 3, we find that the experimental g-values correspond to 7=3.5~4.5. 
Then, 0=2.6A~3.4A= —470~670 cm™. 
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§ 4. Magnetic susceptibility 


In order to test the result of the last section, we have calculated the static magnetic 
susceptibility. We have treated the problem from the stand-point stated at the beginning 
of the last section. The matrix elements of the Hy, in (1°. M,) representation are given 
in Table II. This matrix must be transformed by the unitary matrix (7 which diagonalizes 
the secular matrix given in Table I. From the resulting secular matrix we can easily 
obtain the perturbation energy terms for the crystalline levels when the external magnetic 
field is present. If we expand the energy in powers of the field strength H7, we get 


We=W+WOH+ WOH? +. (10) 


Table II. The Matrix Elements of the Magnetic Energy 
in (I"*/Z,) Representation. (unit £) 


ee eee 
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Be V3H+|——He VER ee 
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where the first term is the unperturbed energy which equals to one of the (3/4)Ax,, the 
second and third terms are the first order and second order Zeeman energy terms respectively. 


Then magnetic susceptibility is given by the well known formula pe 
SAE TET Y= 20,9 Vexp (= Wi kT) 
gee St exp (—W'/kT) 


(11) 


22 K. Kambe, S. Koide and T. Usui 


Table III. Static Susceptibilities for the Parallel and Perpendicular Fields. (theoretical) 


3 
T —10 bs a) 2 | 3 | 4 5 
100° | 0,039 0036 ~=- ~—-0.033 0.021 | oo19 | 0.017 | 0.016 

x,| 200° | 0.017 0.019 0.019 ons | “ote |) exTTa | e0eis 
300° | 0.011 0.013 0.013. | 0.0097 | 0.0092 0.0088 0.0082 
100° | 0.0080 0.0082 0.0167 0.036 | 0.042>~| 0.046 0.050 

x; | 200° | 0.0062 0.0064 0.0110 | 0.0204 0.0226 | 0.024 | 0.026 
300° | 0.0046 0.0054 0.0081 0.0137. | 0.0147 | 0.0156 | 9.0163 


We have calculated the sus- 


ceptibilities for the parallel and Xn 
perpendicular fields, which are Cee 
presented in Table II and 

Fig 04: O) 


The unit cell of the Co 


Tutton salt contains two Co* * 


: NHg Bose 


ions and the tetragonal axes 0.04 
referred to them make an \ 


: K Bose 


angle 2u. The principal sus- 


ceptibilities of the whole Oe ae 
. : K Bart 
crystal, therefore, are given by pest 


the following expressions : 
—— 


0.035 
L=Hi cos %+ 47, sin 4, 
(iia) 
a ae (11, b) 
(= Vas GLa cos’ U. 


(i c) 0,02 


y 
4 
9 
10} 
Fa 
= 


The corresponding magnetic NH, Rabi 
axes 1G Le and IG are illus- & K Rabi 
trated in Fig. 5. The three 


principal susceptibilities of some | | 


v 0) a 
Co Tutton salts have been 300 200° 300° Temperature (°K) 


: 


measured by Jackson, Rabi, Fig. 4. (a). Static susceptibility for the parallel field. 


Bartlett, and recently by Bose. 

From their experimental data we can calculate the values of 7; and 7, from equations 
(11,a)—(11,b). There is, however, an ambiguity concerning the assignment of the 
measured principal susceptibilities to the expressions in Eqs. (11, a, b, c). If we denote 
the measured principal molar susceptibilities 4.1, Ym 2d Yms> which satisfy the relation 


Ami > ms > Amz 2 all temperatures used in the experiments, we have two possibilities : 
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(A)yi> % and Ami Ap Ana» 
Ams=As (B) Xi; <%_ and Lmi= Xo» 
Ame = Ya Ams = Yo. The case (B), 
however, seems not to hold, because 
from the experimental data for Co- 
NH, salt given by Bose, for example, 
will follow the result that 7, decreases 


X NHy Bose 

RE base with decreasing temperature, which is 

RGN; Deprtoce a highly improbable behaviour from 
fe 4:K Bartlett the theoretical point of view. We 

a Jackson assume the case (A) holds for all 


available experiments. Then we can 
calculate the molar susceptibilities 7, 
and 7, and the angle u from the 


following formulae. 


,Rb Rabi Li Unit (sae (2a) 
WH Rabi Li = Vines Ci25'b) 
COST (Yrs Xing) York 
Hanon ae lane) 
As an example, we give in Table IV 
the values of ¥,, |) and cos¢ 
calculated by Eqs. (12, a, b, c) with 
the experimental value for Co(NH,), 
(SO,). - 6H,O determined by Bose. 
The average value of cosu is 0.6974 


100° 200° 300° 
Temperature (°K) 


Fig. 4 (b). Static susceptibility for the perpendicular field 


Table IV. Static Susceptibilities for the Parallel which corresponds to = 33°23! in agreement 


and Perpendicular Fields. (Calculated from the ith the value obtained from the paramagnetic 


experimental data for Co(NHy)2(SO,)e* resonance measurement.” The values of y, 


6HO)™) ie 

= — — and 7, calculated by combining the measured 

Ltt | a van cos” a values of the principal susceptibilities for 
84.7° 005163 ‘ 0.01913 0.7194 various salts are plotted in Fig. 4. 

185.2° | 0.022505 0.01124 0.6989 For Co-NH, Tutton salt, all measured 

296.0° | 0.013109 0.00837 0.6740 values of y, fall between the theoretical 


curve of ¥, for 7=4 and that for 7=5, but 


the measured values of 7, do not fall between the corresponding theoretical curves of 7,. 
For other salts, too, we have similar situations. We cannot, therefore, determine consistently 
the value of the parameter 7 for these salts. Possible causes of this discrepancy are sug- 
gested in the next section. 


§ 5. Discussion 


Owing to the lack of the precise knowledge of the crystalline field and the orbital 
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Fig. 5. Principal magnetic axes 44, Ky and 4&3, 
K, and &; being in the ac-plane, K;, identical 
with J-axis. The tetragonal axes 7, 7: are 
in the KX ,A3-plane, Ay being the internal 
bisector of the angle made by the axes 71 
and Zsa =—S3a5 B=106.9° and p=43.2° 
for Co(NH4) 2 (SOx) 2*6H2O. 


wave functions, we must regard (Ar*) ay, 
(Dr') 4y and (Qr*) ay as parameters. If we 
take into account all the levels, /,, [°; and 
I’, in the cubic field, we have three adjustable 


parameters. When moreover the admixing of the excited state 4P is included in the 
treatment, number of ‘adjustable parameters becomes larger. But in our paper we have 
adopted the different standpoint. - We investigated whether we can explain the many ex- 
perimental results consistently with the introduction of only small number of adjustable 
parameters or not. Although the theoretical treatment becomes cruder because of the 
necessary approximations to avoid the introduction of more parameters, the values of 
parameters adjusted to fit the theory with the experimental results may be considered as 
comfirmed. Following this idea, we have neglected all the excited levels and retained only 
the I’, state in § 3 and § 4. Then we have only one parameter 7 to be adjusted in 
comparison with experimental data. The experimental values of 7), however, can not be 
explained with the value of 7 estimated from the g-values and 7,. The discrepancy comes 
probably from the inaccuracies of both theoretical and experimantal results. The theoretical. 
treatment may be improved by the inclusion of the excited states neglected by us. Abragam 
and Pryce’ has calculated the g-values of cobalt Tutton salts in this approximation. Since 
they have not, however, calculated the static magnetic susceptibilities of these salts, it is 
uncertain whether their values of parameters estimated from the g-values can also explain 
consistently the experimental data for ~, and 7, or not. The curves of g-values in Fig. 3 
of our paper correspond to the curve D in Fig. 3 of their paper. Our treatment is, 
therefore, not a bad approximation compared with their more accurate treatment as far as 


the g-values are concerned. 


In conclusion we should like to express our sincere gratitude to Professor Masao Kotani 


for his encouragement. 
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A theory of the antiferromagnetism of CuCl,2H,O single crystal is developed, basing on the Van 
Vleck model modified by the introduction of the anisotropic spin-spin coupling besides the usual isotropic 
exchange coupling. Since the spin quantum number .S of the magnetic Cu?+ ion in this substance is 
1/2, the effect of the crystalline electric field can only be taken into account by adopting an adequate tensor 
form for the Landé ¢-factor. Starting from this point of view, formulas for the anisotropy of the 
susceptibility, both above and below the Curie point, and for the temperature variation of the anisotropy 
constant are derived. The critical field discovered by C. J. Gorter ¢¢ ad. and the antiferromagnetic re- 
sonance frequency are also discussed. 


§1. Introduction 


C. J. Gorter e¢ al.” have measured the susceptibility of CuCl,2H,O single crystal in 
the range of temperature of liquid helium. According to their measurements, this crystal 
is an antiferromagnetic substance with a Curie temperature just above the boiling point of 
liquid helium, i.e., at about 5°K. Below this Curie temperatue, the susceptibility along 
the a-direction decreases with decreasing temperature, while that along the b-direction remains 
constant, independent of temperature. These behaviors indicate that the former corresponds 
to X, and the latter to Z, of the Van Vleck theory”. Furthermore, a remarkable field 
dependency was observed for the susceptibility along the a-axis that, when the applied 
magnetic field exceeds a certain value, this susceptibility jumps abruptly up to a constant 
value corresponding to the susceptibility along the b-axis and almost independent of the 
field strength ; however this critical field strength ranges from a value of 7000 oersteds 
at a low temperature to a value of 8500 oersteds at a higher temperature. 

In a preceding paper”, the writer has developed a theory of antiferromagnetism for 
a single crystal of MnF, and derived the critical field strength. This theory cannot, how- 
ever, be applied without alteration to the case of CuCl,2H,O where the magnetic Cu’* ion 
has a spin. quantum number S of 1/2 and hence the anisotropy energy cannot be expressed 
as a function of one spin variable alone, as it was done in the case of MnF,. It is 
therefore necessary to extend the preceding theory to the case of S=1/2. 

The anisotropy energy of the antiferromagnetic substance may be considered to arise 
from the anisotropy of the crystalline electric field at the position of the magnetic ion and 
from such an anisotropic coupling between two spins as dipole-dipole interaction or anisotropic 
exchange interaction. The former part is expressible as a function of one spin variable, 
while the latter contains spin variables of two magnetic ions. In the case of MnF,, the 
anisotropy energy could effectively be represented by the anisotropy of the first type alone, 
as shown in the preceding paper, whereas in the case of CuCl,2H,O the anisotropy of the 
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second type must be the sole origin of the anisotropy energy, because the anisotropy of 
the first type gives rise merely to a constant valtie on account of 9 bemg equal #0172: 

Another difference between MnF, and CuCl,2H;O is that Mn?* ion has no orbital 
angular momentum, whereas Cu2+ ion has a finite value of it. The Lande g-factor of the 
magnetic ion in the latter case must therefore be considered as a tensor, its principal axes 
coinciding with those of the crystalline electric field at the position of that ion. 

The purpose of the present paper 1s therefore to extend the previous calculations for 
Mnf, to the case of CuCl,2H,O by taking into account the two circumstances as mentioned 


above. 


§2. The crystal structure and the g-tensors 


The crystal of CuCl,2H,O is orthorhombic 
as shown by Fig. 1.” The lengths of the three 
vectors @, 0 and €, which map up a unit cell, 
are 7.38A, 8.04Asand 3.724, respectively. A 
unit cell contains two copper ions at the positions 
of (0, 0, 0) and (1/2, 1/2, 0), four water 
molecules at (0, +%, 0) and (1/2, 1/2+%, 
0), with #,=0.25 +0.02, and four chlorine ions 
at (+4, 0, +2) and (1/244, 1/2, +v), 
with #=0.25 +0.05. and v=0.37 £0.01: 

Each copper ion in a unit cell is thus situated 


at the center of a crystalline electric field of 


Projection on (0, 0, 1) 
Fig. 1. The crystal structure of CuCl,2H)O. 
Large open circles represent chlorine ions,  aX€S coincides with the b-axis and the remaining 


: ise 

small open circles represent oxygen ions, and two are rotated from the a and b-axes through © 

shaded regions represent copper ions. 
‘ 


orthorhombic symmetry, one of whose principal 


: an angle of +4 or —@ about the b-axis, +4 | 
applying for the Cu ion on (0, 0, 0) and 


—a. for that on (1/2, 1/2, 0). Thus these < & 

two magnetic ions are crystallographically not 

equivalent. to each other. This circumstance @ 

is illustrated schematically in Fig. 2. : 
If we take three crystal axes a, b and c 

as the coordinate system 1, y and g and 1. Cu2+ at (0,0,0). 2. Cu?+ at (1/2, 1/2, 0) 

denote the directions of the three principal Fig. 2. The principal axes of the crystalline 

axes of the crystalline electric field by €, 7 and fields at the positions of two copper ions in a 

C, then the z-axis coincides with the y-axis Epic cell. 


and € and x, and € and make an angle of « to each other, respectively. Since the 
principal axes of the g-tensor should coincide with those of the crystalline field, the com- 
ponents of the g-tensors referred to 1- y- and Z-axes for the two magnetic ions can be: 
expressed in inci in 

xpressed in terms of Be three principal values of the g-tensor, ,, g,, and gy, according: 
to the tensor transformation rule as follows : 
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1 ”4 . » 
Bi = —g, cos a+ g sin? a; 


1 9 
gap? =g oe sin” O+¢. cos” Cy 
(1) ¢-(2) — o- 1 2 ; 
S yy =S yy FS > ooo S72 Hee) sin % cos & , (1) 
(1) — ¢g-@) — 9-4) Qe 
Say 2 Suz =f yz =9, 


where indices (1) and (2) are used to distinguish between two different magnetic ions. 
These equations indicate that all the components of ¢“” referred to 2-, y- and 2-axes are 
respectively equal to those of g except for the 42-component which takes opposite signs 
for the two Cu’* ions. 

The spins of Cu** ions in CuCl,2H,O take an antiferromagnetic orientation below 
its Curie temperature, and so the spin lattice constituted from the copper ions can be 
divided into two sublattices, each having + or — spins alone. Since the observed suscep- 
tibility along the 2-axis corresponds to %, of the Van Vleck theory, the preferred axis of 
the spins must be considered to lie in the direction of the z-axis. The magnetic super- 
structure can not be decided until for instance the neutron diffraction experiment is carried 
out for this substance, but three structures shown in Fig. 3 may be considered as probable 


ones. In case I, a magnetic unit cell has the same size as that of the chemical unit cell, 


case II case III 


Fig-. 3. Possible superstructures in CuCl;2H,O. 


and in cases II and III it is twice as large as the latter. In case I a spontaneous magneti- 
zation appears along the z-axis, since the sign of g,. is opposite for the two antiparallel 
spins in the unit cell. Accordingly this case is to be excluded. In the following calcula- 
tions we shall assume the third structure which seems to be’ the most probable one. In 


it the spin lattice is divided into two penetrating body-centered sublattices. 


$3. The interaction energy between two spins 


Let us consider the interaction between two spins of copper ions. According to Van 
Vieck® the most general form of the interaction |” between the /th and the m-th spins 


in the case of spin quantum number S equal to 1 /2 is given by 

VV — 2am Ste Smt Sty Sy + Siz So) Ope (Zou Bae SO mey) Din is Sant 
BS Sy) Lm Sin Sey Ft Draw Hy) CS Si, Sia: Sy) RF Gr Sine by 3 (2) 
where J, C, D, E, F and G are the coupling constants Ege et on the distance between 


the two spins. 
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. . . . . . lf . | 
If we take the direction of the line joining the two spins as 2’-axis and assume V to © 
-/-axis, then D, E, F and G must vanish. In 


be invariant against a rotation about this 2 
the case of CuCl,2H,O this condition would not strictly be satisfied, but we shall assume 


it to hold approximately. Then Eq. (2) becomes, referring to the new primed. coordinate 


system, 
V= Vi— DF in one Sy a Sry ee, =e Si Sosa) 
+ GE (2Si1 Say sa Sux Siw Si! Sard > (3) 
Transforming this coordinate system into a general one, 7 can be written as follows : 
V= 7 2h um (S, ; S,,.) pe Grn { CS, 2 S,,) =F CS, Crm) CS, > Crm) } ? (4) 


where €,,, is the unit vector in the direction joining the /th and the m-th spins. 
Thus a general form of the spin-spin interaction in the case of .S=1/2 consists/omm 
an isotropic coupling and an interaction of the dipole-dipole type, as it was actually shown 


by Van Vleck”. 


§4, The anisotropy energy below the Curie point 


For simplicity we shall assume that the interaction expressed by Eq. (4) exists only 
between nearest dissimilar and similar spins and adopt an approximation of the molecular 
field. In this section our considerations will be confined to the case of no external magnetic 


field. In such a case the anisotropy of the g-factor does not play any role. 


By use of Eq. (4), the average potential energy for the spin / is given by 
= VYi— Dae {27m ar Call re5 301g) ae 2 Su = ea es = G; (1 aaa 3B im) } See Sy 
ex pat 12] m “ Gum qd ae heey) } cs ss Sa 3 Tn Ge Bim foley el y he =F Sa. - Si) (5) 
+ 3 ee Ga ira CERES 4 OE =—- es c ee9) + 3 pre OSes Lim reef See 7 Siy + 5 on . BS > 


where uv, 8 and y are the direction cosines of the vector @;,, and the summation with | 


respect to 7 Is carried over nearest spins which are situated on the sublattice different 


from that of the /th spin, and S,, is the value of § averaged according to the molecular 
field approximation. We shall assume that this average is the same for two kinds of the 
spins situated on the same sublattice in the absence of external field. Then the summation 
over m can explicitly be carried out. If we denote the spin vectors on two sublattices by | 
S, and \§, and choose the crystal axes as the coordinate system, Eq. (5) can generally be 
written in the following form : 
V,=V.— (2J/2—C,) So F Sia— (2/z— C,) Sys Siva (2Jz— Ga) Sa0* Ste - (6) 

Here means the effective number of nearest neighboring spins, and for our superstructure 
we obtain the following relations : 


2J2=2),2,4 220, 

—C,=C,(1— 34,7)%,+ C,(1 344") 25 , 

—C,=C,(1— 38/7) 21+ Co(1— 38s") 20, ; (7) 
— C= C,(1— 377) 214+ Co(1— 372") 20» 
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where suffix 1 is related to similar ions (the ions / and # have the same g-tensor) and 
2 to dissimilar ions (they have different & tensors). Thus z,=2, and 2,=4. Since / 
has a negative sign in antiferromagnetic case, Eq. (7) becomes 
Vi=Vi+(2 |/| 2+ Ce) S 20° Sig + (2 |/| 2+ Cy) Sey° S19 
+(2 [J] 2+) See Sie- | (8) 
An analogous expression is also obtained for /’,. 


If we could put C,=C,=C.=0, we would obtain the following results which were 
already derived by Van Vleck” : 


o oq wae iu 
S=—S,=S, S=— tanh 2 | fp zs . 9 
1 2 ge ee)! (9) 


in this. case the directions of S, and S, remain undetermined. From Eq. (9) the Curie 
remperature © is given by 


Gall 5/28. (10) 
From Eq. (8), the eigenvalues of ]7, and I, can easily be obtained, apart from a 
-onstant term, as follows: 
B= +4 [@/|2+6)'Si4 2 s46)S4 42 Vl 24 GSE}, 


(11) 
B= 3 [@ [246542 Vet )'St+ 2 Vet) Sih 


Using these eigenvalues, the partition function for each spin situated on each sublattice 


secomes 
C52 cosh [2 | 246.) °Sh + 2 12+ G) Sit @ e+ CSET 


(12) 
Cx=2 cosh [2 [J] 2+ C.)Siet (2 1 2+G)*Siyt 2 [| 94+ C)*SEY- 
‘a 


N WN 
From the relations “=—AT log Z and Z=€,7C.°, where JV denotes the number 
of total spins, the free energy / can be obtained as follows : 


iL 


[(2 |J| #+G, )*S2.4 21/1 2+ G)'St, 
2kT 


jie NET log 2 = log cosh 


IG 7 il 1 =, 2G 
+ (2 [J] 2+C.)°SE] + — log cosh 5 [2 U/l 2+ 6) *Ste 
+ (2 e+ G)°S%+ 2 7 2+ C)*Shi (13) 
(2 |p| re CS a Sas t (2 1 246) Say Spt 2 1 4G) Sie See] - 
2 


Jere the last term which corresponds to the negative value of the average interaction 
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energy was introduced into this expression in order to care of the 
energy is taken into account twice in Z through the molecular field. 

Now we shall assume that the absolute values ofc Cp Cpcann Cy ate small compared 
with / and’ denote the deviations of S, and S, from their values in absence of the 
anisotropy terms C’s by 0S, and 0.8,, which would be also small quantities, and further 
denote the arbitrarily assumed direction cosines of S, and §, in absence of the anisotropy 


terms by (u, 9, 7) and (—a, —f, —7), respectively. Then we obtain the following 


relations : 


S=aS 1054; > Sw=por OSy, > S.=yo+ Oy, > ( ) 
¥ 14 
Se ars aSdSo, 5) Soy aa: BS+ OS, ? Soo = =_ 7S+ OSo. ° 
Expanding the free energy per spin, i.e., f=F/N in powers of C,, C, Ci, OS, and 
OS, and adopting only the terms of the first order, we obtain the following result after 


simple calculations : 
fa —2T log cosh (Se 217 #S) ARs - (2C.4+FC,4+rC). G5) 


Taking out the terms dependent upon 4@, 8, 7 from this expression, the macroscopic 


anisotropy energy Jam, can be given by 
Says ma s 
in == ek ef Oy tte Ce): (16) 


Thus, in our approximation, the anisotropy constant shows the same temperature variation 
as .S? and therefore vanishes linearly with temperature at the Curie point. 


Since the field dependency of the susceptibility mentioned in section 1 indicates that 


the preferred direction of the spins coincides with the +-axis, C), must be larger than Cy, | 
and C,. Therefore, putting 2,=2, v;=(,=0 and s,=4, 7,=0 in Eq. (7), we obtain 


the following relations : 


20, +4C.(1— 3a.) < 2C,4+4C,01—32,), 

, diy) 
2C,+4C,(1—34,") << —4C,4+4C.. ( ) 

Since ¢,°< 82 from the dimensions of the unit cell, these inequalities are reduced to 
C.= 0 §and “Cla 2Coa,. (18) 

Moreover, the following relation can be derived : 
eithet CS Gag it Gs... 

: | (19) 
or CeaCy) “igea Coe Cs 2Cy Bee 


These relations can be satisfied with an appropriate choice of the values of the parameters. 


§5. The anisotropy of the susceptibility below the Curie point 


In calculating the susceptibility, we shall omit the anisotropy terms which would be 
small compared with /. Since the Zeeman energy includes the factor, we have to dis- 
tinguish in the following calculations between two kinds of spins which are on the same 


fact that the interaction ~ 
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sublattice and which have different S-values. Then the potential energies for four kinds 


of spins on two sublattices are given by 


Vi. =(2 |), 78,9 +2 S2| 228,°) 8,0 + p(s 8,9 BD), 


Vs = (2 || 28. +2 |J.| 202) -B,? + un(2? 8,0 HL), 


J. 
J. 
Gye ee) ee (2) ¥ (1) oO ¥ y0 29) 
V, 2 Al 8i0 +2 Jef ze8,) -8,° + 2p (g° 8,9 1), 
we 


V2 = (2 vA 2 S,° a9 ; 9\9,) -8,© + pn(g S,° H), 


where /; and /, are respectively the exchange integral between nearest similar ions and that 

between nearest dissimilar ions, 2, and 2, are, as before, respectively the number of nearest 

similar spins and that of nearest dissimilar spins, S,, S,° etc. are respectively the spin 

of the copper ion (1) situated on the sublattice 1 and the spin of the copper ion (2) 

on the sublattice 1, etc., and yz, and “7 denote the Bohr magneton and the external field. 
From (20) the eigenvalues of ]/,"” etc. are obtained as 


Le = = - | 2 We | oy S042 |/2| £iSy° + fin S BT | » etC., (21) 


and S; etc. are given by 


S,” Sek 


tanh 


2 12 |A| 2S 2 |/2| 28,° + tpg? H| » etc. (22) 


Putting /7=0, these equations are reduced to 
§,°=8,°=—8,° =—8,°=8, 


where S satisfies Eq. (9). 

Again we shall treat the variations OS. , 0S," , ctrl Oy 9, etc. Guerto sthe 
external field as small quantities. 

(a) The calculations of the parallel susceptibility 

We shall calculate the parallel susceptibility along the +-axis in the same way as was 
done by Van Vleck”. In this case, a=1, S=0, ;=0 and H,=H, H,=0, H,=0, 
and therefore, using the relation (9), the first terms in the series expansion of (22) with 
respect to 0S and H obey the following equations : 


6SPe ae oe 5 Saline me Lf, 270S2 +2 Je| 22055) + Me kaa A); 
Bs - 


OS = me feo ae |Z, | 2189S +2.|7e| 2,058) + es 1); 
3 L, 


(23) 
859 = — 1 (145%) FA 2 || 9S +2 | 28S + ng), 


052 =——> (a—4S° | ,9SP42 [Je] 229SO + png OH). 
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Since oP =¢,, these equations are reduced to 


id Le etx 9 
2 | 2 
0S a 0S{? = OSL = Ooae 


1 (45?) 2 gH 


2 
6SO= — (24) 
z 1 2|/\2 
1+- 452 
cs 2 Ql ie 2kT 


Considering further that the total magnetic moment is equal to 


_ Nes {oS 4. dS2) +22 (OSS +0S2)}, 
4 


the parallel susceptibility %,, becomes 
old? 
— NPR S £2 4 p (25) 


ae ee 
1+4+- Die 48° Nee 
Vez 


By use of the relations (1), the effective g-value for the parallel susceptibility along , 
the 2a-direction is given by 
oe cos &4 2; sin’ a, (26) 


or St 


and similarly those for the y- and ¢-directions are given respectively by 


Sy=84? (27) 
Sr=& sin’ U+- 9; cos a. (28) 
(b) The calculation of the perpendicular susceptibility 
The perpendicular susceptibility can easily be obtained by a simple geometrical considera- 
tion that the direction of the spins coincides with aoe of the internal field, including the | 
applied field. 
We shall first consider the case that § is parallel to the z-axis and the external field * 
HZ is applied to the direction of the y-axis. ; 
Denoting the variations of S{?, S, Sf? and SP by 0SM?, OS, OS and dS, 
respectively, we have the following relations : 
S+ ISP =x {2 |/,| 2,(—S+ 98%) +2 [Jal 20(-S+ 9S) +48” H}, 
S+ SP =x {2 || 214(—S+ 98) +2 [Jol 22(—-S+ 989) +4, 8° H}, 
— 8+ 089 =x {2 |J,| 208+ 0S) +2 |J.| 2o.(8S +08) + 4,8 MH}, 
~S408P = (2 [/,| 2(S+08%) +2 |e] 28498?) + ppg? 


From the x-components of these vector equations, we obtain 


(29) 


1 
x= x! = — ; (30) 


2|/|2 
dSM=x{2 |J,| 2, 0SP 42 |p| 29SP},- ete, (31) 


Ty Ve 
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and from the y- and s-components we obtain 
Do 2 2 
OSiy = 42 |J,| 2,0S2 +2 |), | 220S9) + ng iPH},  etc., (32) 
OSP=x{2 [J] ASP 42 [fil 2e8SP}, ete (33) 
From the considerations of symmetry, the solutions of these equations become 


OSes aS? == dS = 9.5% 


2) 
£y: 


AP (4) 
Therefore the perpendicular susceptibility for this case is given by 
Nen&iy _ Nees 
aya 2 4 le 
The other perpendicular susceptibility can easily be calculated in a similar way. In 
case that § is parallel to the y-axis and A is along the +-axis, the z-component of the 


magnetic moment appears on account of the xz-component of the g-tensor, but the effect 


on the susceptibility along the x-axis would become so small that it can be neglected. 


x (35) 


§6. The anisotropy of the susceptibility above the Curie point 


For the susceptibility above the Curie point we can apply the diagonal-sum-method 
used by W. Opechowski” in his calculation of the susceptibility of CuK,(SO,),-6H,O. 
The Hamiltonian for the total spin system is given by 
2 as path a ag Sir Sinwt Dr Da Pe (BOM) Sn (36) 
where 
Gee —2 m— Cim 1— 34pm > 
: Lm — Cm ( im) G7) 
Cope, — 30 mim ? etc., 
and (Z, m) denotes the pair of the /th and the m-th spins and 4 and / represent x, 


and 2. 
According to Opechowski, the free energy / can be expressed as the following power 


series of 1/27: 


F=— NET log 2— ote R Wisk nea (30) 
n=5, Demy Dae (Cae) ”s (39) 
y= SSP (40) 
hg Siem Low OS PsP (41) 
P= l'( 8x 1). (42) 
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n be calculated from 


Three principal susceptibilities ca 
Pea ee Se i a bee let (43) 
Nats 30H, : 0H, 
Using (38) to (43), Z, becomes 
ES Say Lae CMR igi (44) 


2 
v 


bees ‘ eres 
7 Tae Mulsye 8(kT)° 


NT : 99 
CL ee 1)2 2)2 ye (2)2 (1)2 (2)2 
; {gus Pay Sy Sys Len +8ex } 


o(@) 
PS PAS 
2 
ae 2 oy eee 
=N(g2 cs u+g sin’ 4). (45) 
Here we shall adopt only the interactions between nearest spins. Then we have 
| 


DCm De pis OB 
alas oM2 1 g(2)2 1s a / 92)5 
> 2 7.) 4— GA — 347 a3} eae +52 bia \2 \J,| 1 -G, @— 382) 24} 


2)2 = 
o ; 5 Sy 


Slay See) fees SEO ei Cn ayaa) eat Ween 
eOo- Gy {2 Ve | 25 “5 


_ seid toa pt O + {2 [Jel So— Co 1— 385°) 0} Sue Sve 


246, (47272) 2s 8 2? | 


N Ce 
= 6 |J| 2+.) (ge cos ata sin’ 4)? + {(2 [Al 1-2 Val 
~ Ca 3781+ C372) (gems) sit 008 1] (46) 
Substituting (45) and (46) into (44), we obtain 


X= Mes (g# cos u+g sin’ «) 
— NIB 2 7] 2+ Ca) (yen a it 
+ {2 |J;| 21-2 |Je| 22— C,(1— 377) 214+ C21 — 372) 29h 
xX (@e— 2+)? sin’ @ cos” u|. (47) 
Since the Curie temperature of CuCl,2H,O lies at about 5°K, the first term of (47) 
may be considered as giving the susceptibility at room temperature to a considerably good 


Then the effective g-values become 
(48) 


1 
eae ene es 
f= (gi cos uty,’ sin’ u)*, 


approximation. 


and similarly we obtain 
8y—8&>? (49) 
(50) 


£.= (g¢" sin? 4+ g¢" cos” =u)? 
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Here it is to be noted that these &-values are different from those below the Curie point 
given by Eqs. (26), (27) and (28). 

The spectroscopic splitting factors as measured by experiments on magnetic resonance 
absorption correspond to the S-values given by (48), (49) and (50). Such experiments 


at room temperature: have been made by J. Itoh and his collaborators”, who obtained the 
following results : 


9 9 Of sho 3 
(g," cos’ u+¢," sin? 4)” =2.195, 
£n=2.075, (i) 
, o Rat's. 9 9 4 
(2 sin’ a+," cos’ vu)? =2.260. 


According to these results, -the values of & do not deviate from 2 so much. 


$7. The rotation of spins under a comparatively strong field 


We shall calculate the critical field strength at which the direction of the spins rotates 
from their preferred axis to the direction perpendicular to it. In this calculation, we shall 
assume £ as a scalar quantity having a value of 2, and that the next preferred direction 


of the spins lies in the direction of the y-axis, that is, 
Se hie ale (52) 
Thus the rotation of the spins occurs in the xy-plane, and therefore we can put 7=_0) 


From Eq. (16), the anisotropy energy in this plane can be expressed as 


<= 
2 


San.= (C,—C,) sin’ 6, (53) 
where # means the angle between the direction of the spins and the +-axis. Now putting 
D'=(S*°/2)(C.—C,), the equation (27) in the previous paper”, giving the critical field, 
can also be applied to this case. We have 


2ND! 
a (54) 
X,—%, 
At sufficiently low temperatures we can put 
x,=0, Da CORTE". ° (55) 
and using (55) and (10), the critical field strength at the absolute zero of temperature 
is given by 
- in ; 
H,(0) =| 2G) “ (56) 
2}R . 


Putting 9=5°K and //,=7000 oersteds in this expression, we obtain for C,—C, 
C,—C,= 0.06 em™. (57) 


This value shows that the absolute value of C is, in its order, a hundredth of that of 
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2Jz and so the assumption C’<2 |/| z is reasonable. From (55), D’ is estimated as dD 
~0.008 cm=!, which is considerably small when compared with the corresponding value 
0.6 cm7! of MnF,. 

In consequence of the temperature dependency of the anisotropy constant through Eq. 


(10), the critical field increases with rising temperature, as in the case of MnF,. 


$8. The antiferromagnetic resonance frequency 


The theory of antiferromagnetic resonance absorption has been developed by T. Naga 
miya” who treated the case of the uniaxial or cubic symmetry. However his thory can 
easily be extended to the orthorhombic crystal. In this section, we shall adopt the notations 
used in Nagamiya’s paper. 

According to Eq. (16), the anisotoropy energy of the total crystal can be written as 


RS (KB + Kr") + = (K,6?+ Ker), (58) 


where K,= (VS?/2)(C,—C,); and Ky = (NS?/2)(C,— Cz) and B* and 7* ase the 
direction cosines of + spins and — _ spins, respectively. | From (52), we obtain the 
following relation : 
Kee 0s (59) 

The x, v7, 2 components of the torque derived from (58) acting on the magnetic moments 
M* and M- of the two + and — sublattices are given by 

ws ee = OF an. ee Z OF an. (eee aL or A OF an. pt— Of an. u) 

ap Oia or* du- Ou> ap* 

=(—(K—AD yr Eke pe eee ey: (60) 


(1) The case that the direction of the spins lies in the preferred axis 
Since the magnetic moments /M™* in this case take an orientation almost parallel to the 
a-axis, (60) can be written as 


(K,.-K,) MEM Ks Ky see 
= : fix Ms, *+—1 mM, 2 
( M, M, M, | 
oy es K 
eal 0, Sai MM Ss OF STA M;). (61) 


Adopting this form as the torque arising from the anisotropy energy, the equations (8) 
in Nagamiya’s paper giving the oscillation part of the equation of motion become 


1 aM. K K 
—dMx H+ Mx sH+(0, As gy), —. 9m! 
+ at M, M, ") ; 
1 doM ee) 


/ 
: OOM x (HAM) + M’(0H—AdM) 


K K 
+(0, 2 6M,, —*:m,), 
M, Disa 
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where H—AM= (aH, 0, 0), and a=1—X,/X,. 
When the static magnetic field is applied to the x-axis, we can put =H, fl, = 


f7,=0, and M’=(2M, 0, 0). In this case (62) leads to the following resonance 
condition : 


w' 


a ((@+1)H°4+24(K,+K)} + 0° H'—2A(K,+K,)aH?+2AK,-2AK,=0. 
(63) 
Putting H,=H, H,=H.=0, and M"= (2M, 0, 0) in the case of the applied 


static field parallel to the y-axis, we obtain the following resonance frequencies : 


2 


<~=24K,, “9 =H"+4AK,. (64) 
2 


9 


If we put K,=K, in (63) and (64), we obtain the results derived by Nagamiya. 

(2) Next, we shall consider the case that the magnetic moments have the direction 
parallel to thé y-axis in consequence of the stronger static magnetic field applied to the +- 
axis than the critical field strength. 

In this case the torque due to the anisotropy field can be written as 


ae Ve ae = 
(= (K,— K,) Me, Ky M; M, , ae Ky Mu) 
0. M, M, M, 
— Ke— K, TT + st iad K, Ee 
pg ee a, AO, sare (65) 
ae it i) 


Then the equations corresponding to (62) are 
A 70M _ ney TF Ex oH+(— AE—Ki gy, 
peat M, 0 


1 @oM" _9uM'x (HAM) +M’ x (6H 40M) 
(RA 


Ki-Ky 2 Ky ) 3 
— 2 oN, 0; =——20r,); 
+( M, Ms, 


Fic HAMS (0, aH, 0),-and M’=(0, 21%, 0). 
. Putting H,=H and H,=H.=0, the resonance frequencies are given by 


Cerio ih ie Ae KY. (67) 
2 ff 


In this case it a to be noted that the static field 7 is larger than the critical field 7, 
which is given by (24K,/u)””. 
§9. Conclusion 


The treatment above may be summarized as follows. CuCl,2H,O manifests an anti- 
ferromagnetic behavior below its Curie point which is at about 5°K. Three possible 
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superstructures arising from the arrangement of the spin orientations are considered. One 
of them, the case I in Fig. 3, would produce a spontaneous magnetization along the 2-axis, 
since the +2-components of the g-tensors of the spins situated on plus and minus sublattices 
have opposite signs. In the remaining two superstructures, the case II and the case III, 
the spontaneous magnetizations on the two sublattices compensate with each other. Although 
it is obscure which of these two superstructures corresponds to the actuality at the present 
stage, and we must await experiments by neutron diffraction or by nuclear magnetic te- 
sonance” for the elucidation of this point, we arbitrarily assumed the case III to be the 
most stable structure, and on this basis calculated the anisotropy of the susceptibility and 
the temperature dependency of the anisotropy constant. In these calculations, we adopted 
the general form of the anisotropic interaction energy between nearest similar (with the 
same g-tensor) and dissimilar (with different g-tensors) spins. It was found possible 
through the introduction of such interactions between only nearest neighbors and through 
a suitable choice of the parameter values that the easy direction coincides with the ~+-axis. 
In addition, we calculated the absolute value of the anisotropy constant, referring to the 
data of the critical field strength measured by C. J. Gorter e¢ al. The antiferromagne tic 
resonance frequency of this substance was also calculated on the basis of Nagamiya’s theory. 

In conclusion, the writer wishes to express his cordial thanks to Professor T. Nagamiya 


for his kind advices on this problem. 
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Particle mechanics classical as well as quantum being observed to be representations of the unitary 
transformation of finite dimensions, field mechanics is formulated as the representation of the unitary 
transformation of infinite dimensions. 


§1. The contact transformation 


The contact transformation (g”, ~’—>' 7, '~'), 7, DP” being canonical variables, is defined 
as the transformation such that 


i pd¢ —>dp'a'd =a perfect differential. 

Since the dérivée extérieure of a perfect differential vanishes, 

Vdgip—df ig) =S (dep —d' fq). 

Therefore the contact transformation may be defined as the transformation that leaves 
unaltered the bilinear form, which is called the skew product of the two contravariant 
vectors (dq',---dq”", dp’,---dp") and (dg', ---, 0g", Op',---, Of"). In other words, the 
contact transformation is the symplectic transformation discussed in detail in H. Weyl’s 
“ Classical Groups”. Hence, some theorems in classical mechanics take clearer aspects. 

_. When g’, p” are regarded as functions of two parameters u, v7, (Og"/du, Of" /du) 
and (09’/dv, 0f’/dv) are two contravariant vectors, whose skew product 


Og 8 _ AF 81) (, ») 
Ou Ov Ou ov 


is an invatiant of the contact transformation, which is called a Lagrange bracket. 


Since the differential 


oF OL pen 
a=) ——d7 + —adp 
pa ag? es e ) 
of a scalar function /'(g, f) is an invariant, (0//0q", 0/'/0f") is a covariant vector. 


With regard to the symplectic transformation a covariant vector (255 -xjp)ivean> be 


" 5 Pr 5h . 
changed into a contravariant vector (%1, —%,), a contravariant vector (y”, 7’) into a 


. f el 
covariant vector (y”, —y’”). 


Hence (07/07, —O//0g") is a contravariant vector. Therefore we have tensor 


equations of the contact transformation 
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heed a ep 
ts ay aq” 


which ate called Hamilton’s canonical equations, provided that / represents the energy of 
a mechanical system, 5 the time. 
The skew product 
34 ager Bee) G] 
ag’ Op =p” Og” 

of the two contravariant vectors (0//07", —aF/ag’) and (AG/07’, —aG/dq"), the 
latter of which is derived from another scalar function G(g, £), is also an invariant of 
the contact transformation, which is called a Poisson bracket. 

If we take a set of 2” functions (Ff, F'”), the differentials of which (dF”, dF”) 
constitute the components of a contravariant vector, the Poisson brackets Pape es °| with 
p, @ ranging over 1, 2, --+, 1%; 1’, ---, 2’, constitute the components of an antisymmetric 
tensor of the second rank. 

If we put P"=’, F —»", the tensor of the second rank turns out to be 


[7 gJ=9, [P, cas 
(7, #]=o. 


In other words the relations (1) are tensor relations of the contact transformation. 


(1) 


§ 2. The unitary transformation in particle mechanics 


The contact transformation group has a subgroup that is linear and unitary. Changing 
the variables g’, ~” into x’, 7, defined by 


=F t+ip, «4,=7-—Upe 
A being a real constant, we can represent a transformation S of the subgroup as such that 
p> Sa ei S =e) Sas 
SiS 


where +=(2") is a contravariant vector of the unitary transformation, (7,) a covariant 


vector. 


With respect to the unitary transformation, the relations (1) may be written 
fx’, 2j=0, [a cele ees x, |= —2zA0;. 


The transition from classical mechanics to quantum mechanics may be carried out by 
establishing the commutation relations on a set of canonical variables g”, ~” or 2”, X, 


The commutators 
Wea oe Ale aie Ane ape fer aaa - 
p) rs “Yrs VsX py s — 4 Xs—AstX y 


constructed with canonical variables are tensors of rank 2 of the unitary transformation 
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If they are required to be invariant under unitary transformations, one sees that 
Fr=d, F,,=0, F560, 
@ being a real coefficient. 
Returning to the old variables one gets 
Titi —0, ff Hr —0, 
Tl —P 7 =ta/2A- dr. 
In other words, commutation relations in quantum particle mechanics are observed to 


be tensor equations of the unitary transformation. The observation will help us in quantum 
field mechanics. 


§ 3. Transition to field mechanics 


While particle mechanics deals with the mechanical systems of finite degrees of freedom, 
field mechanics treats the mechanical systems of infinite degrees of freedom. 

To treat the systems of infinite degrees of freedom, the representation coordinate will 
be introduced. 

With respect to the unitary transformation of finite dimensions, the components of a 
vector are labeled with the indices ranging over 1, 2, ---, 2. When the dimension of the 
transformation becomes infinite, the eigenvalues of an hermitian operator or a set of com- 
muting hermitian operators , ranging from —©o to oo will label the components of a 
tensor. 

So the components of tensors will be denoted as follows 


(E|V) : contravariant vector, 
(VE) : covariant vector, 
(€|U |=’) : mixed tensor of rank 2 etc.. 
The unitary transformation S induces linear transformations on the tensors 
GIO) > ElSIE)EIZ), 
(HIE) = CHIE ES) s 
(EIT IE) > ISIE) ENGI) Er S18) 


where the signs of integration with respect to dummy suffices are omitted conforming to 


the rule of tensor calculus. 
The unitarity of the transformation S is represented by the condition 


STS=1 
or (FE S*E”) (E"| SIE) = (Fl 5”)- 


So far the € representation is used. When the representation coordinate is changed 
from the & representation to the 7 representation, 7 being another hermitian operator with 
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the eigenvalues ranging from co to oo, the tensors undergo linear substitutions 
EIU) > @V)=GQ)) E14), 
(VIE) > (Vin) = (719) Gl), 
(08) > GIT) =Gl) EID ED) 


(E|n), (|é) being the transformation functions complex conjugate to each other. 


§ 4. The commutation relations 


In § 2, the commutation relations in quantum particle mechanics have been observed to 
be invariant under unitary transformations of finite dimensions. If the commutation relations 
in quantum field mechanics are required also to be invariant under unitary transformations 
of infinite dimensions, they will be almost uniquely determined except for numerical 
coefficients. 

When the two operators , zt hermite conjugate to each other satisfy the commutation 
relation zz'—pz'z=1, the eigenvalues of the operator ete are 0, 1, lt+p, 1+ p+P> °° 
A permissible value of p will be then either 1 or —1, provided that an eigenvalue of 
ztz can be interpreted as a number of particles in a state. The case p=1 corresponds to 
the Boson field, the case p=—1 to the Fermion field. 

To set up the commutation relations, we impose two postulates 
1) field variables referring to different degrees of freedom commute, 

2) the commutation relations have invariant forms under unitary transformations of 


infinite dimensions. 


We have then 
1) GID) EZ) —p EW) ElZ) =0 foi 
(UE) (OE) —e(OE) (ONE) =0, (2) 
(E|7) (U8) —p (O16) El) =2E 6"), 
2) (aero ie") —E1 TE") ElU 18") =0, 


(EINE) EOE") — CCAM GIO As") == 9, (3) 
(€|U\é") (GN EE E peed (ENGR EE) GNTIE) == a(é eae le”) 


@ being a real constant. 


When an operator is hermitian, A‘t=A, the commutators thereof all vanish. In the 
case, we decompose into the sum of two hermite-conjugate operators as A=ata' and 


we get the rule (3) for the components (elgis lense.) 


§5. The field equations 


Non-quantized field equations have been derived from the invariant Lagrangian with 
the help of the variation principle. The variation principle however has been replaced. by 
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the Hamiltonian formalism in the quantization procedure. 
If the relativity of representation coordinates is admitted as in the preceding paper 
- (this jounal, 6, 5), the signs of integration and differentiation all disappear from the 
expressions of the field theories, since the differentiation operator 0/0€ is to be replaced 
by the operator 7, satisfying the commutation relation m§—t=1, and the signs of integra- 
tion is to be omitted following the rule of tensor calculus. Therefore the field equations 
provided by the variation principle are equivalent to the vanishing of the partial deriavatives 
of the Lagrangian with respect to each of the independent field variables. 


As an example, we take the case of a scalar field, the Lagrangian thereof is given in 
usual notations 


b= \"(ax){ gr 22 N + nb U'U 
63 Oe Ox! 
which is written in tensor notations 
L=(U'x) (2lOlx (x17), O=9'¥p. p,m" 
where U(7)=(a|U), U'(x)=(U'"|x) are counted for contravariant and covariant vectors 
respectively, and #,; stand for the momentum operators. satisfying the commutation relations 
4°D,—D 4° =10;.. 
L may be written in the ¢ representation 
L=(U"e) Elale”) EC) 
that provides the field equations 
Lutly=(F1Q|E") (EU) =0 or QU=0, 
Lenu= (OF) E|Q|s") =0 or U'Q=0, 
with the aid of the variation principle, for the variation principle postulates the Lagrangian 
to be extremum for realizable fields. 
If the commutation relations (2) are imposed on (¢|U/), (U'|€), the commutators 
of Z with (|), (U'|€) turn out to be 
[Z, EO) =LONF) C17), 17) FLOIE) 
, =—[(E"|7) (WF) —e OE) C1) EID) (El ale") 
=—al@" EV EF) ElQls") © 
=—a@"Q16) 17), (4) 
ZL, OF) = ONMLE1Z) OE”) — 0 ONE) E1O)IELQIE) 
= (U"F)a |e”) | 15") 
=a(U"|F) (| QI5") 


where the equality 
[ AB, C]=A(BC—pCB) —(CA—pAC)B 
is used. 


“An ae + 
if ae 
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The relations (4) suggest us a general formula 


[Z, (¢|U ) |=—aLetiey es (OE) |=aLle|vy 


$6. The variation principle 


If the Lagrangian of a system of the fields satisfy the conditions 
1) hermiticity, 
2) Lorentz invariance, 
3) invariance under the unitary transformation as well as the representation transformation, 
4) to be bilinear in pairs of the Fermion field variables hermite conjugate to each other, 


there exists a general formula 
[LZ F j=—aLy,;, LZ Maal, 


fF, F* being a pair of field variables hermite conjugate to each other. 
Let Y be the state vector on which field variables operate, P its adjoint vector, then 
field equations will be 


OL, F\W=0, PL, Ftv =o (5) 


for each of the independent field variables. In other words, the expectation values of the 
partial derivatives of the Lagrangian Z with respect to each of the independent field 
variables will vanish. 
The solution of the simultaneous equations (5) can be reduced to the solution of 
the eigenvalue problem of the operator Z as was mentioned in the preceding paper. 
There is another way to get the result. Normalizing OY to be unity, we require 
PLY to be extremum for realizable states. We have then 


0(9L¥) =0 
with an additional condition 
0( OL) =o. 
Hence, we have, introducing an indeterminate multiplier /, 
d( OLY) —1d( OL) 
=00(L¥ —10)+ (OL—O1)0¥ =0. . 
Therefore we get 
L¥—l¥=0, PL—Ml=0. 


This process is a revival of the variation principle. Thus the postulate of the relativity 
of representation coordinates leads us to the standpoint of view from which we are forced 


_ to gaze upon physical phenomena in their entireties (sub specie unitatis ; €2¢ péuy déuv). 
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Adopting the new method of the theory of nuclear forces proposed by one of us (M.T) and 
others, the deuteron ground state and low energy neutron-proton scattering have been investigated. The 
symmetrical pseudoscalar z-meson potentials including second- and fourth-order terms are assumed in the 
outside region, while in the inside region where the static meson potential becomes meaningless, pheno- 
menological potentials represented by square well are adopted. It is shown that we can then account 
for the experimental data, if we take the value 0.09~0.10 as the magnitude of the coupling constant 
between z-meson and nucleon. Saturation does not result from these potentials in the static approxi- 


mation. 


§ 1. Introduction and summary 


Although it is well known that the problem of nuclear forces is one of the most 
important in nuclear theory, little is known with certainty of their detailed natures. This 
problem has so far been attacked essentially from two different quarters. On the one hand 
simple assumptions about the forces are made which account for as many facts as possible, 
such as binding energies, stability rules and various data from low and high energy scatter- 
ing experiments. This is the so called “ phenomenological” theory of nuclear forces. On 
the other hand it has been attempted to derive the nuclear forces from field theory and 
this is the meson theory of nuclear forces firstly suggested by Yukawa. 

Since z-meson were produced artificially, many important natures of mesons have been 
clarified. Especially, it has been made clear that z-mesons interact strongly with nucleons 
and most part of the nuclear forces are due to 7-mesons. In spite of the fact that each 
phenomenological nuclear potentials proposed so far can explain the experimental results in 
each energy region within which they are assumed, one know little about the relations 
between these phenomenological natures of nuclear forces and the properties of 7-meson which 
would be essential to these forces. Therefore, in the present stage, the analysis of nuclear 
forces from the point of view of meson theory is much preferable to the phenomenological 


method and it is necessary to make clear how far we can explain experimental results about 


nuclear forces assuming the present meson theory. 


* Preliminary reports have been published in this journal.) -%) 
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In this paper we shall treat the deuteron ground state and low energy neutron-proton 
scattering. Many investigations have been made on the same problem assuming various 
forms of interactions between neutron and proton. 

A new method proposed by one of us (M.T) and others” for attacking the problem 
of nuclear forces is employed in the present paper. Briefly speaking, the static 7-meson 
potential is assumed in the outside region, and in the inside region where the static meson 
potential becomes meaningless, phenomenological potential represented, for simplicity, by the 
square well is adopted. The latter stands for various effects which become important at 
small distances of the nucleon, namely the effects of non-static forces, higher-order terms, 
strong coupling and heavier mesons, etc., and is so adjusted to fit the experimental results 
according as each process and according as each energy region. * 

As the potential assumed outside we have adopted the symmetrical ~s** meson 
potential with both fs and pu couplings in the static approximation.*** In fact, recent 
experiments”’” on the process z+4+d< p+p and z~-capture by deuterium definitely show 
that charged z-mesons are pseudoscalar. Though the type of neutral 7-meson is not yet 
well known beyond the fact that they have the spin zero, it is much plausible that both 
charged and neutral 7-mesons have the same type, viz., pseudoscalar. Taking these facts 
into consideration, besides the charge independent nature of nuclear forces established at 
least in the low energy region,»~" symmetrical theory was assumed. We have, therefore, 
calculated neutron-proton scattering only. 

Methods of calculation used throughout this paper are developed in § 2. They are 
direct numerical integrations of the wave equations using the Stormer-Levy method, essen- 
tially same as that used by Bethe.” 

Using these methods, we shall at first investigate the deuteron ground state and low 
energy neutron-proton scattering under the assumption of second- order meson potential 
outside in § 3. From the results which are obtained there, we suggest strongly spin de- 
pendent nature of the inside potentials. 

The largest correction to these second order meson potential assumed in § 2 is probably 
the effect due to fourth-order potential. Higher-order terms will be negligible in the out- 
side regin, because the range of 27-th order meson potential is 1/7 times of that of the 
second-order.” 

The effects of the fourth-order potentials will be discussed in § 4. Deriving the fourth- 
order fs meson potential in Part (A) of that section by the S-matrix method firstly 
developed by Nambu”, some qualitative but important features of the ~s meson potential 
including second- and fourth-order terms are given in Part (B), and we have confirmed 
the inference about the inside potential as has been expected in § 2. 

Results of calculations assuming these fs meson potential are given in Part (C). We 
also consider the saturation property of nuclear forces in that section. 


Es' imai ed alue o the critical dis i t half or one 
t t vi 10) tance where static approximation breaks down 1S b 

3 abou 
third of force range.°) 


es Hereafter we shall use the following abbreviations : 7s pseudoscalar, zv pseudovector. 
** Concerning the validity of weak coupling theory, see references 4), 5) and 12). 
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The analysis of high energy nucleon-nucleon scattering will be developed in Part II 
of our paper using the same mothod as that of the present Part I. 


§ 2. Computational methods 


Various experimental results of the low energy region (including some derived quanti- 
ties) employed in this paper are es follows :— 


a) binding energy of the deuteron: |€|=2.227(1-+40.0015) Mev. 
b) electric quadrupole moment of the deuteron: Q= (2.738+0.016) x 107%cm?. * 
c) singlet effective range for neutron-proton scattering : 4 = (2.70.5) x 107"cm.1) ** 
d) triplet effective range for neutron-proton scattering : 
"yr — (1.704 + 0.030) x 107"%cm-” 
e) singlet scattering length for neutron-proton scattering : 
Ta= —23.68(1+0.0025) x 10-"cm.” 
f)) triplet scattering length for neutron-proton scattering : 
"a= 5.388 (1 4-0,0045) x 10-*an 
g) radius of the deuteron: 7,=4.314- (10.0008) x 107 %cm. 
h) mass of charged z-meson: 77,,=(276+6)m, .” 
The value chosen here gives for the 7-meson Compton wave length x~'=4%/m,c¢ 
= (1.40+0.03) x 10° “cm which is also the range of the 7-meson potential. 
The general form of the static interaction potential adopted in this paper is 


V (0) =V.(a) + VCH) - Sie (1) 


where & is the relative position vector for the neutron-proton system measured in units of 


x1, while S,, is the usual tensor operator 
Sio=[3 (G,-H) + (Gy) /4*]— (61-62). (2) 


(A) Low energy singlet S scattering 
The radial wave function z of the singlet S state for zero energy obeys the wave 
equation 
d°u(x) /dx*— W,(4) u(r) =0, (3) 
where ‘the notation I’,(x) =(M/#)-V,(#) is introduced and M is the nucleon ‘mass.*** 
As has been stated in § 1, we consider the two alternative ways of cutting-off : 
a jis -Zero cut-off ””?” 
W(4)=0 for *+< %, (4a) 
b) infinite repulsive well inside (hard core model )? > 


W.(4)=+0 for Age (4b) 


* Newell has obtained a different value for the quadrupole moment of deuteron, see ref. 16). ; 
** Singlet effective range for proton-proton scattering coincides with that for neutron-proton scattering 


within the experimental error. 
*** We adopt the natural units #=c=1 throughout this paper. 
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2, is the cut-off radius where the meson potential assumed in the outside region breaks 


down.” 


The above wave equation is to be solved subject to the boundary conditions 
u(x=0)=0. (5) 
u(x —> 00) ~1—(*a)“'7=1— (a) ee PRIDE (6) 
The integration for x < +, being elementary, we have for zero cut-off 
US CX (7a) 
with an arbitrary constant c and for ‘hard core inside 
u=0. (7b) 


For «>, direct numerical integrations (Stormer-Levy method) have been carried out from the outside 
in, starting from the boundary condition (6) at large +. Since the potential /”(2) increases rapidly with 


decreasing x, the transformations 
y=logx, U=u-x-l2 (8) 
ate very convenient for such calculations.!”) 


Then the wave equation (3) reduces to the form 
d2U dy? = (2#W, + 1/4) -U. (3’) 


The starting point for numerical integration was in general y=1.65, corresponding to +=5.207, while the 
interval was chosen equal to 0.15 units of the natural logarithm. 

Cutoff radius x) is determined by the continuity condition, a smooth join of wave function and its 
derivative to the interior solution (7a) or (7b). This condition is for zero cut-off 


(1/U) - (dU dy) =1/2 at x=x9 (9a) 
and for hard core inside 


U=0 at x=X. (9b) 


Singlet effective range ty is expressed in terms of the wave function ~(7) by the 


expression” 
treo |) [1 — Cax)'xP 02 (x)} de (10) 
where «() is normalized so that it approaches the asymptotic form (6) at large distances. 


(B) The deuteron ground state and low energy triplet S scattering 


The wave function for the deuteron ground state may be written as a linear combina- 
tion of S and J states 


$= (1/x) (u(x) + (1/8") -Sy-v(2)] hy (11) 


where %,, is the spin function with magnetic quantum number 7. Then, if we make the 
following abbreviations, 


f= (Me) ||, A=?+ (M/#)- VA), 
B=—2(M/2)V(2), (12) 


u(a) and zv(1) satisfy the two simultaneous differential equations 
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@* u(x) [d= Au(x)— V2 Bw(x) (13a) 
@* w(x) /da= (A+B +6/x,)-w(4)— V2 Bu(x). 2. sh€d3b) 


We consider again the two alternatives for cutting-off : 
a) zero cut-off 


A=B=0 for x< %, (14a) 
b) infinite repulsive well inside 
A=B=40 for *z#<%. (14b) 


Numerical integrations in the region from 7=5.207 to x=, were the same as that 
of (A). The wave functions ~(x) and w(x) thus obtained were normalized according to 


[ee +-2°(2)} orm. (15) 
Then the quadrupole moment 
O=( V2 /10#) ("24 [we — (1/22) 20°] ae (16) 
and L)-state probability £, 
Po= | 10") «ds (17) 


are readily calculated using the above wave functions. We can also calculate the triplet 


effective range *y using the expression™ 


*/=3\ [exp(—27-4) — (#7 +w*)] dx. (18) 

0 

Here the normalization of (2°+7v") must be chosen so that it approaches exp(—2yx) as 
t— ©. 

§3. Results of the calculations using the second-order 7s meson potential 


The second-order fs meson potential with ps coupling does not appear in the static 


_approximation. So we have the fv coupling term only, 
; VO = —x-g°/4m-exp(—*)/z, , (19) 
VP = — 2-9? [40+ (143/44+3/2")-exp(—x)/x. (20) 


where the prime “2” indicates that 7 © is the second-order potential. 
For x < 2%), we adopted for convenience’ sake, the hard core* 


ViEVie Po. for tC ws (21) 


* Ferretti has also treated the same problem assuming repulsive potential inside.2!) We are indebted to 
Prof, Ferretti for sending us a reprint of his paper. 
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The results are given in Table 1. 
As is readily seen from these 


Table 1. Second order z-meson potential outside results, the correct value atthe quad- 


and hard core inside é ; 
rupole moment is obtained for g°/4z 


2/4r xo O (in 10-27 cm?) pp (%) —0.084 by extrapolation. If, how- 
0.025 0.122 1.07 4.2 ever, the quadrupole moment is 
0.050 0:226 1.877 o2 abjusted to the experimental data, 
0.075 0.387 2.542 7.4 : P 
the amount of /)-state admixture is 
0.084* 0.458 2.766 7.54 


= ; much larger than the usually adopted 
These values were obtained by extrapolation. 
value 4%. This is because the range 
of the z-meson potential is somewhat shorter than that of phenomenological potentials with 
short tail.” The quadrupole moment decreases rapidly with decreasing force range. There- 
fore, to get the correct magnitude of quadrupole moment, we must assume a large value 
for coupling constant and, as a necessary consequence, the D-state probability increases 
together.” Concerning the relation between the magnetic moment of deuteron and the 
D-state probability, we shall discuss further: in next section. 

The repulsive potential assumed in the inside region plays an important role. That 


is, the wave function is pushed out, so the quadrupole moment and triplet effective range 


29) 


increase in comparison with the other cutting-off method.” 

From these results, we can infer that the potential at small distances where the second- 
order meson potential breaks down may be fairly repulsive for triplet S state. 

On the other hand, it is impossible to account for the experimental value of singlet 
scattering length provided that the value of the coupling constant is so chosen as to fit 
the correct value for the deuteron quadrupole moment. From our standpoint, we must 
adopt the same potential with the same value of coupling constant in the outside region 
for all states. Therefore, the inside potential for singlet even state must necessarily attrac- 
tive in contrast to the strong repulsion required. in the triplet even state. This inference 


is confirmed by the calculation of fourth-order meson potential in next section. 


§4. Fourth-order meson potential 
(A). Derivation of fourth-order meson potential” 


Fourth-order terms of the static fs meson theory have been calculated by the method 
of S-matrix. From the Feynman diagrams (Fig. 1), we get the results up to first order 
of the expansion in terms of (,/J7) as follows Sy | 


ee VR lee oe bi aa K(2 
Vee et Rey 87 ( a) a [Pets fot}? [27k pot |? re 
Sak ) 3 és i Aa 22) 
ye a 1 
4xn/ sx \ M eae (22) 


K. Nishijima has obtained the same results for /v’ coupling, using a different method of calculation 
(canonical transformations). See, reference’). 
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Vm =x-( £33 [(6P) zy (oP) JL (OF), (aP) =] K2#) 
x 


4507 #£4=1 
=x-( £2) [(22°)U.(2) + (66) U2) + Su p(2))]. (23) 


If one attempts to carry out 


this calculation relativistically, un- 4 
. 5 hee Bs 
renormalizable divergences Bonet ret bp y panes ely 
XN 
. - Aa 
in the fv coupling case. In the as 


Static approximation, however, = }------ 
these divergences disappear fortu- 
nately. Furthermore, we can 
reduce the divergences resulting «Nucleon fine 
from the diagrams shown in Pir amee ry ma * Von a SL rom en : Meson line 


2 to renormalizable terms and to Fig. 1. 


contact interaction terms, provided 

that the static approximation is i See wes 
9 === eS a ntact i) 

allowed.” = 


Under these inevitable  cir- 
cumstances arising from the incom- ae 
pleteness of the present field theory, we could not help confining ourselves to the static 
approximation. Important terms such as spin-orbit coupling will probably result from non- 
Static part of the fourth-order potentials, but unambiguous calculation is very difficult in 
the present stage of the field theory. 

As can be seen from the commutator in the expression of , fourth-order meson 


potentials are purely quantum mechanical effects.” 
(B). Qualitative natures of the meson potential including fourth-order terms 


Assuming that the value of the fs coupling constant /°/47 is not much larger than 
that of the fv coupling, g°/47, we confine ourselves to the fv coupling only.* Then the 
fourth-order meson potentials (23) reduces to the following form in each state : 


a) triplet even state 


V9 =x(g°/47)*.(—3U,4+ U2), (24a) 

VY =x( 57/40)" Up, (24b) 
b) singlet even state 

VO =x( g¢/42)*- (U,—3U 2), (25) 
c) triplet odd state 

V0 =x(g?/42)?-(U.4+U.), (26a) 

VO =x(g7/40)*- Up, (26b) 


* Since Vp,“ is an ordinary (Wigner) type, neglect of this term does not alter the following results 


essentially. 
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d) singlet odd state 


V7.0 = —x(g?/47) (3U,+3U.)- (27) 
Here U,, U; and Up are defind using the modified Bessel functions LK, aad," 
U,=8/7 {(3/2*) Ky (2%) + (2/22+3/x') K,(24)}, (28) 
U,= —8/2{(1/44+23/42°) Ky (24) + (2/22+23/42')K,(2%)}, (29) 
U p= —8/1 \(3/x*).K, (2%) + (1/4 + 15/427) A(22)}- (30) 


These potentials are shown in Figs. 3, 4, 5 and 6 respectively. 

In the same figures, the second-order potentials © and the resultant potentials V=3 
4+ are illustrated together. 

From these figures, one can see some qualitative but very important features of the fs 
meson potential. 

1). In the triplet even state, central force is strongly repulsive and tensor force is 
strongly attractive, being similar to that of Bethe’s neutral vector meson theory.” This 
repulsive potential was represented in last section by the infinite repulsive well assumed in 
the inside region. 

2). Strong attractive force in the singlet even state may account for the experimental 
value for the singlet scattering length. We have suggested this attractive force in last 


(Mev) 
338.6 


129 —= 112.9 


—225.8 


— 338.6} 
—112.9 


—451.5 


Fig. 3 Triplet even stats ¢?/4n=0.08 Fig. 4 Singlet even state g°/4z7=0.08 


* U, and Uz are negative while Up is positive. Roughly speaking, |U|~Ur~1/2|U;|. 


(Mev) | 0:575016 +07) 08 30.99 10 °L-1 i 2are 
i) a 
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(Mev) | 
67.7 


— 67.7 
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Fig. 5 Triplet odd state »?/47—0.08 


112.9 


ig 
Fig. 6 Singlet odd state ¢*/42=0.08 


OD 0:6 072505 (0.9, 1.0) LT 


(Cy: 


x 


section. 


3). 


proton scattering may be explained fairly 


Low and high energy proton- 


well if a hard core is assumed inside, 
since these potentials are similar to those 
adopted by Jastrow.”® 

4). The fact that odd state inter- 
actions are much weaker than those of 
the even state is just what is required for 
accounting for the experimental angular 
distribution of high energy neutron-proton 
scattering. 

We shall discuss the high energy 
neutron-proton scattering in the subsequent 


paper (Part IL). 


Results of calculations and discussions 


Tables 2 and 3 show the results which have been obtained using the above potentials 


V=V+ 0%. 


Table 2a. Singlet neutron-proton scattering ; 


Table 2b. Singlet neutron-proton scattering ; 


zero cut-off infinite repulsive well inside 
LL = = = 
2 /4n 1, (in 10-1" cm) x9 g2/4n ly xo 
0.075. 1.925 0.5886 0.075 2.104 0.3285 
0.090 2.457 0.665 0.090 2.585 0.384 


ee 


a ERT, 
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Table 3. The deuteron ground state and triplet neutron-proton scattering ; zero cut-off * 


e/4r xo Q (in 10-2/cm*) 37 (in 1071%cm) Dp (%) 
0.05 0.16 1.85 1322, 7.42 
0.08 0.232 237. 1.582 8.65 
0.10 0.303 B25 17D: sles: 


* Infinite repulsive potential assumed inside does not give a correct binding energy for deuteron. 


As is well known, the percenrage of D-state wave function in the ground state of 
deuteron is closely related to the magnetic moment, and the value 4% obtained from this 
relation has been adopted so far. This relation forms, however, an unreliable restriction, 
not only because of the uncertain relativistic corrections” but also of a dependence of the 
magnetic moment of one nucleon on the proximity of another. Recently, the latter effect 
has been confirmed by the experimental ratio of hyperfine structure in deuterium and 
hydrogen.” Taking these facts into consideration, it seems meaningless to adhere to the 
value 4%, although the correct value is not known.** Therefore, the D-state probability 
obtained here, viz., 9~10%, is not necessarily incompatible with the present experimental 
data. 

Whether this potential satisfies the saturation requirements or not has also been in- 
vestigated. Rough estimation shows that conditions for saturation™ break down in several 
respects. For example, spin saturated neutron cluster may be stable. Even if we take into 


account the term of fs coupling, not all saturation requirements cannot be satisfied. 


§ 5. Conclusions 


From the above results, it is possible to conclude that the fs meson potentials with 
pv coupling including second- and fourth-order terms may well account for the experimental 
data for the deuteron ground state and low energy neutron-proton scattering, provided that 
suitable potentials are assumed in the inside region. The best value of the coupling constant 


between z-meson and nucleon is 0.09~0.10. 


Saturation does not result on the assumption of the fs meson potential only in the 


static approximation. 


is ** eas ae in proof: Recently, H. Miyazawa has estimated the magoitude of D-state admixture. 
e value obtained here is not in contradictory to his results. See H. Mi 

: . Miyazawa, Prog. Theor. 2 
(1952), No. 2. : , E “ a6 ; 
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Remarks on the Adiabatic Nuclear Potential 


Shigeru MACHIDA and Kazuhiko NISHIJIMA — 
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(Received December 15, 1951) 


We discuss on the validity and approximation method of the adiabatic nuclear potentials, especially 
of the fourth order nuclear potential derived from pseudoscalar meson theory»). In § 2, it is shown that 
effects of time component of pseudovector coupling on the pseudoscalar meson potential are not large 
when distance between two nucleons is larger than about half of the force range. In § 3, time variation 
of nucleon spin and r-spin are evaluated for phenomenological and meson potentials, and critical radii 
for their applicability are derived. In § 4, implications of the velocity-dependent forces in the interior 
region are discussed, and largeness of the purely quantum mechanical effects in the meson theory is 
pointed out. Hamiltonian for a two nucleon system in the intermediate coupling approximation is given. 
In §5, features of the meson-nucleon interaction are compared with that of the photon-electron inter- 
action. It is pointed out that the transition matrix of the nucleon-nucleon collision is not analytic with 
respect to nucleon energy at the threshold for meson production. An ambiguity occurs when one intend 
to calculate the sixth order nuclear potential. 


§1. Introduction 


Recently experiments on nucleon-nucleon scattering at various energies have been per- 
formed and the nature of nuclear forces especially at high energies. has become clearer. 
So it is a quite important problem to study to what extent the meson theory can give an 
unified description of the nature of both the artificially produced mesons (i.e. real mesons) 
and the nuclear forces (i.e. virtual mesons). At present the qualitative properties of mesons 
are analyzed on the group theoretical basis rather than on the questionable field theory. 

General principles which hold regardless of the approximations are the following : 

(1) conservation laws 

(of energy-momentum, angular momentum, parity etc.), 

(2) gauge invariance 

(the direct consequence of the charge conservation law), 

(3) Lorentz invariance. ; 

These laws only are enough to determine the transformation properties of the pi-mesons, 
which we shall state simply in the following : 

(a) the charged pi-meson 

The spin of the charged pi-meson was determined as being equal to zero by the 


detailed balancing consideration of the following processes”; 
a $d pt? 


Next it was shown with the aid of Pauli exclusion principle that the charged pi-meson 
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cannot be scalar in explanation of the neutron absorption of the negative pi-meson in 
deuterium”, i.e. 

mam +d—>n+n. 


Thus we can conclude that the charged pi-meson is pseudoscalar. 


(b) The neutral pi-meson 


; : : a: 
The neutral pi-meson cannot have spin 1 since it decays into two photons”; 1.e. 


m —> 27, 


and the same parity with the charged pi-meson is favoured from the mesic absorption of - 


the negative pi-meson in hydrogen”, i.e. 
mT +p—>7 +n. 


Thus the neutral pi-meson seems to be also pseudoscalar. 

The correctness of the choice of the pseudoscalar meson theory in our former calcula- 
tions” is now guaranteed. 

For the convenience of the phenomenological descriptions of mesonic phenomena, we 
usually employ 

(4) S matrix formalism. 

Since the energies of artificially produced mesons are comparatively low at present, we can 
employ as a suitable approximation 

(5) the expansion in energies 

(i.e. shape independent approximation, partial wave analysis). 
Moreover, if we confine ourselves only to the nonradiative mesonic phenomena we may 
assume as the most probable coupling 

(6) the symmetrical theory. 

Utilizing these general laws only, Watson and Brueckner® were able to discuss the meson 
production in nucleon-nucleon-collisions in a quite beautiful manner. 

But, when we once intend to study the properties of pi-mesons one step further from 
these qualitative investigations, we inevitably face the incomplete meson theory, so that it 
is necessary to explore the difficulties and the limit of applicability of the present meson 
theory. From such a point of view, we shall investigate the nuclear forces on symmetrical 
pseudoscalar meson theory by the perturbation method. In this case, because of the singular 
natures of the pseudoscalar meson (simply denote Ps meson hereafter) that the lowest 
order terms differ from higher order ones even in qualitatively, we cannot draw any definite 
conclusion from the lowest order results. Besides, in higher order terms divergences arise 
which cannot be renormalized” and this difficulty prevents us to draw even the qualitative 
conclusions. Since these divergent terms become larger as the energy increases, we shall 
be obliged to do with only low energy phenomena not to be suffered seriously from these 


defects. Along these lines we shall search for restrictions on the validity of the adiabatic 
nuclear potentials in the following sections. ; 
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§2. The role of the matrix 7; in nuclear forces 


The most severe limitation upon the static approximation employed before" results from 
the omission of the time component of the pseudovector (fz) coupling, and so we will 
estimate its contribution to the nuclear potential. For the sake of simplicity, we shall ‘be 
content with a rough qualitative discussion for this term brings divergent contributions 
beyond the renormalization technique, that is, clearly outside the applicability of the present 


field theory: 


Now the spatial and temporal parts in: the fv-coupling are given respectively by 


= g*ag-g, Spry, 20, (1) 
x x ot 


The temporal part is quite small compared with the spatial part for virtual mesons of 
low enough energies, because the temporal part of the fv-coupling is almost equal to the 
ps coupling at low energies, i.e. 


= Sd he aaa or es 
- P7159 Beit SOY d (2) 


and as is well known from the equivalence theorem, the contribution of the ps coupling 
to the second order nuclear forces is only (x/2/7)? of the gv coupling. 

In other words, the contribution of the temporal part to the nuclear forces is negli- 
gibly small as compared with the spatial part near the force range. While if it is expressed 
in the momentum space, the temporal part surpasses the spatial part in the high energy 
region. 

But high energy virtual mesons contribute to the potential only inside of the cut off 
radius by the special role of the matrix 7, to be shown in the following, so that the 
contribution of the temporal part will still be inferior up to about half the force range. 

Well, the spatial part of the fv coupling contains the nucleon spin matrix 0, and so 
the nucleon can emit or absorb virtual mesons even at low energies by changing the spin 
orientation. 

On the other hand, as the temporal part of the fv coupling contains the queer matrix 
75) the nucleon cannot emit or absorb mesons unless the nucleon receives a large momentum 
transfer or a change of energy sign. Thus the uncertainty of energy caused by the tem- 
poral part will be much larger than that by the spatial part, i.e. 


AL es > AB spat. My 


The ratio of the temporal to the spatial will be of the order of magnitude J//x, so the 
lives of the virtual states caused by the temporal coupling are quite shorter than those by 
the spatial coupling. 

In this way, the meson clouds induced by the coupling 7, shtink and are diluted in 
the outside region, namely the matrix 7, plays the role to shorten the force range of the 
nuclear forces. We shall illustrate this role of the matrix 7, by comparing the scalar and 


pseudoscalar potentials ; 
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(1) Second order potentials 
S62 —(ft/4n x22 )exp(—2) /2 (v=xr) 
2 27 (1) (2) 1 (1) (2) a a, 1 Ss | (ee? 
Paps): (f7/4m)x(2/2I0)(22®)| 2 (6P0®) +(4 + + )Sel 


9 
x” 


(3) 


Because of the factor (x/2/7)* the scalar potential is much larger than the pseudoscalar 
one in the outside region where the potential does not show its singular feature yet. Since 
S(s) and Ps(ps) differ only by a matrix 7, the role of the matrix 7, that it contracts 
the meson clouds is well illustrated by this example. 

For the sake of completeness, we shall also write down the fourth order potentials : 


(2) Fourth order potentials” 


Sse —(Z) x22") <. AZ) 
PNG eee (4) 
Ps( ps): (4 ) x( =) Be = 


In this case, the situation is completely the same with the second order, and may also be 
valid in the higher orders. 

Thus we have qualitatively justified the correctness of the omission of the temporal 
part outside of the cut off radius (about half the force range). 


§ 3. Non-static effects 


Next let us investigate the validity of the adiabatic potentials in which the velocity 
dependence is completely -neglected. 

So long as we bear our discussions on the meson theory, the potential inevitably 
becomes velocity dependent due to the nucleon recoil effects, so that there is the limit of 
applicability of the adiabatic approximation. The nuclear forces can be well approximated 
by the adiabatic potentials for comparatively large separations, but not for small separations 
because of the increase of the non-static effects due to the nucleon recoil. 

_ According to Rosenfeld”, we shall call this border separation as “ the critical distance ” 
and denote by R,. We can employ following two methods to estimate this distance : 
criterion (I): | To search for the distance where the static approximation becomes in- 
consistent. 
criterion (II): To examine the validity of the static approximation by comparing the 
magnitude of the static forces with that of the non-static forces. 
Of course, it is clear that the latter criterion is more favourable than the former, but the 
latter requires the information on the velocity-dependent forces which is too complicated to 
compute, so that we shall be content with the former for the time being. 

The non-static effects result mainly from the temporal part of the fv coupling we 

have omitted, but since its contribution is shown to be small for comparatively large 


separations we may assume that the non-static forces caused by the temporal coupling are 
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masked by those of the spatial coupling for the separations we ate concerned about. This 
viewpoint will be justified by the fact that both the force range of the temporal coupling 
and the critical distance are of the same order and about half the force range of the spatial 
coupling in the Ps(pv) theory. But notice: “Even if it were shown by the criterion 
(I) that the static approximation would be valid for considerably small separations, we 
cannot, in general, conclude that the static approximation is surely correct in this case, for 
the criterion (II) is more essential.” 

Taking into consideration of the above arguments, we shall study how to estimate 
the nomrstatic effects according to the criterion (I). In our former calculations, we have 


obtained velocity independent potentials by neglecting the time dependence of the bilinear 
forms of nucleon wave functions such as 


tod (since O is an even matrix) 


as compared with the time dependence of the meson wave functions. (Contrary to the 
above case, we can no more neglect the time dependence of the bilinear forms such as 
*759, which therefore leads to essentially velocity dependent forces.) Thus our approxi- 
mation is valid only to the regions where the precession frequencies of the nucleon spin o 
are not larger than the meson frequency (energy divided by %). As for the isotopic spin 
t, we see completely the same state of affairs. 


If we formulate the problem mathematically, we are to compute such a distance for 


which 
|2| or |w|~z, 


where 2, w are the precession angular velocities of the ordinary and isotopic spins, and x 
is the rest mass of the meson. 
Now we shall expand the non-relativistic Hamiltonian of a two nucleon system in 


nucleon velocities. 
H=T+HAims> (7: kinetic energy of two nucleons) 
Aing=H + + Pay 


ao((2y). #o((2))o 


Then the equations of motion of spins are given by 


(5) 


where 


o” =i [H, o®], 2%=7 [F, 5]. (6) 


As we are interested in the distance where //° is dominant we may roughly replace HY by 


HT", so the equations of motion in first approximation become 


6% =1L7', 6], 2 =7[H", 2]. (6") 


The above equations will be enough to do with the rough order estimation, and we can 
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take the adiabatic nuclear potential as 7°. Then the equations (6’) can be written in 


the following forms : 


(1) 


c= 20x ¢®,, P®=w™ xz. (7) 


Namely, @ and rt precess with the angular velocities 2 and w respectively. Taking into 
account of the linearity of /7° with respect to 0 D and 7, we can readily obtain the 


following relations regardless of the charge dependence of the potentials : 
QY=2 =,  w%=2 —_. (8) 


We now define the critical distance A, as such a distance that for r > R,, we have x > 
|2|, |w|. This distance 7, indicates the critical separation that the velocity dependent 
forces turn out to be superior, and we can roughly estimate /, if /T° is given. 

Such a criterion may be applicable even to the phenomenological potentials so long 
as we bear our interpretation of nuclear forces on the mesons. 

In cases of charge independent theories, /7 ° contains O and tr only in the following 


forms : 
ro™), (Go?) (G9), (pene : 


The contributions of the first and last terms to O and rt are given respectively by 


CPG ete 


These terms contribute nothing in the spin and charge singlet states respectively. Especially 


in the symmetrical theory, r identically vanishes in the charge singlet states because of the 
absence of tensor forces in the isotopic space. 

We shall estimate the critical distance , for the following potentials : 
(1) Symmetrical Ps( pv) theoretical Potential 


2 


Pe 


impo Sle gE gPg® aC ie slbsihs pe 
en ) i ) ithe ole et Bo 


Pe a alee 9 Pe srt 
sar( fe) [82° ) G74 (oP a™) Os ASO R - 


As for the definitions of (/,, /, and UU», see ref. (5). 
(2) Christian-Hart Potential 


17 —/7,. 1+ Ff, Fo p-riro, 


é (for singlet states) 


iS er 1+; vo 


et!” _ 877, (0.37 + 0.63P,) Fo pSriee Sie» 
2 r if 


(for triplet states) 
where 7)=1.35 X 107 cm, 'V,=35.3 Mev., *J7,=25.3 Mev., *7,==48.2 Mev. 
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(3) Christian-Noyes Potential" 
Here we use the parameters changed by Swanson”. Since n—p potential is the same 


with the Christian-Hart potential, we shall only write down the proton-proton potential. 


ye 1p 1th, 


- for r< 7, and '!’=0 for r >7,, (singlet states) 


- je conta . , Ks — Ege Ne 
3V=—8y, Bie he porire 3 7, 14-2, Vs eles 2h, iNet (“2 er? Si Z 
Zz r 2 r 2 7 
(triplet states) 
Fe 26IS R10 cm 7 = 1.35 X10" cm, = 1.6 * 107“ cm; 1 = 93.273 Mev, 


3V7.= 25.3 Mev, *V7,=48.3 Mev, *V7,=15.25 Mev. 


(4) Jastrow Potential’ 


Vi {ites — (0.3 +0.7P.)7 Su} ent" ; 
2 


—oo, r<o; 
a 
#; i 2d Cpe Me te 
1 eS ela ek ut heal os 
2 


317,=69 Mev, 7,=0.75 X 107" cm, 
*/7,=375 Mev, 7,=0.40X 10" cm, 7,=0.6 X 10-™ cm. 
The results are as follows : 
(A) Singular Potentials (/s (fv), Christian-Noyes, Jastrow ) 
zR,~(0.4~0.5). 
(B) Non Singular Potentials (Christian-Hart etc. ) 
xR, ~~ (0.2~0.3). 
For singular potentials X, can sharply be determined because of their steepness, but rather 


vaguously for non-singular potentials. 
By the way, we shall test the nuclear forces on the strong coupling approximation. 


In this case, the nuclear forces lose their spin (and isotopic spin) dependent character for 
small separations as the spins are frozen, and they become spin dependent only for large 


separations where forces are no more strong. Therefore we see always 
|2|, |wl<z, 


and the critical distance does not exist in this case. 
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§ 4. Implication of the velocity-dependent forces in the interior region 


Combining the discussions in the previous sections with the properties of proton-proton 
scatterings at high energies known from recent experiments, we shall investigate the appro- 
ximation methods in the meson theory of nuclear forces. In section 3, we see that the 
self-consistency of the static approximation is guaranteed even for considerably small separa- 
tions in the cases of non-singular potentials, while it breaks down at once in the cases of 
singular potentials. These results are due to the criterion (1). 

At the first glance, nuclear forces on the strong coupling approximation seems superior 
to that on the weak coupling approximation provided that the static approximation will do 
for the whole region, but it is not true indeed, for we beared on the criterion (1) rather 
than the more definite criterion (II). 

Then what can we conclude from the latter criterion ? 

To answer this question, we shall utilize experimental informations, as the theoretical 
prediction concerning the velocity dependent forces is absent. 

Now it is well known that the singular potentials of the type (A) is more favourable 
in interpreting the data on the proton-proton scattering at high energies than the non- 
singular ones. 

How shall we interpret this situation ? 

Well, the nuclear forces at high energies are strongly dependent on the character of 
the potentials of the interior region, about which we have no theoretical information at 
present since it is outside the frame of the present field theory, and so as a possible 
means to guess the character, we may estimate by extrapolating the outside potential into 
interior region. 

In cases of non-singular potentials, it can be extrapolated into the interior region com- 
paratively consistently. On the other hand, the extrapolation breaks down completely about 
half the force range if a singular potential is adopted. 

The fact that experiments prefer type (A) rather than type (B) will be able to be 
interpreted only by assuming that the nuclear forces become essentially velocity dependent 
at distances less than about half the force range. There are following two reasons which 
seems to support the existence of the velocity dependent forces. 

(1) The recent experiments on the proton-proton scattering at 345 Mev showed the 
inadequacy of the phenomenological static potentials hitherto used.” 

(2) The phenomenological static potentials determined to fit the scattering data 
cannot explain the saturation properties of nuclear forces. (Remember that a class of velo- 


city dependent potentials can satisfy the saturation requirements. ) * 


From these results, we are inclined to think that the weak coupling approximation is 


superior to the strong coupling approximation at least at energies where various experiments 
are performed so far, and at large separations. 


*" . . * 
Concerning this problem we must take into account many body effects and non-linear characters of 


meson fields too. (Schiff, Phys. Rev. 84 (1951) 1, 10; Kinoshita and Miyazawa, read at the annual meeting 


of Jap. Phys. Soc., October, 1951). 
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So we shall look back the weak coupling results. At separations near the force range, 
the lowest second order forces are not main, but the next fourth order forces contribute 
comparably with or even larger than the lowest order. 


By the way, the static fourth order potential is of the following form : 


V.~[01, Ox'J"[0,, Ou]? CO, 1) pers (9) 
provided that the static second order potential is given by 

=z 

V,~ OP OP —_, 

x 
from which we know that the fourth order forces are caused by purely quantum mechani- 
cal effects that the components of the spin (or isotopic spin) matrices are not commutative 
with each other. © y 

In this sense, approximations in which O and ¢ are treated as though classical quanti- 
ties will be meaningless in the meson theory. 

The fact that the contribution from the fourth order is larger than that from the 
second order even at the force range may indicate the possibility that further higher orders 
would also be large near the force range. Therefore it is desired to solve the problem of 
nuclear forces at comparatively large seperations by means of the intermediate coupling 
approximation. In this case, we are suffered from the mathematical complexities, but for 


the sake of completeness we shall write down the Hamiltonian of a two nucleon system ; 


Pome Gar or yi SVC onto 1) 
DET 2 4A 


+ eae se ps (OFPAP On+ ODA aia)- (10) 


afi. a8 : 4% 
The above Hamiltonian is obtained on the method developed by Watson and Hart", and 
the notations are as follows : 

(2) (2 
OD =ONtD toyetr, 

Oe — M +) gHage — Nie 

fo Sear an eeee | y z B 
Acs) (+) 


Ae Mx) Ades Api Nix) 
Ps 1/2 ? y z B Wad 
(Ag) (Bu) 


where the x-axis is chosen parallel to the line joining two nucleons, and 


2 2 se of. Vga ad ; 
jeg? [PM aen{? 2 4n(2 2) Ke 
0 


g y adr r 
Buy= 2 {Lt +87 — a ACE 
BI Sg, (a 
+2 (gag je ( LZ | ge 
Ma= >| Qo" oe vy ar 4% Y ar r 
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and 


P= (40) "(Sa+Sa), Quai( 40) "(St-Sa), 


1/2 uy. 1/2 + k. 
pra(42) "(Tat Tar malo) TA-Ta, 


as for y, ¢ components, we have only to replace A by B, and S by 7, S and J are 


operators such as 


Stat = [AL 9, (eta ean) 55 (4), 
L 5x! do 


(S*, 7* are Hermitian conjugates ) 
with the normalization 


[7 (9) > Oi (7) ] =—d)y Qo? (A— q') : 


$5. Remarks on the mesonic potential 


In this section we shall investigate the reason why the concept of the mesonic potential 
cannot be obtained clearly. For this purpose we will compare the meson-nucleon interaction 
with the photon-electron interaction. 

(a) First the meson has a non-vanishing rest mass. 


In the case of electrodynamics, a subsidiary condition 
(Div A)¥ =0 (Lorentz condition) (11) 


appeared. This condition cannot be derived from field equations but is consistent with 
the field equations. If we review this situation from another viewpoint, the quantity 


(Div A) can be regarded as an integral. So that confining ourselves only to such states 
as 


(Div A)¥ =0-¥, (11’) 


we arrive at the Coulomb potential in which longitudinal and scalar photons are eliminated 
and their effects are replaced by c-numbers, (i.e. quantum numbers). 

But we have no similarity in the meson theory. Physically the non-vanishing rest 
mass of the meson causes the short range character of the nuclear forces in contrast to the 
long range character of the Coulomb forces. 

(b) Second, that the meson has its charge necessarily requires the quantum mecha- 
nical treatment since we have no analogy in the classical theory, just as already been 
pointed out in the previous section. 

(c) Third, the most characteristic differences appear in their couplings. That the 
meson-nucleon interaction is very strong requires some suitable approximation method other 
than the simplest perturbation. 

But what is essentially important is the existence of the ordinary and isotopic spins 


in the interaction. The non-commutativity is the basic reason for the impossibility of the 
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separation of static potentials, and at the same time the reason for the occurrence of essen: 
tially velocity dependent forces as has been argued in section 3. 

The electromagnetic field couples with the electron velocity which can be treated 
classically as well as quantally, while the meson field couples with the nucleon spin and 
charge which can never be treated classically as stressed in section 4. 

Next the impossiblity of eliminating divergences by the renormalization method is also 
a very severe limitation on our investigation as we are directly confronted with the lack 
of the present formalism of the field theory. 

For derivative couplings, the perturbation method breaks down at high energies as 
has been pointed out by several authors™. . At low energies we cannot use Born approxi- 
mations, and at high energies also we cannot employ the perturbation method and inevit- 
ably depend on the relativistic strong coupling theory. An attempt to treat the singular 
matrix 7; in the strong coupling theory has been performed™, but we do not know its 
detailed results yet. 

(d) Last we shall point out an energetic limitation on the concept of the meson 
potential which results from the non-vanishing of the meson rest mass. 

The transition matrix of the nucleon-nucleon collision is not analytic with regard to 
the energy. The reason will be given in the following. 

We define the transition matrix R by 


Sateen. 


Then from the unitary character of the S matrix, we get 
(VV |R|VYV) + (VN |R*|VIV) + (VN |R*|VIV) (VV |R\NN) =0. (12) 
below the threshold energy for the meson production. Here (VV|R|NVIV) is the 


submatrix of K concerning the two nucleson scattering. 


Above the threshold energy, we have 
+ (VN |R*|NVN2) (NN2|R|NV) =0. (13) 
As is clear from the above two equations, the submatrix (VVV|R|/V/V) satisfies different 


forms of equations for different energies. Thus (V/V|A|/V/V) is not an analytic function 
of energy. : 


Next let us examine this situation on the theory of canonical transformations by which 


we have obtained the fourth order potentials. 
We have utilized two Bloch-Nordsieck transformations U/,[¢] and U. »[@] in the former 
calculations. Since our treatment was non-relativistic, we discarded relativistic processes 


such as 
N+N2n+2. (MN: nucleon, XN: anti-nucleon, 7: meson) 
But above threshold energy, we need the knowledge about forces at small separations or 


synonymously the higher orders. If we intend to apply the third transformation in order 
to derive sixth order potentials, the difference becomes clearer. For instance, we must 
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Fig. 1. 
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carefully doubt the terms like the one expressed by the Fig. 1 
to drop or not to drop by the third Bloch-Nordsieck transfor- 
mation. For energies below the characteristic threshold for the 
meson production, we must drop this term by the Bloch-Nord- 
sieck transformation as the one describing the meson cloud 
around two nucleons since all mesons concerned are virtual. 

On the contrary, for energies above threshold some of the 


mesons can be real, so that we cannot drop it. 


Thus it is clear that we cannot describe the nuclear forces by an unified form of the 


potential valid at both low and high energies. Theoretically, the concept of the nuclear 


potential will lose its meaning above the threshold energy for the meson production, and 


perhaps the S matrix will be the only one to describe high energy phenomena. 


At any rate the word “ nuclear potential ” is quite ambiguous and we feel keenly the 


powerlessness of the present meson field theory. 
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By means of the Lorentz-covariant perturbation and renormalization methods, the effective cross 
section for 7-z° process in pseudoscalar meson theory has been obtained with the matrix elements 
calculated up to the order ¢f3. The most conspicuous result, which could not be reached in the lowest 
order calculation, is that the cross section for neutral meson production turns out to be of the same 
order as that for charged meson, and that the angular distribution for that process is larger in the 
forward than in the backward direction. Further we have introduced a Pauli-type interaction with 
suitably chosen coupling constants in order to estimate the effect of the matrix elements of orders higher 
than ¢f%, and gained a result similar to the above one, only with a smaller value for the coupling 
constant. 


§ 1. Introduction and summary 


The study of the electromagnetic properties of nucleon-meson system appears to be 
particularly interesting and, if we want to get insight into the dynamical behavior of this 
system, the 7-7 process is one of the most important problems. The investigation about 
7-™* process including higher order effects has already been made by Koba, Kotani and 
Nakai,” and we shall now study the 7-72" process along the same line with these authors. 

The existence of 7°-meson has been predicted on various experimental and theoretical 
grounds, and recent experiments at Berkeley” have indeed confirmed this expectation 
directly. The facts which seem to have been established hitherto are as. follows : 

(1) The neutral mesons are produced by 7-ray with the cross section comparable 

with those for the charged mesons.” 

(2) The angular distribution for 7-7° peaks in the forward, with the ratio o45/¢)0.=2, 

while that for 7-7* is nearly isotropic in the laboratory system.” 

The absolute values of cross sections amount to: 

Gogo (7°) =23 X 10-* cm*/sterad., dyg(7*)=<8 x 10-% cm*/sterad. at about 250 
Mev of photon energy.” 

(3) The neutral cross section rises much more steeply with energy than does the 

charged.” 

On the other hand, the calculation based on the lowest order perturbation” shows 
that the cross section for P+y—>P+7" process is far smaller than that for the charged 
meson prodiction and the angular - distribution favors the backward rather than the forward 
direction. These contradictions with the experimental results seem at first sight to add a 
new difficulty to the current meson theory. In order to remove these faults, many studies 
have been done from various standpoints.””””" We also intend to investigate this problem 
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using weak coupling theory. 

Thus, our object in this paper is to study the 7-7" process by carrying out a straight- 
forward calculation of higher order effects* with the covariant perturbation method of 
Tomonaga-Schwinger-Feynman- Dyson. Making use of the formulation adopted in the 
calculation of 7—7* production,” we have classified numerous Feynman-Dyson diagrams 
into gauge-invariant classes and reduced the various terms of the matrix elements to four 
independent gauge-invariant fundamental expressions. Taking the neutral meson mass /4y 
equal to that of the charged meson /# for simplicity, we have calculated the cross section 
for 7 — 7° process at K, = 24 = 276 Mev of photon energy. With the value of the 
coupling constant adopted in the calculation of y—7*, the contribution from higher order 
terms to the cross section for P+y—>P+7° is overwhelming and, especially for the case 
of P.S. coupling, causes a complete change in the angular distribution obtained by the 
lowest order perturbation. This fact makes our theoretical estimation agree fairly well with 
the experimental data. 

Taking into consideration the circumstances that, the matrix element of ¢f*-order being 
large, we ought to examine the magnitude of the contribution from the terms higher than 
of*, and that in our calculation the anomalous magnetic moments** of nucleons turn out 
unsatisfactory,” we have introduced in § 4 a Pauli-type interaction into the Hamiltonian 
and evaluated the matrix elements for this interaction also up to the order ef’. On the 
assumption that the contribution from all the orders higher than the fourth is represented 
by the second and fourth order effects of this Pauli-type interaction, we have proceeded to 
estimate the cross section not only for 7y—7° but also for y—m=*** in the case of 
pseudoscalar coupling. We have obtained, in this case, the good agreement with the ex- 
perimental data for the neutral meson production as well as for the charged. It should 
be remarked that this conformity with the experimental facts in dynamical aspects is only 
guaranteed by adjusting the parameters entering into the theory in order to make the 
theoretical a.m.m., a static property, coincide with the empirical one. For the pseudovector 
coupling we are unable to carry out similar calculations owing to the appearance of unre- 


normalizable divergences. 


§ 2. Matrix elements 


According to Dyson," the S-matrix can be written as follows : 


S=U (= 00, 0) = 29" |" aw,--.|"dae Pn), 5 HCG). (2) 


n=0 7! 


H() is the interaction Hamiltonian density function in the interaction representation and 


* . . : 
Brueckner and Watson") have predicted that in the pseudoscalar meson theory these faults will be 
remedied by taking into account the contribution from higher orders. 
+k : ; 
For short we shall write a.m.m. for the anomalous magnetic moment throughout this paper 


*** We thank to Messrs. Z. Koba, T. Kotani and S. Nakai for having shown us the matrix elements 
for y—z+ production. 
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is given by the following expression : 
26 ha Cia wr 6 ice 7 w iis oy 6 dan ae! 2 fad + Leoupt. : (2) 
with 
H"™"= R*$ + RO* +S, (06*/Ax,) + Sur (06/0x,) + RY + Su’ (09°/0z,,), 
R=f$rstme$, — Sy= (g/t) Gratutwed 
| R= Orth, SEOg'/ 2) Srsrurd, 
fT" =—}, Ag; I= ter yt pl, 
H™ = te A,[o* (30/0x,) — (09*/dx,) 9], 
FT"™ = 10 Ay (Sy9*— Sd) . 


The units are so chosen that 4 =c=1 and c stands for T; Or T4(=1) according to 
symmetrical or neutral theory. In order that the integrability condition may be satisfied, 
we must add certain terms which depend on the normal of the space-like surface to the 
above expression. One can, however, proceed to evaluate the S-matrix as if there were no 
such normal-dependent terms by modifying the definition of the P-symbol, as was the case 
with charged meson production.” 
(I) First of all we consider the process P+y—+P-+ 7° 

(i) P.S. coupling* 

We write here the Feynman-Dyson diagrams and the corresponding “ component.” 


matrix elements in the second order. 


F 44 16 = proton 
2 
- t 
eames . » neutron 
| ---- photon 
eo Z =ee=co> 7+ meson 
Lens, I =>e=>e= 7 meson 
I “K —:-—--— > 7° meson 
Fig. 1 Fig. 2 


Ut =09 (F) eG : = = Mt (DAK), 


(3) 


UL=0O(F) ey int (1) 4, (4), 


ba of'/ (an), c= ef /(42), 


where I and F are the initial and the final four-momentum of the nucleon respectively, 
KK represents the four-momentum of the incident photon, while q denotes that of the 


emitted 7° meson. 


* By the words P.S. coupling and P.V. coupling are meant the cases 9=9=0 and /=/°=0 respectively 
throughout this paper. 
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Following the formulation adopted in the calculation of 7—7*= production, we have 
classified the numerous Feynman-Dyson diagrams in the fourth order into certain gauge- 
invariant classes and reduced the various terms of the component matrix elements to four 


independent gauge-invariant fundamental expressions, that is to say, 


U. =$P) | phy a liner) Aa K), 


Ue = FP ire PRE? Dy (K), 
(4) 


FPS oF i7(1+K)—M EMG Tey DAK 
iit Gy. 2M ge | 


and 
a Kitp ip F—-K)—M, | 
U%——db(F wy poy BOD) Ac 
4 ip tl acer weg yaa rp(1) A, KE), ) 
as for the physical meaning of these fundamental expressions, see chs paper for 7—7* 
production.” * 


Here we describe only the diagrams and the component matrix elements which yield 
finite observable contribution, after the renormalization of nucleon, meson mass and coupling 
constants is catried out. We write down beforehand the notation which will be used 


throughout this paper. 


on™ 


=4+e(1—2), 

i, =x? +e(1—%)—ax(1—2)y—1e, 

i, =a? Fe(t—2) Very —1) —a2U—2)y 2, 

i. =x +e(1—4x) —ax(1—2)y2z—7€, 

L, =x2+e(1—4x) tery (y—1) —ax(1—2) 2-2, 

Lig =U+e(1—4x) tery (y—1) —ax(1—*) y(1—2) +x yA—y)z—7€, (>) 

Lp =H +e(1—2) t+ex*y(y—1) —ax(1—4)y(1—2) + b4(1—4) (1—y)2—2€, 

Iya = 0° +e(1— 4) +ex*y(y—1)—ax(1—2)y t+ (+6) e(1—2)y2z—1€, 

lahat {—ax(1—y) +5(1—ay)} aya 

Layo=lay + {axy—O(1—4+-xy) }a (1—y)eu, / 

a=—2(IK)/M*, 6=—2(FK)/M*, d=—2(@K)/M, e=/M, 
u=fi/an, od=(f')*/47, 


sioelafok, aioralief®tan. 


. P ; 

While the meson current in the case of charged meson production carries electric charge in the final 
state, the nucleon current takes its place in our case. So we have altered the definition of UV; and, moreover, 
modified U,, by a constant factor for convenience of calculation. 
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1 1 2 
&1(a) =| ax arene, AAG® =f def ay” ¢ = *y ; 
v 0 0 


wv 


En (ay | de { 


4, (a) =| ax { ae { as 72 {1 =o —2)}_G@y++y—2) 


+ (¢/2)2'9 (14) +2121 —2) —2°9(1 —y)(1—2)} —(a/2)2°( — 29° a=} 


2 
Lon 


1 
dn(a) ={ de dodo 4 —w)pf 14 02) | 
a 2 222 


at 1 _ xy? 1 1 1 y(1— 
ee (a) = [def ay ae wre 5 Ai (a) — {2e| arf atzC —9), 


ad 


iB 


a ip 1 1 1 ay (1—y)z 1 fle ppl 1 
7(2)= hed ay de® ZOD, Ay 1(a@) =| dz{ dy| de a*(1—a)y| T+ 
Gal 0 0 J0 


Ay1(@) = Jee tr] def de 29Pe\ y—vyt—34(y—ay[ + fed eel 


adc 


Ay m(a) = f 2x| ‘dy dz xy| So = — 22st sy) + O— 220} 


Dod 
A =( 2 {a [ a:- a i ae [ 1 efi 4) a =| 
rx(@) ; 4 2 af : 2 Ta J) i, =f oP + Fe (6) 
1 1 1 
a eee 
0 0 0 de Be 
1 : ' 
Ct =| ae| dy) de 20-2), tu=| a iy| a oe they 
fon ia tet loo 
tur=| de dy| de® O29, iA w= | ae| dy as #(1—2)(1— J: 
0 0 0 Ns i 0 Oke 12, 
4e&U—4) 


ay =|e fia), Se a-2o 7+ 27, 
bri= [del ay dof du. «“8(1—+)y(1—y)s {a+ bee) i 


abe abe 
&,(—4), «++, Ax(—6) are respectively derived from those of (6) by the substitution 
a—(—6) and 6->(—a). - 
First we enumerate the diagrams that take part in the static a.m.m. of the proton. 


They are shown in the Fig. (1.1), ---, Fig. (4.2).* 


* Of the two numbers labelling the diagrams, the first one indicates the gauge-invariant class, to which 
they belong. Note that we do not mention the aia which give no observable coftnibutions, as mentioned 


above, throughout this paper. 
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oe 
--7 : 

Fig: (3.1) Fig. (3.2) Fig. (4.1) Fig. (4.2) 
UW = —c°(a8/22) (1/2) §( —8) - Um — 6 (0/2) £1(— 8) 0 8s (7) 
UY = —A (a8 /2m) (1/2) § (a) “Um —e( 0/27) E1(a) U2, (8) 
UW = o(a/2x) (1/2) yu (a) -Um+e(4/27) g(a) -U (9) 
UM = &(a/2n) (1/2) 4u(—8) Um +e(4/27) gi —8) U2. (10) 


From the diagrams and the matrix elements, one can easily find the static a.m.m. to be 
(a/27) (0) — (a°/27)F,(0), (11) 
so that the expressions 


(a/2m)[91(a) —2(0)]— (2/22) [F,(@) —270) ] (12) 


and 

(a,/2) [y1(—6) —91(0) ]— (28/27) [F2(—4) —§2(0) ] (13) 
have definite physical meaning from the point of view of perturbational treatment. They 
represent respectively the non-static parts of a.m.m. in the true sense of the word for the 
two types of y—7° process, namely the one in which the nucleon absorbs incident photon 
first and the one in which the nucleon emits 7° meson in the first step. We leave the 


question open as to the exact physical meaning of the possible appearance of imaginaries 
in the expression (12). 


Next we shall proceed to examine the modification of 7, and so on. 
U2" = (a®/2m)[2,(a) +A,(—6) +4n(@) +4n(—4)]-Om 
— (a! 2m )al yn (a) + dry (—6)]-U 2 4009/22) bry (—8) +r (a) ]-02 
+.0°(a°/2m)[ — (ab/2) {ay (a) +4y(—8) +4y ua) +4yn(—6)} 
+ (a/2) an (a) —Ax(a)} — (6/2) (6) —Ax(—2)} JU (4) 
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Fig. (6.1) Fig. (6.2) Fig. (6.3) 


Ui" = +0°(a/2%)[—Ay(a) —Ay(— 4) + (1/2) 01—Cn) nF 2 (4/27) aC yO §? 
t0°(4/2%) ry UP +09 (4/22 )al —,,(a) Gril: Up. (15) 


The upper and lower signs correspond to the symmetrical and the (charged + neutral) theory 
respectively.* - 
The above evaluation of matrix element has been obtained by renormalizing the infinite 


coupling constant to the observed value. Such renormalization terms are 

[— @/2n) (29+ V4 X) — (4/22) (Z—-X) | (Gy4 + U,") (16) 
where Z° and Z originate from the diagrams with external proton lines modified by virtual 
neutral and charged meson respectively, Y, and XY come from the diagrams with the free 


meson line and vertex part of 7, modified by virtual nucleon and virtual meson respectively. 


Their explicit expressions are : 


1 co =} E27 

AS} at{ Ak+x ’ 
2riJ-0 Jo [e+ Px? + (1—x) 

Z=Z2°—1/4, 

wae {ae pie: bess a cl > se 
2niJ-o Jo [f+ M°—px(1—2) F 
il © 1 C+ ¢(1—+7) 

= at{ Ak 24 - —1/4. 
a eal 0 [e+ D0 + (1 —4) + pie? y(y—1) j 


The last terms of Z and X are derived from certain surface integrals which have been 


taken into account in our calculation. 


* We use the double sign for this meaning and adopt, for convenience sake, the coupling constant /° 
equal to f/V 2 in (charged+neutral) theory as in symmetrical theory throughout this paper. 
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(ii) PV. coupling 

When the pseudoscalar coupling is adopted, the surface integrals which appear in the 
evaluation of the matrix element have no effects upon the significant finite values. As 
for the pseudovector coupling, however, the situations are considerably different. We 
calculate the matrix elements for pseudovector coupling by separating the inequivalent terms 
according to the equivalence theorem. The surface integrals mentioned above have to do 
with the choice, whether we carry out such separation in the coordinate space or in the 
momentum space. Furthermore, the difference between the values obtained in these two 
ways is gauge-invariant, and we have as yet no criterion to remove this ambiguity for our 
y—7 process. Although the result may be affected more or less by the difference of these 
two methods, at the moment we show here only the inequivalent terms obtained in* the 
former way and that obtained in the latter way will be stated in another place. 


(a) symmetrical theory 
(g') cf (u9/2) {(1/2) (E:(@) + $1(—4)) +n (@) +811(— 4)} 
+ (4/27) (1/4) {ann (a) — oyu —6)} J: Om 
+ (9')®eeal (8/27) F(a) + (4/2m) (1/2) qr(a) \-U a” 
— (9 )%c°b[ (o8 /22) E,( — 6) + (4/27) (1/2) 4( —4) ]- 02”. (18) 
(b) charged and neutral theory 
(g')8c"L (a? 2m) {(1/2) (Ex(a) +€1(—4)) +£n(@) +Fn(—4)} 
— (a/27) {(1/2) (y:(@) +91(—4)) +9 (@) + 40(—4)} ]-Om 
+ (9 )Peal (u'/27) F(a) — (4/27) nri(@) +04” 
— (9 )°°b| (4/27) F7,(—4) — (4/27) gn (—4)]-U, (19). 
where 
g' =2My/ (ef). 
(1) NW+7—>N+7" process 
The non-vanishing matrix elements for this process appear first in the fourth order, 
and po no divergent terms appear in our calculation when numerous diagrams are 
nee into certain gauge-invariant classes and an appropriate rule is adopted to remove 
the indefinite SERED ELON: We write down the relevant matrix elements in the same way 
as (I). But, in this case, tp in (4) is replaced by cy. 
(i) P.S. coupling 


\ 
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OY = — 084/27) (1/2) F(a) +4 (2)} Un 


—e(a/27) {€,(a)+n,(a)} U2, (20) 
U,” = —0°(a/2m) (1/2) {Fn(—6) +7;,(—4)} WES 
—c"(a/27) {F,(—4) ot apr == 0) pel. (21) 


Fig. (9.1) Fig: (9.2) Fig. (9.3) 


U,' = +0°(a/27)[ —A,(a) —A,(—4) — (1/2) 0.+012]:Om 
+0°(a/27)alApy (—8) +A (a) + Ci} gE 
¥ 6°(4/27) [Ary (a) +2)7;(—4) +fr] OP 

+0"(a/27)abl (1/2) {ay (a) +4y(—4)} +ly2]°U.. (22) 

(ii) PV. coupling 
In this case there are some divergent terms appearing in straightforward computation 

which we cannot remove by means of any renormalization methods, since the second order 
matrix element for the V+7—>/V+7° vanishes. Here, however, we may recall the general 
argument on gauge invariance by Koba, Mugibayashi and Nakai,” according to which it 
often happens, when a charge current is closed, that some non-gauge invariant terms come 
out of a class of diagrams which is gauge invariant in the coordinate space, if we first 
transform it into momentum representation. Under these circumstances such terms must 
be neglected by the requirement of gauge-invariance. Now, we find easily that the divergent 
terms which appeared in our calculation are just those non-gauge-invariant terms. By the 
reason mentioned above, we can remove the divergences and proceed to the estimation of 


matrix elements. The inequivalent terms are as follows : 


(a) symmetrical theory 
(g' 3c (4/27) (1/4) [2 {E1(@) + 971(@)} +8 Err (—4) +97(—4)}]- On 
— (9')8c°(u/27) (a/2) (F(a) +y1(a)]-O2? 
+ (9/)%c"(u/27) (6/2) [§1(—4) + 9(—8)]-O2. (23) 
(a) charged and neutral theory 
(9!) %e0(u/22) (1/2) 48 (a) + n2(2) +4:(—8) + x —8)} 
+ (F(a) +9n(@) +£u(—46) +9n(—4)}]-On 
+ (9/88 (4/22) alF71(@) + ya) ]-0 8” 
+= 8 (4/22) Eu 2) +90(—))-02. (24) 
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$3. Differential cross section 


We summarize the matrix elements obtained in § 2 as follows: 
o(u/2m)[ (Galt) £141) ) OM £ (Ga(2) +14 (2)) UP 
+ (Gm +iG,) m+ (Go +2Gc) Vel, (25) 
where the (G4(1) +7Gi(1)), «+» (Go+2G2) terms have the following expressions. 
(i) P.S. coupling 
(Ll) Pye ate 
Gy +iGi,= (—1/4) (a) + Fr (—4)} + (1/2) {yn (@) + 9n(—4)} 
+ (1/2) {a;(@) + 4,(— 6) +4r(@) +4n(—4)} 
+ {—4y(@) —An(—4) + 1/2) 61— Sas} 5 - (26) 
GY 4iG,(1) = (—1/2) 6, (a) + 9)(@) — (a/2) {Ar (@) +4ry (— 4)} F lu (27) 
G4(2) +2G4(2) = (—1/2)€,(—6) +41(—4) + (6/2) rr (— 46) +4Ary (2) } £ Cvs 


(28) 
G,+iG.= (—ab/4) {ay (a) +4, (—8) + dy 17(@) +4p11(—4)} + (@/4) {417(@) —Ax(a)} 


= (6/O tn A) tal =O) ee nef 23) 
(1) N+7—-N+7"; 


Gn + iG = (—1/2) {Fn(a) +yn(a)} — 1/2) {F(—4) +9n(—4)} 


& {—4,(@) —4,(—46) = (1/2) Gr + Sun} » (30) 

Ga (1) +7G'4(1) = — {Fr(@) +91(@) } £4 (Ary (—4) +4 (@) + Ein}, (31) 
G4(2) +2G4(2) = — {$1(—4) +7;(—4)} Fb ry (@) +41 (— 8) +l}, (32) 
G,+iGy= +a6[(1/2) {ay (a) +4, (—4)} +0 p27]. (33) 


(ii) PV. coupling 


Since we can easily obtain the similar terms for this case, by adding the corresponding 
inequivalent terms calculated in § 2 to above equivalent ones respectively, we do not here 
give the explicit expression to avoid complication.. 


For P+y—/P+7°, the matrix elements of second otder are 
el (a—b) /ab-U,,—U,]. " (34) 


This ¢f-term consists of two processes, in one of which the*nuicleon “abecrbs the incident 
photon in the first step and emits the 2° meson in the second step, and\in the other the 
photon absorption and meson production occur in, the reversed order. Owing to the fact 
that contributions from the main terms in these two. processes cancel out, ,the. ¢f*-terms 
overwhelm the ¢/-terms in magnitude, if the accepted value’ of the ‘coupling constant is 


adopted. Consequently, we have to take into account not only (ef) x (ef *), but also 
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(ef*)*-terms in the calculation of the cross section for the P+7y—P+7° process. This, 


in turn, necessitates the computation of the cross terms (ef) x (ef*), which, however, has 


not been still done. In these circumstances it is impossible to say anything rigorous, but, 


as the ¢ef-terms are small, we may be allowed, for the present, to neglect the contribution 
from those cumbersome terms. In this way we calculate the cross section for P-+y—>P+7° 
up to the order c°. Thus the differential ctoss section for this process is 


od == (67/4) ( f°)?/4n- (1/4MK,) [I + Il + LIT a. (35) 
L =(a—6)*/a°O 45+ 4,— (a—) /ab-y>, 
IT = (u/2n)[ (a—B2) /ab- Gay, + {(a—6) /ab-G,—Gy} Yo 
+2(a—6) /ab-Gp¥3;—2G.4;], 
LIT= (4/27)*| (Gi, + Gr) 13+ { Ga(1) + G31) + G3(2) + G2(2)} 45 
+ (Got GO) p+ (GaGmnt CsGn) Yat {GAA)G (2) + G41) G4(2)} Ye 


(36) 


“hea tla Gs) Pane 
While, the differential cross section for V+y>N+7° is 
ad = (e/47) (f°)?/42- (1/4MK,) [LIT d@. (37) 


TIT! = (4/22) (G24 G2) fo (G41) + GG (1) + G42) + G2Q)} t+ (A+ G21, 


t+ (G4Gmt GaGn) Zs (Ga) Ga(2) + G4 (1) C4(2)} Xo+ (GnGet GG) Yel, 
(38) 


where 
G4=G,(1)+G4(2)s G,=G(1) + G42), 
bhi ee 
o= PZ (UU p+ Um* Oe) 
VP ee O is 
L2= 0X OpFUP +U P*U y) =P (Om U 2 + U2 *U y), (39) 
L= PLU PUY =pHUL*U ®, 
=P P*T 2 40 P*UL), 
SUSU P =D P*U = LU FU P= QU P*U,=0, 


p is the density factor and >} means the average over polarizations of ne. incident photon 
and over initial spin states of the nucleon and the sum over final spin ae ee use 
nucleon. In order to see how the individual terms affect the resultant ARG distribution, 
we give Fig. 3 the dependence of 7, **-, % on nee angle. aoe numerical values of 
‘constants which are used for the evaluation are (¢°/47) =1 /137, Compton wave length 
| of nucleon X= (1/M) =2.1 x 10% cm, = 1/440.023. 
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For the sake of convenience in 
comparing the values of cross section 
up to ¢/” with those up to ef”, 
the following notations will be used. 9-08 

(1)---e?f?terms only are taken 9 7 


0.09 


into account. 
0 06 


(2)---the same as above, but 

with a Pauli-type interaction. —_ 0.05 
CNT ad &. 
(Dhue to e*f*, our computa: 
tion. 

We@show "in ‘lable dees 4 thes) 

differential cross’ sections in laboratory 99 

system at 276 Mev of photon energy. 


The value of coupling constant ee 


been so chosen that it may not 
contradict with the result for charged 0° 30°. 60°). 90°F (120° S is0n Ba s0, 
nom production” and also with Fig. 3. The values. of y;, ---, % in laboratory system 
the experimental value of cross section at 276 Mev of photon energy. 
at 90°, 3X 10-™ cm’/sterad. 

The most remarkable fact in these tables is that, for the P.S. coupling in symmetrical 


theory, the value of (3) are considerably larger than that of (1) and the angular distribu- 


Table 1. o9 (10-5%cm2/sterad.) in the case of P.S. coupling of 
symmetrical theory: a@/4z=2 


| 
0° 30° 60° S0°" |) “T0" 150° | 180° 
; (1) | 0.016 | 0.033 | 0.15 | 0.33 | 0.46 0.51 0.52 
P+y>Pte® || (2)) e082 0.61 19.0G4) 32: 3.9 4.0 4.0 
(3) | 124 — | 10.9 7.6 4.4 2.4 1.4 1.0 
; : 

Wi anne (2) | 0.057 | 0.45 12 1.8 1.9 1.9 1.9 
@y’ | &1 6.4 3.6 1.9 1 0.76 0.69 


Table 2. o (10-3 cm2/sterad.) in the case of P.S. coupling of 


charged and neutral theory : al4x=1 

OF 30° 60° 90° 120° 150° 180° 

(1) 0.008 0.017 0.08 0.17 0.23 0.265 510/26 
P+7—>P+r° (2) 0.06 50.31. 1.0 1.6 2.0 2.0 2.0 
(3) 5.6 Dee, 4.4 35 IAS) 7X) 2.4 

/ 
N+7>N409 (2) 0.029 0.23 0.6 0.9 1.0 1.0 1.0 
(3)7 \ 20:4 Lon: 16.7 13.6 11.0 9.4 8.7 
es sc BE EE, SS SS ET 
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Table 3. o9(10-*° cm2/sterad.) in the case of P.V. coupling of 


symmetrical theory : 


(9’)?a/4n=3 


0° 30° | 60° S02 ae120° 150° 180° 

(1) | 0.024 | 005 | 023 | o5 | 069 | 077 | 0.78 

P+y7>P4+70 (2) 2.4 ABs 15|| 42.4 1.7 22 2.4 2.5 

(3) 0.25 0.41 0.91 1.4 led: 1.6 1.6 

N+zouage |) 33 Book Pile tee O62 Fi 0,53°7 | 80.54 A8hor 554 

(3)/ | 22.4 173" 19396 6.0 5.0 4.7 4.7 
rE 


Trble 4. @9(10-° cm?/sterad.) in the case of P.V. coupling of 
(9/)?a/4x=3 


charged and neutral theory : 


OP" ipt 30° 60° 90° 120° 150° 180° 
(1) | 0.024 | 0.05 0.23 0.5 0.69 0.77. | 0.78 
P+7>P+ | (2) | 24 | 18 1.4 17 2.2 2.4 2.5 
|- (3) 0.94 | 0.69 0.48 0.74 1.3 1.6 1.6 
be KO ah 3c gh 2S. 1.2 0:62.14 00.53.0610 10,540 1at0.54 
Wey wen | 
(3) | 24.3 | 18.6 9.4 5.5 5.5 6.1 6.1 
69 (10-29 cm?/sterad. ) 
Fig. 4. Angular distribution for y—7° in 


0° 30° 60° 90° 


tion of (3) has a completely 
are shown in Fig. 4. 


120° 


different from that of (1) or (2). 


150° 


180° 


laboratory system at 276 Mev of 


photon energy when P.S. coupling 
is adopted. 
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(45 
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Gye 


e f*term only are taken into 


* account. 


the same as above, but with 


a Pauli-type interaction. 


the same above one for 
N+7>N+ 2°. 
up to ¢? f°, our computation. 


up to ¢? f°, our computation 
for V+7>NV+ 7". ° 
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$4. Pauli-type interaction 


The 7—7° process, of course, has to do with the a.m.m. of nucleons, namely the 
lowest order term of the perturbation series which gives rise to a.m.m. makes a contribution 
to our fourth order calculation for y—7°. In the calculation of the second order for this 
static a.m.m. of nucleons, any of the present theories cannot give satisfactory values. But 
Nakabayasi and Sato”) have shown that one can get rid of these difficulties to some extent 
when one proceeds to the computations of the next order. As for the matrix elements 
for y—7", these circumstances will become clear, if we carry out the calculations up to the 
order ef*, but here we shall go an easier way and make up the lack in § 3 making use 
of the Pauli-type interaction.* 

If we carry out the calculation for static a.m.m. of nucleons, the resulting form will 


be 


(4/27) i [1+ (4/27) 2,4 (af2m) lets |= for proton 
and (40) 
(u/27) [1 + (4/27) n, + (4/27) i ] for neutron, 


) Similarly, when we carry out 


(u/27)l, and (v/27)n being the values given by Case." 


the computations for P+y—>P+7",*** the matrix elements of the four kinds will come 


out to be of the forms. 


o(a/2mVe(1 + (4/22), +--+) + (u/ 2A) (1) + (4/27 YE) (1) + (4/2 oD) + 9 ie OB rh 
(41) 

| (4/2701 + (4/27)2,+ vee) (u/27)ty'(2) a (4/2azyt/(2)0 + (4/27) 2)(2) + --+)]- Go 
(42) 


OL (4/22) D+ (u/2azy D1 +(u/2tyD,+-*)|*Oms (43) 
é[(u/22)E + (u/2nyE i+ (4/27) E,+ «--)|-e (44) 


In (41) and (42), the static and non-static part of a.m.m. are written separately, the 
sign (‘) indicating the non-static one. (1) and (2) in Z/(1), 4/(2),--:, correspond to 
the process in which nucleon absorbs the incident photon at the first and at the last step 
‘respectively ; D, E, J,/(1) and Z,/(2) are what we have obtained in § 2 and are connected 
with (25) as follows. 


D=G,,+iGms 

ess 

Ley SG eG TOs (45) 
L,+bf (2) = Gal 2 1Gi(2). 


* What we aim at by introducing the Pauli-type interaction is to take into account the effects of higher 
orders in a certain sense. Thus our standpoint differs from that of Prof. S. Sakata, who recognizes no @ 
priori difference between a current interaction and a Pauli-type interaction except for the renormalizability 
condition. 

kg =f 2/4n 

*** This argument holds for V+y—V+7° process with necessary changes. 
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The presumption we are going to make is as follows: the second and fourth order 
effects of Pauli-type interaction stand for the contributions from all of the static a.m.m. 
(containing the lowest order) and all the orders higher than the fourth in regard to the 
non-static part of a.m.m. and the matrix elements of U7, and U, classes.* 

The reason why such a presumption including a cumbersome fourth order calculation 
for Pauli-type must be employed can be seen from the following consideration. If one 
assumes that the higher order calculation for the static a.m.m. of nucleons in field theory 


ultimately yields the experimental values, one might be inclined to introduce a Pauli-type 
interaction into Hamiltonian, 


HI p=(—1/2) (e/2M) $ (4) (wot et pytn) On (4) Fu, (2), 
Fy, (4) =A, (x) /dx,—0A, (2) /dx, 
Pp= (a/27))(1 + (4/22)/,+---), : (47) 
py= (4/22) n (1+ (4/27) n, +++), (48) 


(46) 


setting the values of /, and sy equal to the measured ones respectively, and stop at the 
lowest order perturbation. In this case, indeed, the contributions from higher orders for 
static a.m.m. would be taken into account, but those from non-static a.m.m. and the matrix 
elements of U/,, and (/, classes would not be taken into consideration. Therefore we had 
better regard yw, and wy as mere parameters at the moment and proceed to estimate the 
matrix elements for that interaction up to’ the order "4 ia 

After the renormalization of y, and yz), is executed, the contributions from the static 
a.m.m. to P+7—>P+7° and V+7-—>NV+7" are expressed respectively as follows : 


(Hp + (4/27) Bp) (OP +02), 
O(pyt (4/27) Bp) (UY +U 2), 
where / is a definite number. In consequence (+ (4/27) Puy) and (p+ (u/2m) Bp, 


are, in our case, the static'a.m.m. of proton and neutron respectively, so that, making 
these values equal to those obtained from measurement we can determine the “, and py 


which have been left arbitrary. 
Ppt (a/27) Bpy= 27 ( = ile 
py (6/28) Biba = fy = 1.91). 


Since we have taken the static a.m.m, derived from second and fourth order terms for 
Pauli-type interaction in place of those derived from the otdinary calculation and moreover 
determined py, and /4y so as to make them agree with the experimental values, the effects 


(49) 


of the static a.m.m. are probably accounted for correctly. 
Let us further examine the non-static parts of a.m.m. and the matrix elements of U,, 
and U/, classes. These terms that appear for the first time at the calculation of fourth 


* We are informed by Mr. Kotani that Prof. S. Tomonaga has a similar idea rather akin to our’s. 
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order in this coupling have the following forms. 
$[(a/2m) pal (I) + (a/28) Hobie) 2 
+ AL (a/2m) po(2) + (u/22 phe 2)1-T 8 
so (a/2m)pGlp (6/20) teCe| Um 
+ [ (4/27) pp 1 + (a/27) fyGer|- Ue. (S0)< 
As we can seen easily from (47) and (48), pp and fly correspond to terms of the order 


of f? (or a) in the usual calculation and so we write (50) as follows for the sake of 
convenience. 
[(u/22)?A(1) UY +e[(a/27)°A(2) Oa 
4 (4/2n)°B]-U, +e| (4/27)°C ]- Ce. (51) 

We now go back to the expressions (41), (42), (43) and (44). The correct values of 
L(A) (1t (a/2my bi) +) AM(2) (1+ (4/22) LIZ) + --), Di + (4/27) D,+---) and 
E,(1 + (a4/27)E,+-+-) are of course yet unknown, but it would not be at all unreasonable 
to assume the following relations, if one compares (41), (42), (43) and (44) with (51) 
and takes notice of the order in the coupling constant /-. 


LI (1) (1+ (@/27)4'(1) +--+) =AQ),| 
1N(2) (1-4 (u/2m) ld (2) +) = AQ), 
D+ (a/2%) Dy+ ++") ee 
E,(1+(a/2n) Ey+--) = ie Ys 


(52) 


This approximation corresponds from the standpoint of Feynman-Dyson formalism to 
neglecting a part of the diagrams which come out for the first time in the orders higher 
than the fourth. 


On the above assumption we can express the total matrix element which would be 
obtained, when the higher order calculations for the ordinary interaction are carried out 
successively, as follows : 


OP Gmti?Gm) Ont OCGA) +77G4(1)) U8 


$2(7GC4(2) 2°C4(2)) UP £2(7Go+iGCL) 63) 
Here 


"G, +i7G!,= (a—b) /ab + (a/27)[(Gn+iG',) + PrGne + PxGne 

7G 41) +27C4(1) = pr t+ (4/27) (Gad) +141) 4+ Helin 1) + HxhrQ) 1, -. 
7G 4(2) +i7G4(2) =fp + (4/27) [Ga(2) + 1G (2) + Mobic (2) + etre (2) ]; 

7G, +UGl= —14 (4/22) [G, +iGe+ UrGort PxGer]. 


As the whole static a.m.m. are included in zp, we remove the static part of a.m.m. from 


G,(1) and G,(2) obtained by (27) and (28). Ghoe, ai ies Bs oO ih A why ee 3 ens 


* The suffix P indicates the contribution from the Pauli-type interaction. 


Neutral-Meson Production by Gamma-Ray 85, 
Lip(2), Gi and Gi, are complex values* with will be calculated in § 5. 


§5. The matrix element of the fourth order for the Pauli-type 
interaction and the differential cross sections taking into account 
of the contributions from the orders higher than the fourth 


We describe only the diagrams and the component matrix elements which yield finite 
observable contributions arranging them along the same line with the way in § 2, though 
each diagram is individually gauge invariant. 


(i) PS. coupling 
(I) P+7y—>P+7° 


Fig. (5p. 3) 
Cults A 
Ly ‘ 
74 
h ia 
4 
2 a 
Fig ((6po 0) Fig. (6p. 2) Fig. (6p. 3) ' Fig. (6p. 4) 


N+, P+yoN+nt and 
* Note that all the values of G’ ., ---, G),, for the processes Ne reams : 


N+7—~P+n7- which will be mentioned below are of course also complex numbers. 
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Ud? = —0(a9/20) pp (1/2) 91(— 4) * Um 

+9(a9/2m) ppl (— 1/2) 161(—4) —F1O)} + (6/2)ayi(—6)]-O8, (55) 
Ob? = —0 (09/27) plo (1/2) 914) -Om 

Pas CAD EDEN Darra lee, ~~ Ge) 
UF = —2 /2n) (Het He) O/4) 91a) On 


4+-0°(a/2m)[— (th/2)§1(@) — (4/2) Mody @) IU as (57) 
bY =—0(a/22) (ep + pr) (1/4) 71(— 4) Tm | 
+0°(a/2m)[— (ty/2)§1(—8) + (0/2) Hoty (—8)] U2, (58) 


BY =e (a! 2m) pel (—1/4) (Era) + $4) } + (1/4) Aran (@) + Av k—8)} | Om 
— (a /2) pathy (a) + (1/2) Yana) + Ary (@)} + Arx(—4) 1-02? 
+08 (a! 2m) pp B[Arn(—6) + (1/2) Br —6) + ay (—8)} + 4rx(a)]-T2 
— (8/27) pf, (ab/4) [Ary (a) +Ary(—8) ]- To (59) 

U bt = 4c (0/22) (pe/4) Era) + €r(—4)} — (Hn/4) (ev are a) + Ayr —4)} 1 Om 
0° (u/2) al pod (a) + pA /2) Ura) +Ary (a)} + Avda —6)]-O? 
$F o(u/22) BL pha —S) + Hy(1/2) (arr —6) + Ary (—8)} + rx (@)]-OP? 
+09 u/22) ply(ab/4) [Ary (@) +2ry (--6)]- Ue (60) 


When we rewrite the terms of --(a/27)(py/2)¢,(a@) in (57) and — (4/27) C4 
€,(—6) in (58) as follows : 


— (4/27) (py/2) {F2(a) — £10) } — (4/27) (Hx/2) 7 (0), 

— (4/27) (py/2) {Fr —6) —F7(0)} — (4/27) (tx/2)57(0), 
then, the first and the second terms correspond respectively to the non-static and static 
a.m.m., and they appear first in the calculation of fourth order. Especially the latter term, 
so to speak, has a meaning of the contribution from the static a.m.m. of virtual neutron. 


The term (u/27)p8 in (49) represents just this one. . 
Thus, we can write down G/.p, Gi/p, -+:, Gop, Gop in (54) as follows : 


Gre=(—1/2) {y1(a) + 47(—4)} — (1/8) {F221 (@) +£222(—4)} 
+ (1/8) Avin(@) +Apur(—9} + (1/4) (Fir (@) + £2 (—4)} , 
Gp =(— 1/4) {nr(@) +91 —4)} F CA/4) (vr (@) +4y 2 (—4)}, 
Lip (1) = (1/4) {62(@) —$1(0)} — (3/4) ay 1(@) — (4/2) [An(@) + (1/2) 
Ani(a) +4, (a)} + Arx(—6)] tary (a), 
Lip (1) =(—1/2) {€1(@) —§2(0)} £al(4/2) {ar(@) + Arp (a)} +Arx(—6)], + 


* 
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Lip (2) = (—1/4) {€,(—4) —§,(0)} + (3/4) bay (—2) + (6/2) [An(—6) 
+ 1/2) ru —4) + dry (—4)} +Arx(@)] ¥ 8y,(—8), 
Lie (2) = (—1/2) {F,(—4) —€,(0)} ¥ 4[ (1/2) An (—4) + dry (—6)} + Arx(2)], 
Gip=(—ab/8) {Ay (a) +4 (—4) }, 
Gop=+ (6/4) {ary (@) +4ry (—4)}' (61) 
(il) NV+73NV+2" 


The total matrix element is 
(7G, +77G',) sere ("Ga(4) +727G,(1))-O 
+2(7G,4(2) +27G),(2)) -U 2 Por Gs +176.) Os, (62) 
where 
We tol kee (a/2z)[G,, +2G,t flpG,p + uy sale > 
°G4(1) +27G4 (1) = fyt (4/27) [G4(1) +264 (1) — ay + ppd (1) + hh (1)]), 
°G 4(2) +27G4 (2) = fyt (4/27) [G4(2) +464 (2) — nt ohn (2) + yd (2)], 
7G_.+27G,= (4/27)[G,+1G, +p >Gip + NG rr]. : (63) 
We wrk >) (Gat iG,). ate given by (30); (31)5 (32), (33) andiGs,, G's: 
Gip, Gi, ate respectively given by the substitution the sign (’)-—>(/’) and the sign (’’) 
—(‘) in (61). 


(ii) P.V. coupling 

For the pseudovector coupling we are unable to carry out the calculations owing to 
the appearance of unrenormalizable divergences. It may be necessary to assume some kind 
of new interactions, and we shall discuss about them in § 6. : 


It is very interesting to examine what results will be obtained in the case of charged 
meson production by the same way as above. Utilizing much of the valuable results 
obtained by Koba, Kotani and Nakai and introducing again the Pauli-type interaction, as 
in the case of neutral meson production, in order to take into account of higher order 
effect, we obtain the total matrix elements for charged meson production in the following 


expressions. 
(ml) P+y7—>N+2" 
c(7G,, +27G),,) Uy, +e CG4(1) +27G4(1)) -O 2 
+¢(7G,(2) +27G4(2))-U02 +c?G.+27G,)U,, (64) * 
where 
AG, +27G),.=(—1/a) + (4/27) [(GnrtiG,,) +HeGur+trGnr], 
7G (1) +i7C4(1) = fe + (4/2) (Ga) +7G4(1) —4) + Hol’ (1) + Hye (1), 


* Ip this case, rrp in (4) is replaced by twr or try according to z+ or z~ meson production. Note 
further that our definitions of U,, and U, are different from those of Koba, Kotani and Nakai. 
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1G (2) +1G)4(2) =byt (4/27) (Ga) 1G", (2) —m) + Hobie (2) + Hae (2) Js 
16, £67G!=b/(a—6) + (4/22) [Get iGo) + HeGer + UnGer | (65) 
G,, +iGi,= (1/2) [—Fnl— 4) — nn —4) +9 n(4) — (1/2) 2(@) (1/2)4n(@)]; 
G4(1) +¢G.Q) =m (@) — (1/2)§7(@) + (a/2)4m(@), 
G.,(2) +1G,(2) =—§ (4) —9(—4) F /2) Av (2): 
G,+iGl= + (1/2)22,(@), (66) * 
and 
Gip= (—1/4) 9A —4) — (1/2) 41a) ¥ (1/8) Ayr (2) +(1/8)€i2(@); 
Gi p= (—1/4)91(@) — (1/2) 9 —6) ¥ (1/8) Avr —4) © (1/8) €21(—2), 
Lie (1) = (—1/4)[6(@) —§1(0) ]— Ga/4) Av (a) + (a/2)An(@) 
+ (a/4) {Ai (a) +A (@) } 
Li.(1) = (—1/2)[F (a) —§2(0) ] + (4/2) Aix(—4), 
Li. (2) = (—1/2)[€1(—4) —$(0) ]¥ (4/2) Arx()» 
Lin. (2) = (—1/4) [62(—4) —£1(0)] + 34/4) 4r1(— 4) F (4/2)4n(—4) 
¥ (4/4) {an(—4) +4 (—4)}, 
Gip= + (ab/8) Ary (a), 
Gop= + (ab/8)a;p(—4). (67) 
CV) «4-47 =P 
eC G2 447G, ) Ug + CGA) SUC.) CP 
4¢(7G4(2), +77G4(2)) O02 +e?G.+27G.) Ue, _ (68) 
where 

7G, 4i7Gn= (1/6) + (4/22) [ (Gu +iGs) +HrGuet PrGup) 
7G (1) +27G4 (1) Sty + (4/27) [ (Gad) +2G4(1) 0) + Heir 1) + Hxdie 1) J; 
7G 4(2) +27G (2) =pr + (4/2) [(Ea(2) +1G4(2)—4) + Heli (2) + eatie (2)], 
7G, +i7G = —a/ (a—b) + (4/27) [(Ge+tGe) + eeGor + UnGer], (69) 
Gn +iGi,= (1/2)[—F:r(@) —gn(@) +4n(—46)— 1/2) &n(— 4) F (1/2) 4n(—4)], 
G4(1) +164 (1) = —F (a) —9,(@) + (4/2) Ars (— 4), 
G4(2) +iG), (2) =n (—4) — (1/2) €(—4) F (6/2) Arp (— 8), 
G,.t+iG.= ¥ (a/2)4,(—4). (70) 


Ud wy , wr . . & ‘ 
Giips Goipy <*> Gop, Glp are respectively expressions obtained by exchanging the signs 


()Satid: 50) 5 in ai(G7.). 


te Ar (2) and Dik 


@) are equal to 47(a) and Ay,(@) in (6), but equal to those of Koba, Kotani and 
Nakai.!) ’ 
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In terms of these total matrix elements* 


we can express the differential cross sections 
for 7—7 as follows: 


od — (el /4n) 2 (fan (1/40K,)- IT d@ for-neutral meson production, 
GUNN EPAR) A £42) ABARAT dO. Moe chdnged ese production, GH) 
T= (8G + "Cmts {7G4(1) + 7G (1) +7G% (2) +76 2(2) y+ COCR) 1, 
FCC nC at 7G) 14 Cu! "CEG! Yo 
+ (764(Q)"G4(2) + °C (1)"G4(2)) xo (72) 
"Ga="Gal1) +7GQ), — 7G4="G4(1) +7G4(2). (73) 


We show in Table 5. and Table 6 the differential cross sections in laboratory system 
at 276 Mev of photon energy. 


Table 5. o9(10~5° cm2/sterad.) in the case of PS. coupling 


of symmetrical theory : a/4z=1.194** (a=15) 
ee 
0° 30° 60° 90° 120° 150° 180° 
P+y>P+70 14.9 12.7 7.9 acat lege 20 1.0 | 0.71 
N+7>N+79 15.1 127 8.0 4.2 2.3 14 i 1.2 
P+y—>N+rt 15.1 10.9 9.6 7.3 5.2 4.1 | By 
N+P 4+n- 17.4 13.1 12.6 10.6 ° 8.5 72 0Ae NG. 


—_—e——e—a—eee——————————— 
Table 6. (10% cm?/sterad.) in the case of P.S. coupling 


of charged and neutral theory: a/4x=1.194 


0° 30° 60° 90° 120° 1502s Meaes 180° 

| = 
P+y>P+n 6.2 5.7 4.7 3.9 3.4 3.1 3.0 
N+7>N +79 11.4 10.8 9.3 7.6 6.2 5.2 4.9 
P+y>N+n+ 22.8 14.4 11.8 9.6 7.6 6.4 6.0 
NM+7>P4+2- 18.0 11.9 11.5 10.4 8.8 7.8 73 


ES 


Looking at these tables we note the following features: (1) The cross section for 
neutral meson production is of the same order as that for charged. Especially in the case 
of symmetrical theory, (2) the angular distributions for y—7° are larger in forward than 
in backward direction, (3) the differential cross sections at 90° both for the neutral meson 
production and for the charged agree, within a tolerable range, with the experimental data 
with the same suitably chosen coupling constant, and (4) Gq 0(P +7>P+2") /Goo0( P+7 
=> N+ 2+) ~0.56, dy (V+7>NV +2") /Giyo(W+7>P+ 27) 0.4, Gii0/o% 1.45. These 


circumstances are shown in Fig. 5. 


* Cf. (53), (62), (64) and (68). 
** For this value of coupling constant, we obtain “p’=1.045, “w/=—1.321 from (49). 
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§ 6. Discussions 69 (10-*° cim?/sterad.) 


I: P+7>P4+7° 
ll: MV+7y>V4+7° 
Wl: 2+y>N+at 
IV: W4+7>P4+2- 


Looking back upon the results ob- 18 
tained, we find that PS. coupling in 
symmetrical theory seems to be the most 
promising, and that the matrix elements 14 
of U,, class among the four independent IV 
gauge-invariant fundamental expressions in 
(4) play the most important role for our 10 
y—m process and determine the character 
of the angular distribution for this 


process. 


But the results in §3 are rather open 4 
to doubt since we have calculated the 


cross section for y—7° up to the order ef’ 


without the estimation ,of the cross terms meth “es a ae 
_ , 0° 30° 60° 90° 120 50a Lou 
of (ef) and (ef*). If the ef*-term is 


é j Fig. 5. Angular distribution for ;—7 in laboratory 
small compared with ef, there will be no a 


system at 276 Mev of photon energy when 
difficulty, but if contrariwise that term is symmetrical theory is adopted. 


large, the cross term of (af) sand) 

becomes also considerable, and we are compelled then to examine the ¢/”,, ---, terms. 
Thus more detailed investigations into the convergence nature of perturbation theory will 
become necessary. It, however, seems that the evaluations of higher order terms cannot 
be easily done so long as more powerful methods are not available. 

Although our method in § 4 and §5 is more or less doubtful, we may hope it 
represents perhaps a fair approximation for 7—7, conjecturing from the results in § 5. 
Under this presumption, it may be stated that the contribution from the orders higher 
than the fourth is considerably large, so that it should be difficult to see the aspects for 
y—7 process only from the fourth order correction. In this meaning, it will not be 
possible to say anything about P.V. coupling from our calculation with the matrix element 
up to the fourth order only. But the cross sections for y—7° process in P.S. coupling 
up to the order ¢°f* have shown the same tendency as that obtained in $5. Has this fact 
happened by chance ? It the theoretical ground which gives rise to these circumstances is 
founded by some methods, we shall be able to get insight into the problem with the 
matrix elements calculated up to the fourth order. We, of course, can not always consider 
the weak coupling approximation in the nucleon-meson system to be valid and we do not 
strongly insist that our results showing good agreement with the experiments are theoretically: 
sound, but we should like to emphasize that there are some cases in which the results 
obtained by taking into account of higher order effect show considerably different properties 
from those yielded by the calculation of the lowest order, though in such cases perturbation 
method will lose its original meaning. 


Moreover, we have to note that there are other important problems for 7—7 process, 
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for example, the dependence of cross section upon the incident photon energy, for which 
the study is now in progress. Within the range treated in this paper also, some problems 
’ have been left untouched, for instance, the unrenormalizable divergences, as stated in § 5, 
in the calculation of fourth order for Pauli-type interaction when P.V. coupling is adopted. 
In order to get rid of this difficulty we might assume, as a trial, the following interactions : 


(9'/H) (6/2) $x) ir st (Mote + Hyty) Ou (2) Fy, (2) 6" (4) CED, 


for the neutral meson, 
( 1/2) (9/t#) (e/2M) ? (+) (2757 extent y+ Lpt vty sT py) Ou (4) Fi, (#)¢ (x) 


ci (1/2) (9/!) (¢/2M) ¢ (x) (7 tyelptp + Ent wif star) Suv (4) fn (+) d* (42) 
: (75) 


for the charged meson. 
When (charged-+neutral) theory is adopted, by introducing these’ interactions the diver- 
gencies can be eliminated, but in symmetrical theory they can not still be removed. If 
these interactions (74) and (75) turn out to be necessary, not only 7—7_ process but 
also the other ones will be influenced by them. For instance, in the lowest order calcula- 
tion for y—7° process, taking into account of the a.m.m. of nucleons, the equivalence 
comes into existence and the P.V. coupling also gives rise to the angular distribution with 
backward predominance. 

In conclusion, the author wishes to express his sincere thanks to Prof. K. Husimi and 
Asst. Prof. Z. Koba' for their guidances and to Messrs. S. Nakai, T. Kotani and N. 
Mugibayashi for their valuable discussions. Moreover, he wishes to express his gratitudes 


for the financial aid from the Yomiuri Yukawa Fellowship to him. 
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Various meson reactions in deuterium are investigated on the basis of impulse approximation. Then 
one obtains the close connection between deuteron data and nucleon data, which is shown to be useful 
to get an insight into the spin. and charge-dependences of meson-nucleon interaction. The brief dis- 
cussions of available results of experiments are also given. 


§ 1. Introduction 


In the previous paper” we have investigated in greater detail all possible charge 
dependence of meson-nucleon scattering. Therefore, the spin-dependence is the next problem 
that must be examined. In this note we want to give the concise expressions for meson 
induced reactions of deuteron, which may serve to see the spin- and charge-dependence of 
meson-nucleon scattering if combined with meson-nucleon data. They are derived from the 
“impulse approximation ” which is often used to analyze various phenomena particularly 


concerning deuteron. 


§ 2. Theoretical 


i 
When fast 7*-meson beam is bombarded on deuterium, the following five reactions 


are possible : 


p +p See nuclear capture, (i) 


PHBA ccrcrrtees radiative capture, (ii) 

Tt D> 4 DADAM vrrrerereees charge exchange scattering, (iii) 
he oe elastic scattering, _... & 
PHEUAT errr cere inelastic scattering. 


Plat 
Quite similar arguments hold for z~-meson as for 7*-meson. Therefore, let us confine 
our discussion to 7*-meson case. a 
Many experimental researches” have been performed'.concerning the nuclear capture 
and its inverse since Cheston’ has pointed out that these reactions are quite useful to 
determine the spin of 7*-meson. The total cross section of 7*—d reactions was measured 


by Steinberger” while the partial cross section of charge exchange scattering by Wilson and 
Perry”. 
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Transition matrices As for the transition matrices we assuine the following type - 


(omitting irrelevant factors) : 


mt +> P+7 (Ko+L)r, do;,/do 

t++p—>p+m* A,O +4, do®*/dw «|A,|?+|@,|° 
gttinm—>nu+at A,o+a, aon? /dw oc |.A,|*+ |an|” 
mt+n—>p4+n° V2 (B,O+0n)t,0_ doy /dw x 2(|B,|*+ |r|") 


(1-2) 


where ct, and w_ mean the charge operators giving rise to the transitions : 


ts: (neutron) — (proton), 


“ate (positive meson) —>(neutral meson). 


f 
K, L; A,, «++, b, are in general the (complex) functions of momenta of particles involved. 
The differential cross sections da/dw for these processes are also given above (again dis- | 


carding the common factors independent of spin and charge). The so-called charge | 


independence* is established if and only if 
Ap — An = 2bn (= 26), 
AES 2 en. (132) 
Furthetmore we use the notations : 
Ly +an= 22a, 
A,+A,=2A. 
Next we are going to examine individual modes of reactions. 


(i) Nuclear capture 
The detailed balancing consideration leads to the famous relationship 


Le a 2 odor 
aQ Bagh dl 


(i-1) 


between the capture and production cross "sections (in the c. m. system)**, where 7 and 
g are the proton and meSon momentum, respectively. As for the total cross sections, it 


may be expected that ¢,,,, 6¢ g’ because of the /-wave feature of produced meson (dO y,oq/a2 


, ie 
cc cos’ 4, where @ is an amgle between the incident proton beam and meson); and thus 
one gets a crude guess @,,, 0 g. However, the new experiments of Steinberger et al. 
showed stronger energy dependence than predicted here: o,., OC g° or steeper. As was 


emphasized by Chew et al.”, this reaction provides an important check for nuclear forces. 


* More precisely see ref. 1). The nucleons are treated non-telativistically throughout this paper. 


** The c. m. cross sections will be marked by capital ¢2, while the laboratory cross sections by small 


dw in this paper. 


| 
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(ii) Radiative capture 
At first let us compare two reactions induced by z*-meson with the same energy : 
m*+nu—>p4+7: ao;,/dw , 
mT +a—>p+p47: doi/do. 
As for the former we refer other papers, e.g., ref. 8). In the latter we are interested 
only in the direction of photon irrespective of its energy. If the energy of 7* is sufh- 


ciently great to permit the use of the impulse (and target at rest) approximation”, we 


readily find 


(Hobie Os ; 
ce eee TE D @ aad @ os 
aw aw [ ( deg a I, ie ) 
|epeae ( ag tee tele A ess al —*)6.2(p+ bbs ) 
D(0)= M 4M 2 
iy GS (A/G EON ee 
je a 3( iE ior: )d(p+k—q) 
(ii- 1) 
(8) = 
a A OE ek NN OT A a k—-q 
ip dha (~ ay aes ae S B49) 4,(p— ) 
\e» -+q <7 ey; ) a( + ba( P 5 : 


? 


[peda ( Ve+e —£_—£)3(p+k—9) 


where ¢* is a phase factor discussed below, q and K means the meson and photon 
momentum (g=|q|, 4=|K|), 4 and J/ denote the meson and nucleon mass, respectively ; 
E, is a binding’ energy of deuteron (2.23 Mev) and ¢,(y) is a Fourier transform of 
deuteron function : 
1 - 

i pee 1 7) ee 

§(P) = antl) 
The integration over photon momentum must be performed keeping its direction at dw 
Gx (gs. fe) =0).- The so-called closure approximation gives the following estimates of 
(ii-1’): 
2 sin(|k—q|r) (ii- 1) 

|k—a@|r 


Dy a ead, [°O) =\ar\fa(7) 


where K& is determined from the free nucleon case, 


9 


VS 2 a Mw a é ® 
fer? ai 


qa=k+p. 
e’ depends on the spin-dependence of photo-mesonic process. Assuming the “target at 


rest’ approximation one finds 
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S |K|2+ (ZI? 


ee ; 1-2 
||? + |Z’ See 


evidently 1/3 <e" <1. 


The radiative capture process of 2z*-meson by deuteron leads to the di-proton final 
state, which suffers an appreciable effect of the exclusion principle. The second term 
eT/(@) of (ii-1) is just responsible for this effect, and will make o} smaller than a 
(except near threshold). It is clear from the closure estimates (ii-2/’) that the effect 
considered predominates in the forward emission of photon while it is small in the back- 
ward emission. In the latter case deuteron data can be regarded as the direct source of 
the neutron case, 7*-+2—> +7, without any ambiguities due to the phase factor €. 

Furthermore the similar process 7+a@ — 7+ (di-nucleon) will be discussed in another 
paper”. 

It seems worth while to write down the detailed balancing relation between two 


élementaty processes : 


Fp ey 


AG roa 08 | CL ane iO WO rod. (ii-3) 


AC ry / AQ dQ Pee ae 


where £ and g denote .the photon and meson momentum (in the c. m. system), respec- 
tively, and a factor 2 is originated from a number of possible polarizations of light 
quantum. We can readily estimate the radiative. capture cross section from observed pro- 
duction one”. 

(iii) Charge exchange scattering 

This process is inevitably inelastic, because of the lack of bound di-proton. Within 
the impulse approximation its cross section doy /dw (irrespective of energy) is related to 
dot /dw as follows : 

Go, a 


dw aw 


[D(O) —e*J(8)], (iii-1) 


where D(@) and 7(@) are the appropriate integrals which can be obtained from (ii-1’) 
by replacing photon by scattered 7°-meson.. The phase factor e“* is 


nt 9 oO 
—|Brl?+ [Snl? 
: FE \?+ |d,,| 


ae? = see 
BAP TAP ae 
and is limited within 
1/3.<e* <1: 
The second term of (iii-1) represents an effect of the exclusion principle. 
(iv) Ordinary scattering, (elastic t*+d—d+7* 


plus inelastic 7*4+ad— p+u+7*) 


For energetic 7*-mesons, one gets quite similarly, 
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doz" ee 
= ” \ID(0) +676 Ac 
ado 20) LO) DL Gore Dla ns (v- 1) 


where do"/dw denotes the cross section of ordinary scattering of 2+ by deuteron (irres- 
pective again of the energy of scattered m”; ice. elastic plus inelastic) while doz" /dw or 
don’ /dw is that for free Proton or neutron; 1)(@) and /(@) are the same as in (iti- 1) 
ignoring the small mass difference between = and 7. The phase factor e”” is now given 


by 


(Ay A, + Aj A,)+ Ap Ant ana 


2) 


fora 


(4, +laP+l4,P+i@ 0? 71 <e <2. ey) 

As was in (ii), from the meson scattered in the backward direction one obtains the 
estimates of do,/dw from directly observed do,/dw and do,/dw. The fraction of elasti- 
cally scattered meson (i.e, 7*+d—>d+7*) may provide further insight into the spin- 
dependence of meson scattering, though for this purpose at least the elastic scattering must 
be examined in a more refined manner. 


Similar arguments were also given by Fernbach et al.™, but they gave another expres- 


sion for da,/dw: 


ao7z" ( dag we deg" ) DO = ( 07» das y 
= +2 OO SS Hf 6 5 
dw dw a2 dw (@) 5: dw dw 


Although they left cos 0 undetermined, we can give its form as 


= (At A, + Az A,) +0* a,-+ 0% a, 


2 cos O= — —h<cos O01. 


(A+ la) (Aa + laal) 


i ii eis 


In the above we have described final. di-nucleon and meson by plane waves, which is 
undoubtedly not a good approximation. However the former may be justifiable from the 
fact that we considered only the cross sections irrespective of meson energy. 

Finally it is noted that many authors” gave the analyses of these reactions on the 


basis of meson theories. 


§ 3. Comparison with experiments 


The total cross section of 7 ~-hydrogen scattering was measured by Steinberger? and 
Anderson™ over a considerably wide range of meson energy. It varies as roughly propor- 
tional to the square of incident meson energy. This strong energy dependence ee be 
closely connected with the similar dependence of nuclear capture of mesons by deuterium 
(§ 2, (i)) and of photo-7°-mesons from hydrogen”. 

It seems reasonable to assume that the cross sections for 7 4+f—> +77 and >x 


+7° are equal to those of 7*4+7-»n+7* and —f+7°, respectively, ignoring the 
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Coulomb effect which is presumably unimportant for fast mesons. Let us now estimate 
the partial cross sections of deuteron reactions for separately with the help of the relations 
summarized in the preceding section. 

(i) Nuclear capture Its cross section was measured experimentally” and is shown 
in Fig. 1. 

(ii) Radiative capture 

a% is calculated from the observed inverse and illustrated in Fig. 2. (where we assume 


the total cross section for y+ —> #+ m+ at 250 Mev as 0.15 mb). 


2 
3 
ev 
S 
a 
q 
= 
3 
a 8 mb 
g i 06 
Jee i 
& mb 
2 Ka 0.4 
= 2 0.2 
g 
i 
20 40 60 80 100 10) 20 40 60 80 100 
(Mev) Mev 
meson energy in the lab. system meson energy in the lab. system 
Fig. 1 The total cross section for Fig. 2. The cross section for 
rte => p+p e+ PEG 


(Steinberger et al., ref 3)) 


As for o%, for instance, a rough estimate is 
(cf. (ii-1) and (ii-1’’)) 

ai~oi(1—0.44e") at ~50 Mev, 
where we assume that doi/dw is not dependent 
on @*, and thus from Fig. 2 


ea ae o0.21~0.32 mb at ~50 Mev. 
‘ulsou-Percry & 
Even in the worst case, we may safely regard a} 


as < 0.5 mb at ~50 Mev. 
20 40 60 80 100 


Mev (iii) Charge exchange scattering 
meson energy in the lab. system At very low meson energy, the total cross 
Fig. 3. The. cross section for section of charge scattering is estimated as 
Tata tay 

“ v 

lomics6 (ehaib) — otm—* 1.4 mb, at very low meson energy 
Il: o,¢*%cc(meson energy) Uy 

II: 0,,¢%cc (meson energy)* G3 : 1) 


“-* ia : iv a . : 
Considering the angular distribution of photoz*-mesons from hydrogen, this seems to be approximatel 
correct. a 

e 
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where 7, and v, is the velocities of the incident 2+ and scattered 7°, respectively. This 
result’ is derived from the two data: 


~ (a) ‘the slow 7~-capture by hydrogen (the capture rate of 7~+4 pouty is equal 
to that of 77> +f—>x2+7°), . 


and (b) the observed cross settion for y+p>n+7r". 


According to Wilson and Perry” (who assumed the isotropy of scattered 7°), the 
total cross sections for three nuclei at 44 Mev 7z* are as follows. 


O¢ =1.5 mb for deuterium, 
Fpe=3.7 mb for beryllium, 
and Go =0.8 mb for oxygen. 
If we assume the alpha-particle model, which may be valid for light nuclei, we can 
interpret Ope (aS rOP = 207 +08 
and Jo as og =4e%, 


where 0%" means the total cross section of charge exchange scattering for an alpha-particle. 
Then we get* 


a 3.3 mb 
at 44 Mev zx. (3-2) 
a,°~ 0.2 mb 


Again assuming the isotropy of do‘;/dw and using the closure estimates, we find (cf. 
(iii-1)) 
Oy On (1—0.64e%) at ~50 Mev zt. 
Combining these results, we see 
670.8. 


Therefore, if our assumptions are valid, the spin independent transition should predominate 


in the charge exchange scattering : 
|b,|°v3|B,|? at ~44 Mev zt. 


We have not as yet direct experimental informations concerning the energy dependence 
of charge exchange scattering. Nevertheless we can suppose a rather strong raise of this 
cross section with increasing meson energy as compared with the total cross section of 77- 
scattering. The other evidence for it lies in the analysis of emulsion data” (see Appendix I). 

The total cross section g% is shown in Fig. 3. 

(iv) Ordinary scattering 

One can readily obtain the total ctoss section for ordinary scattering from the total 
cross section for 7*—d reactions and the partial cross sections described in (i), (ii) and 


* As for a.°%, see Appendix II. 
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(iii). The preliminary deuteron data (at 56 Mev) of Steinberger combined with Wilson- 
Perry’s result seem to suggest that the charge independence is no more valid assuming the 
isotropy of scattered meson. But this situation can be improved so as to be valid the 
charge independence, if we assume the scattering mechanism e.g. in the meson theories 
(the effect of exclusion ptinciple in the intermediate di-neutron state)”. More complete 


discussions will be given after the publication of accurate experimental results. 


Appendix L 
Energy dependence of charge exchange scattering 


Since Bernardini et al.” did not report the separate data of “‘ sudden stops” into 
zero prong stars and exchange scatterings, we must suitably estimate each of them. For 
this purpose we demand the following two assumptions which may be regarded as supported 
by some experimental evidences : 

Firstly we assume that the prong number distribution of stars of light nuclei (C, N 
and ©) caused by fast 7 -capture is the same as that of so-called a-stars of light nuclei”. 
This assumption may be justified from two reasons ; (1) the kinetic energy of = may 
not change appreciably the momentum transfer accompanying capture because of the rather 
large rest energy of 7-meson ; therefore the features of nuclear disruption due to 7 -capture 
are practically insensitive to the kinetic energy of 7~; (2) there are strong evidences 
suggesting that the general features of light nucleus-stars are independent of the agent 
(i.e., the bombarding particle on light nuclei)*”. 

Secondly we assume that the nuclear capture cross section is proportional to nuclear 
area; in fact we can show®™ that the capture. cross section is close to the geometrical area 
if we use the observed deuteron data and the “ quasi-deuteron > model of Heidmann™ 
for a nucleus. 

Upon the basis of these two assumptions we can derive the prong number distribution 
of heavy nucleus-stars caused by fast mesons, which in turn is sufficient to find out the 
average number of prongs and the probable number of zero prong stars it a self-consistent 
way. (We can safely assume that the light nuclei do not contribute to the zero prong 
stars, as might be seen from the alpha-particle model and empirical evidences.) The errors 
of these results are now estimated from the deviation of prong distribution from the 
theoretical expectation or Poisson’s one”. Our estimates are shown in Table AI. The 
general trend of average number of prongs vs. incident meson energy is in satis- 


factory agreement with the statistical evaporation theory providing that a some parts of 


Table AI 
energy of incident, Dy Pe mee, estimated no. of average no. of estimated no. of 
: 0. of stops 
meson (Mev) P zero prong stars prongs ore 
o-stars* aa _— as eal — 
30~50 49 8 8(*2) 17406 | 0+ 4 
60~110 139 26 13( 32) 2.10.7 13413 


* heavy nuclei only. 
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total 7~-energy are carried away by fast neutron without heating up the whole nucleus as 
in the case of o-stars™. However if we assume all stops to be zero prong stars we can 
see that this satisfactory situation is lost. Thus our final results may be regarded as the 
justification of rather complicated procedures that have been used. 

Finally we get the probable number of charge exchange scattering from the difference 
(stops) —(zero prong stars), which is also shown in Table AI. Our results seem again 


to show the strong energy dependence of charge exchange scattering. 


Appendix iI. 
Meson-nucleus scattering 
Since more complete analyses will be given elsewhere, only the results of closure 


approximation are stated here. Moreover we want to use the alpha-particle model for a 
nucleus. 


The meson scattering cross sections by alpha-particle (free or inside the nucleus) are 
as follows : 


doy" 2. 2 2 2 Qs Neg Reo, poles 2 /sin|g—q' |r 
“ge Poceaaet Ua +|Al?+ |6|?+ |B") +4 [3|e]’—|4]?—|4°—| Bl?) ¢ gd? a 


lia a 
\ 26=a,—a,y , 2B=4A,—A,,. 


for ordinary scattering, 


doe 7 19 9 2 g sin la—q' |r 
—*~ 0c 4{|6,|°+ |B, |?]—4 [|d,|?+ | B,|*] (—/4 4 
Fe A (Nl+ Bal]—4 [lB] (Seale 


for charge exchange scattering, 


where GY and q’ mean the momenta of incident and scattered mesgn, respectively; ( )4, 
denotes an average on the square of alpha-particle wave functing. The requirement of 
small meson nucleus scattering”*”** should demand that 


(a) a@ must be zero, or in other words, a,=—d,y , 
; y 
and (b) (Seite Ihy must be close to unity ; 
IV— lr av 


the latter suggests the strong degree of correlation in nuclear structure. 


* Also see (3-2). 
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Photo- z*- and z°-mesons from deuterium, which are expected to give us a definite clue to photo- 
mesons from neutrons and spin- and charge-dependences of photo-mesonic processes, are discussed 
phenomenologically, adopting the so-called impulse approximation. Energy spectra of mesons at three 
angles (0, 45 and 90 degrees) are given in figures (Figs. 9.1—9.18) for incident y-tays with 200, 250, 
300 and 350 Mev. Our results will be useful for direct comparison wlth observed data. 


§ 1. Introduction and summary 


In order to complete our discussions which appeared in the previous papers”, we 


want to investigate extensively the photo-meson production from deuterium, i.e., 


y+d—> N+N+42. (1.1) 


As was pointed out in the preceding paper”, this process is expected to give some definite 
clue to the dependency of matrix elements on charge and spin which are responsible for 
photo-mesonic processes and also the photo-mesons from neutrons : 

p+T7, 


ean (1.2) 
cm n+7. 


Te is, therefore, highly important to discuss (1.1) in detail and it is just the purpose of 


this paper. 


This problem has already been worked out by many authors”®, but we think that 


our analyses are more general than the existing ones (refs. 3 and 4).. 
In § 2 we will state some preliminary terms. § 3 will be devoted to discuss the 


inevitable situation’ adopting the so-called impulse approximation.. § 4 and § 5 contain the 


_arguments concerning the choice of wave functions and transition matrices. The analytic 


_expressions for differential cross sections are given in § 6 and their physical meaning is 


intuitively interpreted in § 7 and § 8. The numerical results are illustrated in §9 and 


those may be useful to get insight concerning the spin- and charge-dependences of photo- 


meson production from observed data. 


* Now at Itami High School, Itami. 
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§ 2. Preliminary considerations 


At first let us list down all possible processes caused by 7-ray bombardment on deuterium : 


simple disintegration ytd— pin (2.1) 
n+n+T7*, 

meson production rtd—>4ptntm, d+, (2.2) 
eae pe 


The multiple meson production may occut for very energetic 7-rays. But we restrict our- 
selves to single meson production, experiments of which are now available in the laboratory. 

Among these processes, the simple photo-disintegration (2.1) has been well examined 
so far. Thus it seems unnecessary to develop further analysis for this process, though 
there remain some unsolved problems such as the role of exchange or interaction moment”. 


The total cross section of (2.1) is, as is well-known, given by? * 


7 2 22 / p— FE; \2/ EF, \8 
aiss= 20.4] 1— : é (<4) mb, 23 
ips | (soxxp) I iz is 3, 


k=incident photon energy, 


E,=binding energy of deuteron= 7°/M, 
M=nucleon mass, 


where we take into account only the electric dipole transition. More trustful estimates of 
the cross section, for which higher multipoles are taken into account, have been given by 
Schiff and Marshal-Guth®. On the other hand, the total yield of photo-7* or -7° from 
hydrogen is known experimentally as” 

of wy 0.15 (L—E,)/ (250 Mev—,,) mb 
- a, ~ 0.05 (k—Ey,)*?/ (250 Mev—£,,) "mb, ee 
where E,, means the threshold energy for photo-meson production. Assuming the photo- 
meson yields from deuterium do not differ appreciably from (2.4) (see § 8), we can show 
that the meson production (2.2) occur much more likely rather than the simple disintegra- 
tion (2.1) for high energy photons (i.e., with energy greater than, say, 200 Mev). This 
forms quite a contrast to the meson production by nucleon-nucleon collision, which is only 
minor parts as compared with the frequency of elastic scattering at the energy of a few 
hundred Mev of incident nucleon. 


§ 3. Fundamental assumptions of our calculations 


For high energy j-ray (= 200 Mev) its wave length is considerably smaller than the 
deuteron radius 1/7=4.310-"cm. Thus we can suppose that in the process of photo- 
meson production from deuteron one of the two nucleons in the deuteron (“ target 


nucleon”) contributes to meson production while the other keeps ignorantly its own motion. 


* We use natural units (4=c=1) throughout this paper. Moreover we treat mesons re/adivistically 
while nucleons 2on-relativistically. 
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This picture is nothing but the concept of impulse approximation”, which we want to adopt 
throughout this paper. But there may be of course possible effects as the so-called exchange 
cutrents or others. If such effects are no more negligible, the impulse approximation will 
become rather less acceptable. Nevertheless, since we have not any other powerful and 
trustful methods of calculation, we are compelled to use this crude approximation, 

Next we must know the wave functions of nucleonic system and of produced meson. 
For brevity, let us assume the plane wave for meson wave function, ignoring a small 
deformation expected from the Coulomb and meson-nucleon interactions (e.g., meson-nucleon 
or nucleus scattering” reveal the existence of the latter). The Hulthen’s type is adopted 
for deuteron function in order to simplify our calculations. Furthermore, as we shall see 
later, the relative angular momentum of final nucleonic system is not limited within lower 
quantum numbers (this is due to the largeness of deuteron radius). Thus we use, too, 
the plane wave for final nucleonic system. Since this is not a good approximation for low 
energy region concerning nucleonic relative motion or the higher side of meson-energy spectra, 
we shall also investigate the case of distorted S-wave for final nuclear state (also see ref. 
1)). Of course if we use the nuclear potential proposed , by Christian et al. or some 
others”, we can perform more refined calculations within the impulse approximation. We 
shall, however, not enter into their details because of their complexity and crudeness of 


our investigation. 
§4. The wave functions for nucleonic system 


Next let us summarize the necessary terms. 

For convenience, we want to use the isotopic spin formalism. Thus the total wave 
function (1, 2) describing the two nucleon system should be given by antisymmetrized 
products of following three partial wave functions : 


(a) charge function, 
two protons : (7) ,=f(1) -p(2), 


(e)o= Fl AA) m(2) +m(2)0@)}, 


one proton and one neutron : . 
AE ey CARE) a) 


two neutrons : (zyL = C1) 2(2)) 
where #(7) and 2(7) denote the proton and neutron state : 
“oC )=P(7), tsa 7) =—x(J) 
and rt is a isotopic spin of 7th nucleon. 
(b) spin function, | 
a) a2) (w=), 
triplet state: (a) m=} ——{4(1)8(2) +A(1)4(2)} — (am=0), 


wo 2) . 
AQ) A(2) 5 Gash} 
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singlet state : (a)= ve 64(1)8(2) -BQ)4(2)}; 
where oa(s)=a(J), oP B(f/)=—B()- 
and 6% means a spin of jth nucleon. 
(c) spatial function (7”=relative coordinate, r=|1|), 


(i) deuteron state : 


eS ae 


? = of 

r an (7¥—P)° 
where 7= “ME, and # must be chosen so as to give the correct effective range for 
triplet-7-p-state. We ignored the effect of tensor force (Z.2., the small D-mixture). 


(ii) distorted S-state in continuum : 
$,(r) ae {sin( pr+0) —e-™ sin Ot, 
pr 


where p is the relative momentum and p= |p|; 0 means the phase shift. The second 
term is a correction to make the above function as good an approximation to the exact 
one inside the force range as possible. For that it is sufficient to fix 7 so as to give the 
correct effective range at P=0. Moreover we assume, for brevity and clearness, that the 
nuclear force is charge independent. This assumption has reality at least in low energy 
regions and may be checked from the comparison with observed data as in the case of 
slow 7~-meson capture by deuterium”. 


(iii) the plane wave, for convenience we discriminate its even and odd parts : 
1, pr 4 p-iPr 
Ps SB ae aed rind taal 


It is noted that ¢_(”) is a correct wave function if we adopt the Serber type nuclear 
potential. If a final state consists of a di-proton, we must use the complicated Coulomb 
function for its description. As it is somewhat troublesome to treat Coulomb function, 
we use here the “neutral wave function” also for the di-proton, and the Coulomb effect 
may be taken into account, if necessary, by the so-called Coulomb penetration factor. 
In order to get the complete spatial wave function, we must add the motion of the 
center of mass : 
giPR 
where P and R are the total:momentum and the coordinate of center of mass of di-nucleon. 


For example, the complete wave function of initial deuteron (which is assumed to be 
at rest) is 


¥ Gy 2) =a) ye eae): 
§ 5. The transition matrices 


We describe the 7th nucleon by ¥,(7) and % (7), where [ and /* stand for initial 
and final states, respectively. Following Lax and Feshbach””, the transition matrix which 


is responsible to the 2*-meson production from nucleon (7) bombarded by a photon with 
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momentum kt (£=|k|) can be written as 


—qar; gikr j 


| Pa (f){ KPa 4 1) 39 


— — (7), : 
galas (7) (5.1) 


where @ is a meson momentum and 


q=|9|, a= VP+E, /4=meson mass, 
and | 

t2p(7)=ny), tPn(f)=p(J). 
As for 2°-production { K{909 4+Z9 2 must be replaced by 


1—r,” 


s) * es @) )) 
| K,%o% so enact (Kk, Po + L/P } 


K ) (3) : (j) (9) 
— jae te" oe += te} _(1-part) 
. | 5.2) 
G) 4 ear QD TD ; 
n (es? aA feats tae (<.-part). 


In these expressions vector {’s and scalar Z’s have a dimension of length and may 
generally depend on q, p and k&. We adopt here these rather phenomenological descrip- 
tion which is quite insensitive to any details of meson theories, since current meson theories 
give us as yet no good answers at the present stage. Available data of y+p—>xu+7* 
(or 7+P—>f+7") shows that HK, and Z, are nearly constant (or K, and Z, are 
nearly proportional to 7)”. 

In the case of photo-meson from deuterium, it only suffices to evaluate the matrix 


« 


elements (we use here the “impulse approximation ”’) 


i(k-Q)r; 
| Ps, 2) x (Ko? +12)79-—_ | Pa(1, 2); 
j 2V kao 


[vs,a[ x (Pte? gn Wt) 
j 


9 (ey (ge LO Te ; eilk- Mr; 
+(- p n 59 +( Pp n " o} <— UD is BA 
er a Sas 2 2 3 2 ka, rie ) 


for 7°-production. 


- Furthermore, we may adopt here the “target at rest’? approximation in accordance with 
the use of impulse approximation. We can, therefore, drop the affices (7) of KK’s and 
L’s, which are now replaced by the corresponding quantities for free nucleon (of course 
initially at rest). 

In the 7°-production there is a marked feature. That is, the 1-part of (5.2) preserves 
the charge multiplet while c,-part gives rise to merely singlet — triplet transition because 
of the charge singlet character of deuteron. (Note that, if simultaneously A=, and 
L,=L, (or K =—K, and. L-=—TL,),-1- (or Ts) part vanishes.) In general some 
parts of final triplet even state (charge singlet) may be attributed to deuteron state, which 
may easily be checked by, say, magnetic device, and thus the fraction of 
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ytd—>d+ n° 
gives a good measure for charge-dependence of photo- z'-meson production. In addition, 
if we know the spin state of final nucleonic system, we can get an idea about the spin- 
dependence of photo-mesons. These facts make the photo-mesons from deuterium of great 


importance. 


§ 6. Differential cross sections 


If we substitute an appropriate wave functions in (5.3) and perform integrations, we 
can easily find the differential cross sections (in the laboratory system) for photo-production 
of meson emitted in @@ and with energy between g, and q+2Qp- The results are as 
follows : 

GG. 4k 
dQdg, 87° 


where 5! (spin- and charge-dependent factor) is tabulated in Table 6.1, C is a correction 


yA F(k, @)-C (6.1) 


factor (Coulomb penetration factor) which takes into account the effect of Coulomb inter- 
action between final two protons (see Table 6.2), and / is given by 


Table 6.1 
produced. final state of >) charge state 
meson nucleonic system 
: hee ; 
nn singlet even 7g K+) charge triplet 
+ 
* : 2 9 | 9 . 
nn. triplet odd K4+|Z+/? charge triplet 
; 1 5 ; 
Zp singlet even 5 K-P charge triplet 
ae 
9 2 
pp triplet odd et et charge  triplet~ 
: 1 =e, 
7 singlet even e K,—K,, charge triplet 
70 
| . 1 12 1 | . 
pm triplet odd i K,p—K,,2+ =o Teys| charge triplet 
; woe ' 
Zi singlet odd a K p+ K,,? charge singlet 
7° : 
epic Seer | 
pn triplet even i Kypt+ K,,?+ ea ptLZpl? charge singlet 


Table 6.2 
Coulomb penetration factors 
Sn ea ee 
| G 
S-state. 2ry/ (e279 —1) . 
P-state { (1+ 72) /9}-22y/(e2*9—1) 


where 7=—= 
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F, = “tea| eae 4 i + 4 
(B-P)P +2 P+LyP+ A (P—2)242(P4)P +7 


+ i a | i (et) Ee eae ea 
{207 +2) +P +7 }ol. \(p—2)?+8 (p—D?47 

rs 2 Ger, jet. ae, 
(P—7p)pl \(p—1)2 +7 (p41)24+ 

# 1 in (240: ot & | + 1 o {tort 
(P+P+ Ppl \p—-l)P?+P) (P+ Pye  \(p—1)24-77), 


eve upper _ 
for ot pl ) 
ar soya of plane wave ( ie sign (6.24) 


and 
. My ard cot dn { (24D) "4 bate 
2kp 2 2 (2—l)° +7 (p4+l/V +h 
a apes en aie d 2tan™ (omen ) 
P—-F4r P-E +P G+) B+n) +0 

for distorted S-wave, (6.2S) 

where 1=—|k—-a , 

and b= rae q|?+ Eat Ey 


In the latter formula (6.2S) we must, of course, take suitable 0 and 7 for each spin 
state (singlet or triplet). 
Especially the differential cross section for ; +d —>d+7° is 


do __ 1 


a= Ante; 
a2 Br = 
sei {tan Bee tens ot Stan eee | a ; (6.2d) 
Rot” 27 26 ea g—h cos O qg 
2M J 


where 6 means the angle between & and q (or the direction ZY) and G is a quantity 
to be compared with | /dq). 


For caution’s sake we write down the differential cross sections (in the laboratory 


system) for Fe coe production from free nucleon as follows : 


9 


do ) a va ; (6.1F) 
CUE as '» G—F cos O. 
M es, 
where 6 is the angle between Kk and q@ (or the direction @2) and KC or L stands for 
K, or L, for rtp n+", 
K_ or LL for #4 > P4+T, 
‘K, "or ZF for r+p— p+7", 


Teor Ls for yeu nt+n 
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$7. Physical interpretations 


In order to get a physical idea about the results obtained in the preceding section, 
let us here consider a simple model than the real case: the photo-meson production from 
a bound proton trapped in the potential of central force. (7) denotes the wave function 
of this proton ; 

(7) ~ (on 7)’ ze g(pye'?’dp. 
The cross section for 7*-production from a bound proton is readily found as follows (the 


wave function of final neutron is assumed to be ae wave) : 


1 ((K.P+1Z.0 op¢—q—p)°o( 2 ¢ E498 yap. (7.1) 
2| Gok ped po 4 2M : ) 


where EE, means the binding energy of proton. If we replace le(k—q—p) |" by 
0(k—q—p) and put £,=0 in (7.1), we get the free nucleon cross section. Assuming 


= an ae 5 at A eee) 
P(r =< i o(P) LS y4+e b Mu’ ( ) 
we find the differential cross section with respect to meson energy and angle: 
Lda 2 A Maes WS ES Ra IG FEF (7.3) 
dDdq 4 k Pap+l)—4pl 
ea Pig ak shows meson distributions at some emission 
vaM = angles, assuming that |A,|°+|Z,|? does not depend 
P 9 s, 2 
(* vo ae on g and the angle and &, is equal to 2.2 Mev. 


As is seen from this result, the energy and angular 
distribution of mesons are mainly determined by the 
nucleon wave function of initial bound state; the strong 
forward peak is a direct consequence of assumed 9( 9), 
(7.2), which is larger than the smaller one as in the 
case of true deuteron function. In the present processes 
of photo-mesons from deuteron, the coexistence of another 
nucleon makes the expressions. more complicated (i.e., 
the energy and momentum balance must be modified 
and now the interference effect appears due to the exclu- 
sion principle) ; but one can easily see that the angular 
distribution of mesons is, too, most sensitive to the 
initial wave function of of bound state or deuteron. 

Next we can see from (7.1) that the total yield 
of photo-charged mesons from a bound nucleon is usually 

0 20 40 60 80 100 120 smaller than that from a free nucleon. For instance, if 
go—n (in Mev) : we assume (7.2) and constant |AC,|°+|Z.|*, we find 
Fig. 7.1 (£=250 Mev) ~ the total z*-yield from a free proton is 1.7 times larger 
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than that froma bound one (i.e., the integral of (7.3)) at the incident energy of 250. 
Mev. (In actual process there exists further reduction of m*-yields due to the exclusion 
| principle ; see next section.) * 


§ 8. Alternative descriptions 


In order to bring the results of §6 in more concise form, it is better to express 
the deuteron cross section (irrespective of the nucleon state and meson energy) in terms 
of free nucleon cross sections following the standard manner of ‘impulse approximation. 
To perform it, let us first define differential cross sections for free nucleon : 


_(m+nr : aa, /aQ, 
icp —> ay ae do” 
pam "Ps op /aQ, 
: aa avi as do, (a2, 
7 > 
2-H: ao, /da2, 


which may be dependent on the photon energy and meson angle. Then the photo-meson 
cross sections from deuterium are now written as follows: 


a5" — ao," [D(@) —e* (A) } for 7*+-meson, 
a2 aQ (8.1) 
G63, AG, z = : 
5D ding. JOM N=) for 7~-meson ; 
Sa apr [D(G) —e-1(9)] ° 
where 
2 engl? Lage 
| epadaA( a+ Zt ee a +E,—/)ei(p+t—*) 
y 4M 2 
| dpg'dgX g rus re b)a(p +q—k) 
2 ae ; —k —k 
| ep<'dga( 9, +24 Wd 4 Fk) ¢( p+") od p— 7") 
1(6) = M 4M 2 ; 
2 Id SPE) 8p +a —K 
| ep<'do (w+ Th ) a q—k) 
@=angle between A and q ; ) 
( the direction of @ must be kept in the integration 


and ¢,(p) is Fourier transform of deuteron function 


1 ipy 
t(D) = al fa(r)e'Prar. 


and is normalized as 
| dp|¢.(p) |’=1. 


(8.1) are easily found from (6.1) where plane wave is used for the final di-nucleon system. 


-» Except very near threshold. 
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e*J(0) represents a correction factor for the exclusion effect in the final nucleonic system 
and e* is a phase factor concerning the spin-dependence of photo-meson (as for the nota- 


tions, see (5.1)) : 


=| Kal’ |Za? | 
ee aed ee ; (= 2 1) (8.3) 
| Fa? + |Z.) 3 
and thus ds,*/d@ and do, /dQ are smaller than do,*/dQ2 and do, / dQ, respectively, 
except very near threshold. 
Quite similarly, for 7'-mesons from deuteron we can get from (6.1) 


dee, faa, SOay ; 
Ge (Oe VDP) ae TON) 8.4 
AY ci waas B) et) 48-42 


Using (5.2) 


J (BK + KK) + Lp Lat Lily 


eo — oe ae are z ; (8.5) 
| AG |? + |Zp|? + ||? + | Za” 


In eq. (8.4) the second term represents the interference effect between neutron and proton. 


These expressions give only the angular distribution of mesons but quite concisely and 
will valid for high photon energy or except for the forward direction because of the plane 
wave approximation in their derivation. 

Finally one may obtain the approximate expressions for D(@) and /(@) using the 
so-called closure approximation : 

DO)=1, 10) = f arity, ) PETE PY) 
|k—@|r 


(8.6) 


where q is defined, for a given angle 0, by the free particle energy-momentum conserva- 
tion law. (8.6) shows that /°(0), and thus / (@), will be much smaller than unity 
except for the forward regions (where @ is small). Thus we can obtain good measures 
for free nucleon cross sections from deuteron data at not too small @, even if we do not 


know any details of phase factors ¢= and e”. 


§9. Differential cross sections...... numerical results. 


‘Finally in this section we illustrate the results of our numerical calculations. In our 
calculations we adopt the following values for parameters ; 
M=nucleon mass=939 Mev 
jt = meson mass = 141 Mev 


(We discarded the mass difference between neutron and proton, and charged and 
neutral mesons. ) 


F,=binding energy of deuteron=2.227 Mev, 
y= VME, = 1/7=4.314 107" cm, 
As for the distorted S-wave, the phase shift 0 is calculated from the shape independent 
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formula” 
fotd=— aN = an 
Cie 2 


where the scattering length a@ and effective range 7, is determined from the newest expeti- 


ments!” : 


We calculated only the factors | 
F's and G (6.2-+), (6.2S) and : 


j —13, —13 
(6.24) SOT reeulc ate hood ih ok 5.378 x 10 cm 1.71x 10 cm 
‘ singlet —26,68 x 10-18cm 2.55 x 10-8em 
Figs. 9.19.19. The statement = 
iS) ee oe ie BE 
of § 7 and § 6 are readily seen from these figures. 


a 79 


-If we know K’s and Z’s from other data, we can get the deuteron cross sections 
from (6.1) and (6.3) using these figures. Coversely the deuteron data combining with 
the values of F'’s or G’s just obtained give more refined informations about photo-mesons 
from nucleon than in the case of § 8. Detailed comparison with experimental results must 
be postponed as the future problem because of the lack of sufficient data™. 


Interpretation of figures 


Numerical values of G and /’s are illustrated in Fig. 9.2 and Figs. 9.2—9.19. @ is the angle between 
the meson emission and incident photon beam, and go—y is the kinetic energy of mesons: Both of them are 
measured in the Jaboratory system. 

Figs. 9.1—9.2 concern the process 7+d¢—>d+7°, while Figs. 9.3—9.19 concern the processes 7-+d > 
mt+n+n*, p+n+n° and ~+p+n-. The incident photon energy is assigned for each curve in Figs. 9.1— 
9.14; each figure corresponds to the given angle of meson emission and individual state (1S, 5.5, odd and 


200 
160 
Jo— 
Mes 
( ae 250 
300 
80 
250 
40 200 
30° 60° 90° 120° 150° 180° 20° 40° 60° 80° 100° 120° 140° 160° 180° 
0 6 
Fig. 9.1 Fig. 9.2 
pHa d--n8 r+d—>d+7° 


angle-energy relation of produced 79. The values of G vs. 0 
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16 tt 180 Fig. 9.3 
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even-state) of the final di-nucleon. "Figs. 9.15--9.18 show examples of angular distribution of mesons at /—= 
250 Mev. Finally we have compared the cotributions from various final states of di-nucleon at 4=350 Mev 
in Fig. 9,19. 
It is noted that 7, (plane wave result !), must be compared with /, (singlet) or F, (triplet) plus GC. 
The yield of photo- z’s by bremsstrahlung X-rays can be obtained from these values of F’s and G's, 
if the energy dependence of K and Z is known. 


The maximum values of 7’s are shown near the tops of the curves in Figs. 9.6, 9.7, 9.11, 9.15 and 9.18. 


Absolute cross sections 


G must be compared with \4d99 where gp is measured in Mev. The absolute cross sections (in cm?2/sterad 
or cm?/sterad Mev) can be obtained if the numerical values of / or G shown in these figures and 4?=0,001085 
are used and |K| and |Z! measured in cm. 


6 Fig. 9.5 
final state : 
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x d=02 
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350 Mev 
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0 —_—$ = ee OE Sg 
25 50 75 100 125 150 175 200 
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14; Fig. 9.10 
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Multiplying the Coulomb penetration factor (cf. Table 6.2) one gets the dotted curves (which are the 
energy spectra of z~-mesons, y+¢—>f+/+7~). from the solid curves (energy spectra of z°- and z+-mesons). 
As is seen from this figure, the Coulomb effect is not so appreciable, we neglect it in other figures. _ 


vies 
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Fig. 915 
angular distribution 
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Fig. - 9.18 
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Reliability of our results As was often emphasized, our results have less reli- 
ability at very low energy of incident photons because of impulse approximation. The results 
fot distorted S-wave (7.2S) are acceptable only for great meson energies. Furthermore it 
must be kept in mind that our results for y+a@—>ad+7" are the most trustful among 
our calculations, because we have used the most reliable deuteron function under the ignor- 
ance of tensor force and this function has appeared also in the final state. 

Evidently careful investigations of our process should also give additional informations 
about nuclear potential as in the cases of nucleonic production of mesons” and the slow 
m~-meson capture by deuteron”. 
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The Burst Production by the p-Meson 


H. Komori, K. Miyanaga 
and S. Ogawa 


Instituce of Theoretical Physics, Nagoya University 


September 20, 1951 


The p-meson spectrum at sea level is 
intimately correlated with the size-frequency 
curve of the pemeson burst. The s-meson 
spectrum has not yet been determined 
directly at sea level in the high energy 
region. Accordingly, it must be obtained 
by the analysis of the intensity-depth curve 
of the cosmic-ray underground. In such 
analysis, the interaction of #-meson with 
matter plays an essential role. | Christy- 
Kusaka’? have taken the ionization and 
bremsstrahlung. | Fujimoto-Hayakawa have 
obtained considerable deviation from the 
experimental results of the s-meson burst,” 
taking into account of the fact that the 
energy loss of the /-meson is also caused 
by bremsstrahlung and by pair-creation. 
Recently, it is found that 44—7 process gives 
considerable influence on the cosmic-ray 
phenomena.” This process may be accom- 
panied with the additive energy loss of the 
p-meson. 

In these situations, it might be necessary 
to investigate whether the recently found 
process gives considerable modification to the 
cosmic-ray model supported up to now, of 
not. In this note, we study the /-meson 
burst under such intention. 

The s-meson spectrum at sea level is 
obtained from the intensity depth curve of 


the hard component of the cosmic-ray under- 


ground,” being taken into account ioniza- 
tion bremsstrahlung, pair creation and 7— yt 
process. The energy loss of the “—7Z 
process is already calculated.” On the pow 
process, another remarks are necessary. Since 
z° decays into photons, pe—T7® process in- 
fluence the p-meson burst directly. This 
process however, is found to give only 
small correction on the /-meson burst. The 
initiative process of the burst is mostly 
bremsstrahlung: 

Since our analysis is on same line as 
Christy-Kusaka, detail of the calculation is 
not presented. Our result is presented in 
Figs I. 
about the plot of the experimental result 
by Schein-Gill.” 

As the critical energy loss 8, we take 


A few remarks must be retained 


=18 Mev according to Lapp.” Nishimura- 


—: Ours. 
----: Christy and Kusaka 
**+*? Fujimoto and Hayakawa, 
O+* Schein and Gill, 
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Fig. 1. The burst frequency against 
the size and energy, at sea level. 


intention is not necessary. 


1) R. F. Christy and S. Kusaka, 
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Ida® have pointed out that the size of the 
burst must be multiplied by 3.5 in’ the 
experimental size frequency curve, according 
to their analysis of the shower spread. 
Further, considering Greisen’s remark,” we 
have increased the size of the burst by a 
factor 2.5. 

From Fig.-I, we. can conclude that the 
accepted model of cosmic-ray up to now 
needs not any modification so far as meson 
burst is concerned. That is, #-meson’s spin 
is 1/2 or 0. 

Though obtained “-meson spectrum at 
sea level becomes something flatter in high 
energy region, it is incontradictory to the 
explanation that the s-mesons at sea level 
are resulted from 2—y decay in upper 


1 Accordingly, -Wataghin’s 


11) 


atmosphere. 


In conclusion, the authors wish to express 


our deep gratitude to Prof. S. Sakata for 


his kind interest to their work. 


Phys. Rev. 59 


(1941), 414. 


Bias Vet Fujimoto and S. Hayakawa, Prog. Theor. 


Phys. 4 (1949), 502. 

3] E. P. George and J. Evans, Proc. 
A63 (1950), 1248. 
S. Miura and S. Ogawa, Prog. Theor. Phys. 6 
(Gils soil) 5725 le 

4) V.C. Wilson, Phys. Rev. 53 (1938), 337. 


Phys. Soc. 


.5) I. N. Sneddon and B. F. Tauschek,** Proc. Roy. 


Roc. 199A (1949), 852 
C. M. Garelli and G. Wataghin, Phys. Rev. 79 
(1950), 718. 


6) M Schein and P. S. Gill, Rev. Mod. Phys. 11 


(1939), 267. 
7) R. E. Lapp, Phys, Rev. 69 (1946), 321. 
We have recalculated the value 8 from Rossi 
and Greisen’s Table (Rev. Mod. Phys. 15 (1941), 
240). 


8) J. Nishimura and K. Ida; being published in 


this issue. 


9) reference (2). 


10) S. Hayakawa and S. Tomonaga, i 2 Theor. 
Phys. 4 (1949), .287. 


11) reference (5). 


* T. Kameda has pointed out the burst of the 
size than 1000 at sea level is also caused by the 
nucleon component. Since his attention gives no 
change on our conclusion, we have neglected it. 

** According to M. Koshiba’s calculation (to be 
published), the energy loss of 4z—z process is smaller 
than Sneddon-Taushek’s one. 


loss taken in this note may be thought as an upper limit. 


Therefore, the energy 


Note on the Statistical Theory of 
the Meson Shower 


S. Takagi 
Department of Physics, Kyoto University 


December 4, 1951 


Recent experiments” by means of the 
photographic emulsions have shown that the 
pions are produced multiply in high energy 
nucleon-nucleon collisions and they are col- 


forward and backward 


directions in the centre of mass system of 


limated into the 
two colliding nucleons. The energy depen- 
dence of the multiplicity, however, has not 
been determined empirically due to the lack 
of the knowledges on such a high energy 
nucleon collision. The difficulty of the 
identification of shower particles complicated 
this problem. 

On the other hand, a satisfactory theory 
of meson shower has not been obtained 
owing to the difficulties for computing the 
multiple processes even if we stand on 
certain meson theories. | Moreover, the 
theory of interaction between 7-mesons and 
nucleons has not been established thoroughly. 
Fermi”? proposed an ingenious theory of 
meson shower basing on the fact that the 
pion interacts strongly with nucleon. His 
theory, however, seems to me a little un- 


natural on that point where he puts the 
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assumption that the space into which the 
energy is released is contracted with the 
initial velocity of colliding nucleon though 
the system attained at the statistical equili- 
brium. In this note we shall modify his 
theory and discuss the multiplicity and 
angular distribution of pions produced. 

We suppose that when two nucleons 
with momentum /,, and energy J in 
their centre of mass system collide a part 
of their kinetic energies is released and two 
lumps of highly concentrated energies are 
generated. These systems are so to speak 
in high temperature and the poins are 
radiated from them according to the laws 
of tadiation. If we assume the volume of 
the lump into which the energy is released 
to be the sphere with radius FR in the 
reference frame where this lump is at rest, 
we have as the total number of emitted 
pions 


N=2(2R*)"4(45/2°) 4 (q/3n) (W*) 3/4 


where WW* is the total energy of the 


radiated poins in this reference frame and 
a=2 >) (1 /e 2.413. 
R= 
Further we assume that the lump from 
which pions are radiated has momentum P, 
and energy |’, in mean apart from these 
of pions and introduce the fictitious mass 
by means of the invariant relation in the 
reference frame of initial centre of mass 
system 
W2=Pi+ M*. 
(We put Z=c=1). 
Putting W,=I"W, and (the energies 
of radiated pions) =y]j, we have 
N=2( 2K) i 45 /2° 8 


(a/3m) GM*/T)*" 


where of course the relation 7+ /’<1. must 
holds. 

Now, as pions are produced isotropically 
in the Lorentz frame attached to the system 
with momentum /, they are concentrated 
forward and backward in the initial c.m. 


system with mean angular spreads 
6=(2/»,) M*/T'W,, 


The numerical values of JV, 4 are listed 
for several (7 M*/T'), ((W,/M™*) in the 


following table. 7, [°, and M-< are the 


“MHC 1. 2,. 5. o7. .8is ume 


iV 3.2 54 108 13.9 15.3 181 30:5 


0 0.d 024-03 410.45005 


FUMES 105015 .803'S8 S29 25 


functions of initial energy W, although their 


dependencies are not determined in this 
: 1 > 
treatment. Putting ee ['=1/4 taking 


account of the cosmic ray experiments we 
get N+15.3, 0=0.2 for W,=10° Bev 


taking tentatively WM" =4M, R= p. 


The agreement with the experiments are 
rather good in such crude consideration as 
this note. 

Thermodynamical treatment as above does 
not involve any detailed meson-theoretical 
consideration about the mechanism of energy 
exchange between nucleons and mesons 
except the fact that their interactions are 
very strong. It does not take into con- 
sideration any detailed transition of the 


system in the course‘ of “cooling” by 


radiating piorts since it takes’ the approxima- 


tion method of statistical equilibrium. Thus 
the production of higher energy meson is 
rather unfavoured and consequently the mul- 


tiplicity does not depend so much on the 


initial energy of nucleon. Above formulae 


| 
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contain the initial energy: implicitly in ;, 
I’ and M*, but their exact forms would 


‘require meson-theoretical foundations. 


On the other hand, when we treat the 
phenomena of meson shower meson theo- 
retically, we get the factor €°”/(7!)* from 
the density of final states where € is the 
total energy of meson emitted and z is the 
The Poisson’s 


distribution law for the meson spectrum 


number of radiated mesons. 


gives the further factor 1/7! and as the 
consequence we get the multiplicity of meson 
showers proportional to €?° when is 


» This treatment, however, takes the 


large.® 
approximation that the nucleon does not 
change its state considerably before and after 
the emission of mesons. Further it takes 
the approximation that the matrix element 
for the transition into the final state does 
not essentially depend on the fluctuation of 
In the 


case of extremely high energy phnomena as 


the energies of mesons produced. 


the meson shower it is questionable that 
such a treatment is valid. 

The two standpoints mentioned above lie, 
in a sense, on the different limits of ap- 


proximation. The connection between these 


two treatments, which we may be able to 
make by developping the idea of Heisenberg” 
on the meson shower, will be discussed 


elsewhere. 


*) The main part of this work way made during 
the author’s visit on Nagoya University. He is 
much indebted to the kind hospitality of the members 
of the Institute of Theoretical Physics of - Nagoya 
University. Thanks are also expressed to the Press 
The Chubu-Nippon, the financial aid of which made 
his visit possible. 
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Zero-Zero Transitions* 
Se Deel 
Stanford University, Stanford, California, U.S.A. 
and 
M. E. Rose 


Owk Ridge Nati nat Laboratory, 
Oak Ridge, Tennessee, U.S.A. 


December 10, 1951 


In the decay of a nucleus from an excited 
level of zero spin to a lower-lying state of 
zero spin with no parity change, an orbital 
electron will be ejected from its path about 
the nucleus or, if the one excited level of 
the nucleus is higher than 2 7c? avove the 
other level, an electron-positron pair may be 


created.” 


conversion of the energy released in the 


There will be a complete 


nuclear decay into freeing a bound electron 
and giving it kinetic momentum, or into 
creating the pair with a certain total 
momentum. This is because the selection 
rules strictly forbid single gamma emission, 
and the only other processes which could 
take up the energy made available in the 
nuclear transition are less probable (for 
example, double gamma emission ).” 

It is significant in these zero-zero, no- 
parity-change transitions that the perturbing 
fields which induce the internal conversion 
or pair formation exist only within the 
nucleus and vanish identically outside of the 


1)2) interaction 


nuclear radius. The entire 
causing the electron to be ejected, from the 
bound orbit in the conversion process. and 
from a negative energy state in the internal 
pair formation, thus occurs within the 
charge-current distribution of the nucleus. 
This is to be contrasted with ordinary 
radiative internal conversion and pair for-. 


mation. 
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Because of this unique property of zero- 
zero transitions it is of particular interest 
to consider the effect of finite nuclear radius 
on the rates of internal conversion and of 
pair formation for such processes. 

From a calculational viewpoint the pro- 
blem is to obtain stationary state solutions 
to the Dirac equation for an_ electron 
moving in the field of a charge distribution 
The field is Coulomb up 
to the edge of the nucleus and falls oft 


of finite radius. 


inside according to the charge distribution 
that is assumed. We may limit our atten- 
tion to electrons with but one-half unit of 
total angular momentum, since the solutions 
behave like 7/*' for ot v, where 7 denotes 
the radial distance from the center of the 
nucleus to the electron coordinate. Thus 


for 7>1/2 the electrons will spend a con- 
siderably smaller fraction of their time 
within the nucleus, and will experience a 
For the 


electronic wave function we can develop a 


correspondingly weaker interaction. 


series solution in powers of r/R, where R 


is thé nuclear radius.” 


The leading term 
in this expansion gives a transition rate for 
the conversion or pair production process 
that is calculated to be accurate within 10 
percent correction terms containing (/137)° 
as a factor.” The rapid convergence of the 
series results directly from the fact that the 
entire interaction occurs within the nucleus. 
‘In particular one can calculate the ratio 
of internal conversion in the -shell to 
conversion in the /-shell. To leading order, 
this ratio is independent of nuclear matrix 
elements and may be written as the ratio 
of the squares of normalization constants 
for the initial and final state wave functions. 
This agrees within 10 percent with the 
value calculated for Dirac electrons in a 


coulomb field of a point nucleus, and is in 


accord with recent experimental data.” 
There are in the literature three proposed 
cases of zero-zero transitions with no change: 
of parity: a 1.42-Mev transition” in RaC’, 
a 6.04-Mev transition” in O,"° and a 0.7-Mev 
transition in Ge". ©The experimental’ 
lifetimes for these three transitions are 
2.5'%107" seey 79% LOT see. and?.0%3 
x 107° sec., respectively. Equating the ex-* 
perimental transition rates with the results 
of our calculation gives an estimate for the 


matrix element ( >! 7, ) between initial 


protons 


For these three cases the 


L\2 e An) 
2 mc" 


is obtained, indicating an element of simi- 
larity in the different 41) 


and final states. 


reasonable result 


2 1 
Posey ie ie 


excited states. 
Details of this calculation are contained in 
an unclassified report of the Oak Ridge 
National Laboratory (ORNL 792 issued ° 
September 6, 1950). 


*) Work performed at the Oak Ridge National 
Laboratory under the auspices of the AEC. 
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(Prog. 


His estimaie of 


if e 2 
(Syp2)~ (1.5 — —2.0) ( 5) 
2 ime- 


is too small by a factor three for the transition 
in RaC’. 


a significant distinction between the two assign- 


We do not feel that the data warrant 


ments. 


On the Approximate Solutions of 
the Unified Field Theory of 
Einstein and Schrodinger 


M. Ikeda 


Research Shstitute Jor Theoretical Physics, 
Hiroshima University ; 


Titkehara-machi, Hiroshima-ken 


December 31, 1951 


A unified field theory has been put 
1 


forward by Einstein” and Schrédinger.” 


The fundamental field equations in the 


theory are 

[By] San. Sr0!l Soul = 0, 

[4] T'yo=0; 

LE] Rip tAgru=0; 

[B] Ry vt Agays) + Roa tiga) 
| + (Rigy ts Sv. uw) =0, 


where 


17 


ky = .o— lee 


hou 
+ £20E=0 
and A 


Schrodinger’s case and zero for Einstein’s 


is a constant. A is not zero for 


one. Some exact solutions are obtained by 
Papapetrou” and Takeno and his co-workers,” 
but no one has to a definite conclusion as 
for the physical meanings of these solutions. 
On the other hand Kursunoglu,” Tonnelat® 
and Schrodinger’ have studied what the 
field equations become in the case of weak 
field. In their papers it is assumed that 
Sau — Drs (qy = — LF %u=1), 
and ¢,, are of small quantities of different 
Vv 


Tp 7) 33 


orders, which show that ¢), and ¢ Sry are 


treated as basic fields separately oad con- 
sequently ¢,, becomes merely a superposition 


of the two fields ¢, and g “au But, as 


is seen from the original construction of the 


theory, it is the fw// tensor but not 


Shp 


ry and Srp separately that is fundamental. 


And because of the non-linearity of the 
field equations, the procedure in which the 
full tensor g, is taken as a basic field will 
yield different results from the one in 


which £3, and g eumae taken individually. 


Thus it seems to us that their treatments 
are not natural. Therefore in the following 
we shall assume that the full tensor 2 yy 
—7y, is of small quantity of the first order 
and examine what the field equations become. 

Following the scheme of the general 


relativity, we assume 


@) 

Sap ™Nau + EF rws (1) 
where € is an infinitesimal parameter of the 
first order and its square can be neglected 
in comparison with unity. If we substitute 


(1) into [H,] and solve them, we get 
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Py~ en? ($8 wt £ou.a— Spr.0)/2 


7" Hua= Op: (2) 
Next we substitute this into [Z,] and choose 


where 


such a coordinate system as satisfy the 


condition : 

n° (e5.— foun g3/2)..=0- (3) 
Then in the same way as in the general 
relativity” [#,] becomes 
Cle i=. in Schrédinger’s case (4) 
and 


in Hinstein’s case (4°) 


respectively, where in (4) we assumed A~: 
in order that {[H,] should be satisfied in 
the limit e—>0. Similarly, in any coordinate 


system, from [H,] and te we get 


ayo. = = ae wo, 58 o ry 
2 ke O where Poin” £ 


Y(s) 


and 
v 


respectively. 
Thus in the weak field of the first ap- 


proximation we see that ¢y, plays the same 


role as in the general relativity (gravitational 


field) and 


tromagnetic field which contains the ordinary 
electromagnetic one as a special case, because 
(5) and 
a) a) ress 

Smt Spvat Srrw= (7) 
are Maxwell equations. 


Lastly we shall define the equation of 
motion of a test particle by 


Ppa we wv 
s Z 4p ax” dx hays 
S ads as 
where ade=g,,dx*dx. (8) 


This reduces to 


da?x* | 2 hes ax” 
St, ee eee 
ds /) ds: ds 7 


Er expresses a generalized elec-: 


by (2), where a, are the Christoffel 
symbols with respect to gy, and 
{i} wer" (Sl a tsths—een)/2 
(10) 
This shows that the motion of a test 
particle is not affected by gy in the first 
Vv 


approximation. We can easily see that this 


is not the case in the second and higher 


ones. 
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Group Theoretical Aspects in 
S-Matrix Theory 


D. Ito, H. Tanaka, Y. Watanabe 
and M. Yamazaki 


Institute of Physics, Tokyo Bunrika University 
January 8, 1952 
According to the S-Matrix theory of 


Dyson,” the 7-th order approximation 5S, 
contains the sum over all #-th order per-, 


. mutation, When 7 is small, this procedure 


is easily achieved explicitly, but it is very, 
complicated for a large value of 7. The 
result is, however, only a sum of groups 


classified according to the type of the 
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Feynman diagrams. As the contributions 
from the terms corresponding to the same 
type of diagrams are equivalent, it is neces- 
sary only to find what kind of diagrams 
exists and to know the number of terms 
which belong to each diagram. As a matter 
of fact, we can meet these requirements with 
the elementary knowledge of the permuta- 
tion group theory. There, Feynman diagrams 
are considered as the expressions of the 
Dyson permutation by the cycles, that is, 
S becomes a class function in the group 
theory. 

For simplicity, we confine ourselves to 
the case of the quantum-electrodynamics. 
In calculating the (S,),, it appears the 


Me yaz 
term) * 


( P( hi, Loo, Sc Jn bn) ts 
= 5 € (fern) (P(d, 1) P(Gxi/,2) see 
2 


rani 
P(Patn) a (1) 
where 5} is taken over all possible permu- 
tations. 
First, we consider the case ¢=0. Then, 


Feynman diagrams become, as is well known, 


closed loops. For / Skee 


in Fig. 1 (for another P two or more 
closed loops may be present). This figure 


can also be considered as the expression of the 


~ 45 
cycle C== (12354) ete As such, 


the type of the diagrams depends only on 


it is shown 
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Fig, 3 Fig. 4 


the structure of the Dyson permutations 
represented by cycles in the case of the 
vacuum expectation values. 

Next, 4=1. We must take the one 
particle part for one of the pairs on the 
tight hand side of (1). Now in the 
diagram, one of the cycles is cut off between 
neighbouring two points, say, 1 and 2, 
becoming an open-polygon (Fig. 2). For 
convenience, considering this still as a cycle 
we call it /“cycle and a normal type C-cycle. 
The operation of the expectation value, then 
transforms only one of the C-cycles to a 
I“cycle and the structure of the diagrams 
is essentially due to the permutations rep- 
resented by cycles. 

Lastly, u=22. 


also that we can’t cut off two or more 


In this case it is verified 


lines in a C-cycle by taking the expectation 
values. (For example, Fig. 3 are forbid- 
den).** Accordingly, some Ccycles change 
only to the corresponding [cycles and the 
above conclusion on the structure of the 
diagrams is not affected at all. 

Consequently, we obtain the following 
equation 


Ce he s >! Si (perm.) 


n=0 perm, 


=>) DD £n(cyele) Si’ (cycle) (2) 


n=(0 cycle 


where ¢, is the number of the terms that 


have the same type of cycles, namely, that 
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belong to the same class grouptheoretically. 


After some elementary calculation we get 


a = n es n—Lv ,—2n 
Sa=( za) bs Ma ( 1) - 
Bic (viva. mir (By!)(Yyl) +(e!) (Ma!) 


(Siv + in,=1 
aah k 


W71 n2 ( 
‘ea (2)e- [fan -ay AZ As g++ X 
(PA aye ee 
Ay, (21) Ar, (2s)*""))s 


ae 

die 

a: j=l 
{G(e) PPP) =o EP) (— 27) 
S(# 5, 21) (—2e7) Sn Zo) 
S (4121 IP) (—iern PIN) » 
CPST eK Vey ON G4, hy) (—uy 

S (e562) « (267) S241) » 


S(x, )=>Se(2-9) 


i : ’ ny, 
[PPILPS IP) LH Ce, 


where ¥, ann wz, ate the numbers of the 


open-polygons and of the closed loops con- 


stituted of z and /& vertices respectively, 
This equation is not so complicated as 
it seems, and is very convenient not only 
in practice but also for the theoretical point 
of view. For example, the diffusion equation 
of Feynman” and of Tomonaga-Fukuda” 
can be deduced easily and its physical 
meanings become clear. Furthermore, the 
relations with the path-integral of Morette,” 
the statistical method of Fermi or with 
others are so interesting and instructive. 
The detailed and further research will soon 


appear in this journal. 


* Boson lines can be considered only after the 
skelton of the clectron lines is constructed. 

** Fig. 4 are obtained from ¢ (145) (23) )»=(145) 
(23). 
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5) E. Fermi, Prog. Theor. Phys. 5 (1950), 570. 
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The theory of transformation functions, as has been developed by Schwinger, Feynman, Dyson and 
others, is investigated systematically with mechanical models, keeping close analogy to classical theory ; and 
a new light is thereby thrown on the relation between the Lagrangian and Hamiltonian formalism. 
In these investigations the idea of chronological ordering introduced by Dyson on the one hand, and a 
differential operation with respect to coupling constant (or some other parameters) on the other, play a 
decisive part. The formulation is extended to a point where dynamical systems with higher time 


‘ 


derivatives as well as “non-local” systems (with integral equations of motion) are included. 


§ 1. Introduction 


The development of quantum electrodynamics in recent years seems to have’ brought 
us to the limit which current field theory can hope to reach without making any vital leap. 
Among the various achievements brought about by the theory of Tomonaga and Schwinger, 
we may summarize the main features in the following way. 

In the first place, introduction of the interaction representation has enabled one to 
represent the equations of motion in a minifestly covariant way. It is true, that, as was 
shown by Dirac,” interaction representation is not necessarily required to describe a state 
on a three-dimensional hypersurface, but the super-many time formalism was first discovered 
and developed in the form of interaction representation. For the interaction representation 
implies, apart from relativistic covariance, an important physical viewpoint, namely to in- 
vestigate the development of a state when the free systems are taken as standards. The 
concept of free fields or particles has been the very basis of describing phenomena in 
classical as well as quantum theory, but underlying this is an essential fact that the inter- 
action energy is small compared to the free energy. When this condition breaks down, 
the notion of “ ftee individual particles” would lose its meaning ; the particles which are 
observed could no longer be regarded as simple mass points. 

The interaction representation is therefore based by nature on the assumption of weak 
coupling or validity of perturbation theory. But by preserving relativistic covariance 
throughout it has made easy the analysis of the various effects originated from the difh- 
culties of self-action. Thus it was observed that the interaction between electron and 
electromagnetic field gives rise to a change or renormalization of mass and coupling constant 
(charge). The renormalization philosophy, though effective in quantum electrodynamics for 
the disposition of divergence difficulties, is in itself irrelevant to the physical origin of the 
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appearance of such divergences, and would be justified only by anticipating a correct, con 
vergent theory. Yet it may be desirable to make a systematic investigation of the mathe- 
matical as well as physical structure underlying the Tomonaga-Schwinger theory, including 
the renormalization procedure. For this purpose we shall have to investigate not only the 
transformation functions, but also the nature of general Heisenberg operators” and_ their 
bearing on observation”. But it may not be essential to work in the field theory; to a 
certain extent it may suffice to work in some convenient “ models ”’ with smaller dimen- 
sions which can be more easily handled.” 

Another new formulation of quantum mechanics has been brought forward by Feynman. 
Instead of using a correspondence between quantum and classical mechanics in Hamiltonian 
formalism, he bases his theory on a wave optical correspondence in the transformation func- 
tion U. Here appears the Lagrangian rather than the Hamiltonian as the fundamental 
quantity. Since Lagrangian is a relativistic invariant in field theory while Hamiltonian is 
not, the Lagrangian formalism has a special advantage over the Hamiltonian formalism in 
relativistic quantum mechanics. 

The relation between the conventional Hamiltonian formalism of quantum mechanics 
(to which the theory of Tomonaga and Schwinger belongs) and the Lagrangian formalism 
of Feynman has been clarified considerably by Dyson” and Feynman", but there remains 
much to be worked out along these lines. Since such situations are not necessarily charac- 
teristic of field theory, we may again be allowed at first to restrict ourselves to simpler 
dynamical systems. 

Feynman’s theory, though in most respects equivalent to ordinary quantum mechanics, 
has revealed us a much larger freedom and variety in the ways of attacking individual 
problems. Thus, for example, one can eliminate some of the dynamical variables (‘‘ field ’’) 
and replace them by an equivalent action at a distance. After such a procedure, however, 
the ensuing equivalent dynamical system cannot be fitted into the frame of the ordinary 
Hamiltonian formalism, but has to be treated as a ‘“‘ non-local” system, i.e. a system 
having integral equations for its equations of motion. In view of this, it is desirable to 
extend our investigations to include systems with higher derivatives as well as non-local 
systems. 

In compliance with the above mentioned considerations, we shall be engaged, in the 
following, in the analysis of the relation between Lagrangian and Hamiltonian formalism 
from a general point of view. For the time being field theory is taken out of account, 
and will be dicussed separately. The parallelism between classical and quantum theory is 
carried as far as possible, which often serves us as a useful guide. Throughout the whole. 
investigation the idea of chronological ordering of operators introduced by Dyson (symbolized 
by the notation P) on the one hand, and the differentiation operation of various quantities 
with respect to coupling constant or any other external parameters on the other, will play 
a decisive part. We can show in this way that the Lagrangian method and the Hamil- 
tonian method can be related for general dynamical systems in the interaction representation. 
This is essentially a generalization of the arguments put forward by Koba,’ Nishijima,” 


9 aye . 
Matthews” and others. Feynman’s original expression of the (total) transformation func- 


; 
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tion by means of functional integral can be regarded as corresponding to a limiting case 
of the interaction representation. In succeeding papers we intend to investigate such pro- 
blems as the elimination of variables, expression of the transformation functions by means 
of the “third quantization ” introduced by the author,” and extension to field theory. 


§ 2. Classical preliminaries 
2.1 Equations of motion 


Equations of motion of a conservative system can be derived from a Lagrangian L by 
means of the variation principle. Let g be the dynamical variable of a system of freedom 


one™, and L(g, ¢) be the corresponding Lagrangian. The variation principle reads 
1 
ar=a| PACA en (2.1) 
£ 


where / is the action integral. From this follows first the Euler equation 
fo DL 0; b= Ol /0g; Li 9L/09, D =d/al; (22) 


and the action integral becomes a function of initial and final values only. Thus -for an 


arbitrary variation at the final point 4, 
0[= Lot+ pog= — H4t+p4q, p=T;, (2.3) 
At and 4g being the total (or substantial) variation : 
Mt=0t, Ag=0g4+ ee. (2.4) 
If we regard / as a function of ¢ and the final conditions g(¢) and p(t) (instead of g(¢,) 
and g(¢,)), then the integrability of Eq. (2.3) yields the canonical equations of motion 
ap/dt=—dH/d9, dq/at=dH/ap.** (2.33) 


On the other hand, if we take g(¢,) and g(¢,) as independent variables, we obtain the 
Hamilton-Jacobi partial differential equation 


ol or 
; cd =0 2.6 
+ H( 57°) (2.6) 
from Eq. (2.3). 


Now let us assume that 7 contains, aside from the dynamical variable g, an external 
parameter 7. The value of a dynamical variable at any instant then becomes a function of 


7 for fixed initial conditions, and the generalized variation including 47 leads to the ex- 


pression 


* This will be assumed for simplicity very frequently throughout the paper, but will not restrict the 


general validity of the results. 
** We assume here that #7 can be expressed in terms of / and ¢ by solving Zj=/ for 7. Cases where 


this fails have been discussed in detail by Dirac.!!) 
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f= — Hats pdqt { (aL/an) Anat 
0 


CD) 
=— HdAt+ pdq— K47. 
Here K is evaluated by subjecting g to the equation of motion, so that it depends only 
on the initial and final conditions. Following the same arguments as were used in deriv- 


ing Eq. (2.5), we readily obtain from Eq. (2.7) the “ canonical equations of motion ”’ 


in H: 


dp /da= —0K/99, dq/aj=0K/9dp, (2.8) 
and the “Hamilton-Jacobi equation” corresponding to Eq. (26) .2 
al al ar 
Sisal Se 2G ——s = 0; oe (2.9) 
07 ( 0g ’) : 0g 


Eq. (2.8) determines the variation of p(t,) and g(¢,) caused by the variation of 7 when 
the initial values p(7,) and g(¢) are fixed. For any function which does not involve 7 


explicitly, we have 


Ne = ee 
7 eres! ( ae + Aioaals (2.10) 


K itself, however, contains 7 in general since for its evaluation we must express g(Z), 


tf, <t<t, explicitly by g(4) and p(4), so that 
aK /an=0d0K/d7n # 9. 


Hitherto a single parameter 7 has been considered. If 7 itself is an arbitrary function 
of time, the equations (2.8) are replaced by the functional differential equations 


dp(Z) | aK(#) dg(t) _ aK(z’) 


hea f 2 il 
dn (2) 0g (¢) On(t’) — ag(2) So 
where KG )=—0L0)/07, t= 

=U: beta eg 


and 0/d7(Z) satisfies 
(0/64 (2) )g@) —9 2’) (0/ “n(Z) )=9G—#). 
The equation corresponding to (2.9) becomes 
or or 
ae bE Ke (7 —— 
dn (Z') d9(?) 
Now the two sets of equations of motion (2.5) and (2.9) refer to two independent 


variables ¢ and 7, so that a condition of integrability (or compatibility) must hold for 
these equations. In other words, from 


, g(t) )=0. (Zan) 


t 

* Or more generally, I = 1 6/dn(7) -L dt. 
t 
0 
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df/dt=—[ fH), tt /dg=—L KJ 

we have necessarily 
ee aed. 
an at 


fa FU H=21F KI} 


Noting that /7 and XK involve 7 and ¢ respectively, and denoting the resulting explicit 
differential by 9, we obtain 


0H /dn—dK/dt—[H, K ]=0. (213) 
Because of the relation 
dH /dy=0H/dy—[H, K)}, dK /dt=aK/at—[K, 7], 
we can also write (2.13) as 


SH aK 3 i Aiea 
ee = — dL (z,) /dn, 2.14 
‘dy Ot at 32, Oy Tt agcey0 (4) /9n Cas!) 


OH oA = Gi(*BL 


at =—dL(Z) /dn. 24" 
On = at at Jt, 07 way, ( ) 


The difference between d/dt and 9/d¢ arises according to whether p(%) and g(¢,), or 
p(t) and g(A), are fixed. 
Example. We take a displaced harmonic oscillator with the Lagrangian 


1 “9 99 
Bigs Se args +79 (2577) 


and regard the displacement 7 as an external parameter. The equation of motion is 
g+v¥g=7, (2.16) 


and the solution is expressed in terms of initial values as 


WM) =P) +9 Is G(t—1)d?, 
9 (1) =G(t—4,) P(4) + E(t) (4), (2.17) 
G(t) =~ sin vt, p(t) =9(2). 
Thus 
es { (aL/an)at= sel Fai 


=—a(0) |) Figieonvirs a(t) G(—h) a) dt [areu—e"), 


or =), G(t—2) at’ —9(t)G (t— A) +), car at"’G (t’—t") (2.18) 
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if expressed in terms of final values. From (2.17) and (2.18) we see clearly that the 


relations 


dp (t) /dy= —AK/q(t)=G(t—4); 


(2.19) 
dO _ OK |" Gu—syat 
ay yA) £9 
hold. Further, noting that 
9 9 9 | 1 9 9 9 
H =a (8 +¥¢) 19 => FFA) — 191 , 
we get 
dH /dn=— q(t) =dK/dt, . 
/ady q(%) if (2.20) 


0H/dn=— Q(t) =dK/dt. 
2. 2 Interaction representation 


In the interaction representation we divide the original Lagrangian (which shall be 


called the total Lagrangian) conveniently in two parts : 
JES fae bee on by (2.21) 


where Z, is the “free” Lagrangian for which the solution is easily obtained, while Z 
represents the “ interaction ” Lagrangian. Now we consider, in addition to the original 
system unfolding in accordance with Ly, a hypothetical system which has Z, for the 
Lagrangian, and compare the motion of the two systems at the same instant and at the 
same point of phase space. In other words, we observe the original system in a reference 
frame of phase space which is moving in accordance with Z,. The action integral corres- 


ponding to this situation is provided by the difference of the two respective action integrals : 


L=Lyr—S ree > (2.22) 
the variation of which yields 


Ol = (— H4t+ pAx) |tor— (—H4tt £49) | tree « (2.23) 
Since we are comparing the two motions at the same point of phase space, 
Pr Paces! Gia=Gnee numencally)*; (2.24) 
but the velocities do not coincide in general : } 
Joa—97= —|¢, HT ], Pict —Prree= —| p, A |, 
H = Hep, 9) —1y(p; 9)- 


Expressed in terms of Qiee = 9, we get 
A(9, 2) =A(9—la, 1 J, 2) —Av(9 9) 
— (0L,/d9)l¢, 7 |—Lii(g—lo, #], 9) +L(9, 9) 3 (2.26) 


(2.25) 
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and the (Hamilton-Jacobi) equation derived from (2.23) 


01/dt+H( p(t), g(t)) =0 (2327), 


is the classical counterpart of the equation of motion for the wave function ¢ in inter- 
action representation. 


Now let us treat the above mentioned problem from the viewpoint of the parametric 
differential equation discussed in 2.2. We insert for this purpose a parameter 7 for the 
interaction Lagrangian and write 


Lyor= Ly + nL. (2.28) 


The corresponding Hamiltonian is also a function of n satisfying the differential equation 
(2.14") : 


Oi. /00= 0H /dn= —dL,,/dn7= —L. (2.29) 
Here we must express ,,, which may be contained in 7 by means of g, thus 
dH/dn=—L(9—[9,7],9)- _ (2.29) 


This is considered as a (partial) differential equation for the unknown ZH, the solution 
of which with the initial condition H=0 at 7=0 gives just the interaction Hamiltonian 


(2.26). In case £ does not involve g, we get at once 
H=—y7L; (2.30) 
but if Z does involve 9, /7 takes on additional terms which are non-linear in 7. As 
will be shown elsewhere, these additional terms just correspond to those terms in Tomonaga- 
Schwinger theory which are required for the integrability of the equation of motion. 
2.3 Equations of motion with higher time derivatives 


In the preceding analysis it was assumed that the Lagrangian contained only the 
coordinate g and the velocity g, so that the Euler equation contained derivatives only up 
to the acceleration. If this restriction is dropped, Lagrangians with higher derivatives 
than the first come into question. 

The variation principle and the Hamiltonian formalism for a Lagrangian containing 


gs ge ijeeeg has been given by Ostrogradski.” Thus 
r= af L(gvat 
={ ae 1)" DL® dgdt+ Lot + SG ar: (—D) Lee) 8g | (2.31) 
from which follows the equation of motion 
S(—D)"LP=0 (2.32) 
cae 


and the relation 
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n-1 
r=0 


with 


(r) (r) (7+1) (7) 
4qg=09q+ (4t, Gr =9> (2.32%) 


—r—1 


p= (-DY LO, 


n+1 


T= = DrOrei— 
r=0 


Expressing ? in Hf in terms of Pp_:, gr through the relation defining ~,-1, we obtain the 


Hamiltonian equations of motion 
ap,/at= —[p,, 1 \=—3H/0q,, 4q,/dal= —|¢- H |=0H/0?,. (2.33) 


On this occasion we make a few remarks on the indeterminacy of Lagrangion by a 
total differential (or total divergence in field theory)*. As is well known, the Euler 
equation of motion is invariant against addition of an arbitrary total derivative 7/1 ‘Jat to 


the Lagrangian, so that the Lagrangian is not uniquely determined by the equation of 


5 : : (m—1) 
motion. Here W is usually assumed to be a function of g, 7,--- g, and we have 


5 n—1 
Ol= Lot+ Wot+ \( p+ Wi) 09> 
r=0 e 
n—1 n—1 (2.34) 
= (LAX br Gras) Att Oh (p-+ W,,) dar 


The Hamiltonian is therefore uniquely determined in numerical values, but the canonical 


variables ,, g, undergo a canonical transformation 
AS 
qr pr > p+W,, 


More generally, if 7 is expressed as a function of the 7’s and g’s that obey the equation 


of motion, the canonical transformation is generated in accordance with the relation 
0l= — Hdt+ D1p,49,+4W 
= —H'dt+ >1p,!4q,'. 
x : bib : (n) ; 

Though the 7’s are in general functions of derivatives higher than g, the freedom is re- 
duced by the restriction that they shall obey the equation of motion, thus admitting only 
” variations g,, to be independent. The same situation still prevails when J contains 
arbitrarily high derivatives of g since these derivatives are only of apparent nature. 

When the order 2 of the highest derivatives in Z increases indefinitely, we have 
essentially a ‘‘ non-local” system, namely a system which obeys an integral equation of 


: ; riak 
motion. In this case, 7=0o, and we cannot carry out the procedure of expressing 7 by 


* A more detailed discussion on this topic will be given later (Section 3.6). 
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p, and 9,(y=0, 1,...2—1). The variation principle, however, can be treated analogously 
to the case of finite ~. Let us consider for example the Lagrangian 


L(t) == \"e@ K(t—?2') (0) at! (2.35) 


which gives a linear equation of motion. Here KX‘ (¢—7) is an even function characteriz- 
ing the dynamical property of the system, and ¢(A)’s are the dynamical variables. As a 
generalization of the differential operator, it may be assumed that K (¢—2’) takes large 
values only when ¢—/’ is small. The indeterminancy of Lagrangian mentioned. above is 
reflected in this case in the existence of a series of equivalent Lagrangians 


L(t) == |"e+ at) K(z)¢(t—br) at (2.35’) 


with a@+é4=1. Indeed they lead to one and the same equation of motion. Let us 
integrate L(¢), Eq. (2.35) over a finite interval 4,2, : 


1=("L@at= al v7 | “dtp (t) K(t—t) g(t) (2.36) 
a1) ty ti —o 
and take its variation 
f= </" at [ae (dv (A) p(¢) +9(2)d9(t')) K(t—2). 
to —o 


Since we demand such an equation of motion that is independent of the limits of integra- 
tion 7, and ¢,, we rewrite this as 


ar=\' dt \ "di! d9(0) 90) K(t-?) —i fa ({"+ j *)adtlog ()9(')K(t—?) 


+h ((*+ [ae [iat ae o(2) KU=2). (2.37) 
2 aD Ridin tly 


Considering the nature of the kernel A, contributions to the second and third term will 
come mainly from those g(t) which lie in the neighborhood of ¢=¢, and ¢,. Thus we 


obtain for the equation of motion the first term 
[-KC-1)e(@')ar'=0 (eae r (2.38) 


If we let further ¢,—> —co for simpleness, the interference between the two limits of 


integration vanishes, giving 


a= L(t,)et-+ 2{ ‘nz (Og ()dt+ ah mt (0) dp (dat 


=— H(t) dt+ cal “m, () de(ode 
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with m7 (t)=— |" K(t—’) 9 (t')at! for * f= 4; 


on (4) = (2:39) 


me (t)= + if K(t—t)e(t)dt! for t= ty 


He) =—L4) +2 |" 2,9 OUe: 


Here ¢ serves as an internal coordinate representing the dynamical freedom of ‘9. 

In order to go over to the Hamiltonian formalism we must first find out a set of 
canonical variables. In the present case it is clear that we cannot take all the ¢(f)’s as 
independent because of the equation of motion (2.37). The same equation also requires 


that 
nz (4) =77(t)» 


with which the Poisson bracket must be compatible. 


For this purpose, we assume that 
[7 (¢), g(t.) |=e(4—2), (2.40) 
which means [o@’), eG") J=DE—2")- (2.40’) 


D must then satisfy, as a consequence of (2.39), (2.40) and (2.40), the following 


requirements : 


—| “Kt —t’)e(t—t") D(t—-t") dt! =o (¢-'), 
A (2.41) 
| K-01) Dl —0")dt!=0, D(t)=—D(-2). 


In general cases we must first demand the equation 


df/dt=—[fi 1] 


to hold for an arbitrary dynamical variable f, and determine the canonical variables or 
Poisson brackets in such a way as to meet this requirement. Especially the relation 


dH/dt=—[Hy H|=0 


leads to the Euler equation, thereby closing the translational operation F(t) > f(t+ dt) 
generated by Eq. (2.41) on the set of dynamical variables with the parameter /. 


2. 4 Interaction representation for systems with jagher derivatives 


Since a dynamical system with higher derivatives is equivalent to a system with 
higher degrees of freedom, it. is expected that the interaction representation holds for this 
case in much the same way as before. But the degree of freedom of the system should 
naturally not increase by the introduction of interaction. In other words, the “ interaction ” 


Lagrangian should not contain higher derivatives than the “ free” Lagrangian does. 
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The parametric differential equation which was discussed previously can directly be 
extended to this case, so that again 


aH /an= —L 


m—1) 


holds in general. JZ contains, by assumption, only 9, 9,... @. Org thesen 9... a are 


the independent coordinates g,,...gn—; in the Hamiltonian formalism, and are common 


: : (m) . ; 
to both the free and the interacting system. On the other hand, g is a function of 
Jo +++ In-1 and P,_;, so that it varies as the definition of ~,_; does when going over 


from the free to the interacting system. This situation can be expressed by rhe formula 


SS PS Pe any sae 
(2.42) 


m) (m=1) (n—1) (nm) -(n—1) 
A ar Ws Be 2 oat 2 ce ie WC ere ap 
where oe and ? refer to the free and the interacting system respectively. Thus we get the 


parametric differential equation for /7: 


aH/an= —L(o,9 -[°9, H))- (2.43) 


In particular, if Z contains derivatives of g at most to the (z—1)th degree, we have at 


once 


H=—nL. 


Additional terms arise only when Z contains the highest derivative > 

When we go over to non-local systems, the above considerations do not apply directly, 
but the relation AH/7=—L can still be shown to hold.* Thus if the degree of freedom 
does not essentially increase by the introduction of interaction terms, we can get a differ- 
ential equation for HT by expressing the above relation in terms of “free”? quantities. 

We summarise the results of the preceding analysis by saying that the interaction 
representation exists in general if the “ interaction ” Lagrangian does not include higher 
derivatives (or degree of freedom) than the “ free”? Lagrangian. But there occur some- 


times singular cases which merit our attention. Let us, for example, take a Lagrangian 


of coupled oscillator 
L= (97-4191) /24 (G2 —Y2 9) /2 49092: (2.44) 
The Euler equations read 
M14 U=—I» goths G=—7191- 


Thus, if 7=-+1 and v°Av,, we have no solution except g;=9.=0; moreover, 2,=Py 
and the j’s cannot be expressed by the #’s.** In such cases the parametric differential equa- 
tion for 7 still holds formally, but y= -+1 just corresponds to a singular point of this 


t 
* In this case take for K (Eq. 2.7), die J aL londe. 


** This asumption corresponds to the Case IV of Dirac!) ; 7,;=/. is a $-equation. 
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equation. Indeed, assuming 7 ~ +1, we obtain 7 as 


ee! 


A=2 Gi 291924 F92) 
yy 

ab il 2 55 9 1 a) 

op kal sie jae (2.45) 
: rr q EL 
il 1 : Bio, WER 

—7 —_ — = ( 7) ») —— he 
5 ie 


This ZY will lose meaning for 7—> +1 unless 7, > +4, holds simultaneously. 


§ 3. Quantum mechanics 
3. 1 Introductory remarks 


At present we have two ways of transition from classical to quantum mechanics. 
One is the well-known procedure due to Heisenberg, Schrodinger and Dirac, which essen- 
tially consists in the replacement of the classical Poisson bracket by a quantum mechanical 
commutation relation. From this follows the Heisenberg equation of motion for dynamical 
variables, and the Schrédinger equation for the wave function ¢ which is related to the 
classical action integral 7 by the correspondence /~ (z//%). 

The other method, which is due to Feynman, starts from a very intuitive picture 
having a close analogy to wave optics. Thus one assumes that a transformation function 
S(q'(t)| 9" (%)) from time 4, to ¢ is given by the sum of elementary amplitudes along all 
possible paths connecting g/’(4,) and g’(¢) in the g—Z space: 


le if L(g, g) dt) (path). 


The former method therefore gives a differential description of motion, while the latter 
gives the solution directly in the integral form. Another difference of the two methods 
lies in that the former is a Hamiltonian, whereas the latter a Lagrangian formalism. 

The equivalence of the two alternative formalisms have been shown by Dyson’) and 
Feynman” to a considerable extent. Dyson has introduced in his analysis of the S-matrix 


the concept of chronological ordering of operators, according to which S (in the interaction 
representation) is expressed as 


ce = Z (—i/te)"| PET (ity) eee Ht) dt ya2.ttep 


Here P(...) denotes the ordering of the arguments with respect to time.* In our pre- 
sent analysis of the relation between the Hamiltonian and Lagrangian formalism, we also 


start, like Dyson, from the transformation function (or S-matrix) in interaction representa- 


* Feynman® has also made use of this idea in the exposition of his theory. 
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tion. For this purpose, the properties of the chronological ordering operator P will first 
be examined.” 

Let us take a set of gnumbers g(/) furnished with a parameter 7. We define 
the ordered product (/%product) of two elements g(¢) and g(Z’) as follows : 


PQ), 92) ) =9@7@), t2?, 
=9@)g@), 228. Ga 


For products of more than two elements, we apply successively the above definition. 
When the ordering is degenerate, i.e. there are more than one operators belonging to the 
same 7, we must either assume that they are commutable, or else redefine their ordering 
in an unambiguous way. From (3.1) follows at once the fundamental properties of the 
P-operator : 


ld; PV==F (0, a), 
Pig sob, 6\\— Pack. c), (3.2) 
P(a, 6+c) =P(a, 6)+ Pa, c). 


Here it is required that each of the operators a, 4, c shall belong to some definite para- 
meter 7 so as to determine unambiguously its position in the ordered product. In other 
words,o perators belonging to different /’s must be regarded as independent, so that no func- 
tional relations such as 


p 


\ c(é)g@di=0 (c=c-number) (33) 


should be used as an operator equation in the P-product. It is clear that an equation 
of motion for g just belongs to this type of relation. 


In quantum theory, however, we often come across an operator like 


9(t)= Dg = lim g(¢-+e) —9() (3.4) 
é>0 € 

}which is really a “dipole” quantity related to two parameters, and we find it necessary 
to regard as if it were a new independent operator belonging to a single parameter /¢. 
Since Eq. (3.4) is of the form (3.3), we cannot use this equation in the P-product. 
'This means that the differential operation J) and the ordering operation P do not commute. 


To see the commutation relation of J) and /, we write 


Po, 9) = Ha) Ge) 4 <Ol. 9)} 


{a,b} =ab+ba, |a, 6] = ab—ba, 
Tens ue 
el, 2).=4 0 f=7, (3:5) 
Slat eos. 
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Then it is easy to see that™ 


DPQ. 7)—PD (a7) =8t—- 1) [ 99] 
or in general 

DP(g.f')=PI( af") +9(t-“)[9.f]. (3.6) 
This relation will be used later when we go from the Lagrangian to the Hamiltonian 


formalism. 
Eq. (3.6) can readily be extended to cases of higher derivatives. We get from (3.5) 


DPC gf) =PDM gf!) + 3 GDC) D977] (3.7) 


=1 
which involves derivatives of the delta function. 
3. 2 Dyson's S-matrix 


In quantum theory, the wave equation (in an arbitrary representation) 


oes H¢ 
ot 
can be integrated according to 
P(A) =U (tH) $(4), 
COs ‘ea \ P(H(2,) »-»-FF(t,)) dty...dby. (3.8) 
n=0 2! \ h i 


In this expression of the transformation function ‘U7 , the Hamiltonian H/(¢) is regarded 
as a function of momenta #(f)’s and coordinates g(¢)’s, which belong to one parameter ¢, 
though g and g are not commutable. It is for this reason that the symbol / has here 
a definite meaning, and Eq. (3.8) is equivalent to the more natural expression 
T= (s\n at,| dt. [o" deaET(e) H(t) ay 
n=0 \ eh ty ty 

If often occurs, however, that the Hamiltonian A/(7) is conveniently expressed in terms 
of coordinates g and velocities 7. Since in this case the velocities are substitutes of the — 
momenta #, they also belong to a single parameter z, so that the differentiation Dg=g 
should be understood to be carried out defore the ordering P. This is the characteristic 
feature of the Hamiltonian formalism. 

Next let us go over to the Lagrangian formalism. For the time being we restrict 


ourselves to the interaction representation. We shall immediately prove the following 
relation ; 


n=0 77! 


UG eas alg) |, PLO) Le), PACA ER ois (3.9) 


* D operates on the first argument 9. 
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or fe) 


it © U=P*(—T,0), 
= ( ) 


where P*(G(t), A\2)) = DP* (g(2), f(“)) ete. (3.10) 


and J is the interaction part of the Lagrangian. In words, the transformation function 
U is obtained by means of the Lagrangian Z and the operator P*; the latter demands 
that the velocities 7 which may appear in 7 should be regarded as genuine “ dipole ” 
quantities, and thus every differentiation in ¢ should be carried out after the ordering of 
operators. (The second equation of (3.9) has only a vague sense, being a symbolical 
differential form of the first equation.) In Lagrangian formalism, coodinates and velocities 
ate the fundamental quantities, the latter of which belongs to two adjacent parameters ¢ 
and ¢+d¢. In Hamiltonian formalism, coordinates and momenta are the fundamental 
quantities, both of which belong to a single parameter 7. 


When the interaction Lagrangian does not contain velocities at all, we have 
A(t)=—L(2), (atl) 


and it is clear that (3.8) and (3.9) amounts to the same expression, since there is no 
distinction between P and F*. What we have to examine is the case in which Z really 
contains a velocity 7. We here assume that /(g,¢) forms a power series in ¢ and 9. 
Since g and g do not commute, we must define their order in 7. For the present pur- 
pose it is convenient to assume that Z itself is an ordered operator. In a product of 
several g’s and q’s, their order will be arbitrarily defined, each factor being regarded as 
belonging to distinct but adjacent times. Thus for example 
jf lim PCG). 9(0)) = lim, PRY), 710). 
we often let ¢ and 7’ be finitely different, and reserve the limiting procedure to the last. 
L(¢) will then be an ordered operator with finite time width. 
Now our aim is to convert the Eq. (3.9), expressed by means of P*, into an 
equation expressed by means of P. Take a representative term in the expansion (3.9) : 
ae P* (Ly Ligue Lyn) dt,dty. yy (3.12) 
miih 
As long as all of 4, f)-+-tn to which belong Z,, Ly, ---Ln are different a Bane amounts, 
we may effectively regard the /’s as “ monopoles”, and there is no se neiion Paahee 
P and P*. Next let us suppose that L, and £, come nearer to an infinitesimal cea 
so that the time interval occupied by 7; overlaps with that of Z,. cy moving [,, relative 
to L,, a particular factor g or g in Ly and a corresponding one in L, will cross each 


other at a certain time. At this instant, we have according to (3.6) 
P*(g (=P) 490-71 (3.13) 


there arise no differences between P* and P when g and gq’, or g and q cross. Thus 


* This P* differs in definition from Koba’s P*.7 
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on replacing the symbol P* by P, we get an additional term at each crossing of a pair 
of g’s. If we take for simplicity the time interval between individual g’s in LZ, larger 
than the total interval occupied by Z,, the additional terms obtained by letting /, move 
through /, from past to future are a sum of contributions which are given by the sub- 


stitution 
g— G/ANLg. G- Log = G/ADLg Le) (3.14) 


applied successively to each @ in L,. Here the product supplied with - is a symbolical one 
in the sense that the order of operators is not rigorously taken into account.* In the 
same sense, we can therefore write this sum as 
L,,- G/®) (9. L]=— C/A) [Ly 9) La; G.15) 

Further there occurs a circumstenze in which a third Z, approaches the complex 
formed by the overlapping of Z, and Z,. In this case, we get new additional terms 
which should be supplemented to the pair (L,L,), (Z,£;) as well as to the already 
obtained additional term (3.15). This situation can be described symbolically as : 


From (L,Z,) arises 4(1,L,)(= (2/h)L,. ‘(g,d51) 
From (Z,Z,L;) arises 4(L,L.) +4(LpL5) + 4(L,L;) + PF el 


See 


We denote by S, the 7th order additional term J’~'(/,......Z,) arising from simultaneous 
overlapping of v L’s. Then (3.12) becomes 


if 1 n 
=(4) | £ (L,5 iS dyeie els Lig) Aly Bbry 


apy aN a! s 7 ‘ 
Sa Cia ty <tane oat Pete y 
WN ryt7 ter =n Z riurgh --7,! 1 2 


Se wee 
Adding up with respect to 7, 


t= (=) | P(x Vee (==) Vt, ...dlt 
= y 


Oa ee : 
s mas \ Pio aie A ate (3.16) 
ih 


3 

i 

r—) 
>» 
i) 


* In general we may get different results by adopting different conventions on the ordering of operators 
in Z and the application of the procedure (313). In ordinary cases, however. essential differences do not arise. 
** Tn classical theory, (3.13) and (3.14) correspond respectively to 


—09/0 and —Ly5 OL 9/0p= —f,0L 9/09. 
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Thus we have obtained the “ effective Lagrangian ” 3H which is to be used to express U7 
by means of the ordering P. Our proof will be complete if we can show that oa agrees 
with the Hamiltonian FY. For this purpose we supply /(¢) with an external parameter 


y(t) as 7(t)L(¢). Putting »=const., S, changes to 7S”, and JE becomes a power 
series in 7. Now from (3.16) we get 


0U (ty) —i 0 
jae i = P , / 2K 
3y(t’) ( hk On(?) (2), U(th)), De a fue (3:17) 
On the other hand, from (3.9), 
OU (tty) _ z ; 
ee a re OE U(th)). (3.18) 


But we have according to (3.6) and (3.16) 


P*(9(2’), J) =P(Qt’) — @/A)[g. 4 (#)],U); 


so that 


55 2 ae L(a— “La %), 2) v). (3.19) 


By taking the limit ¢—> /, we finally get from (3.17) and (3.19) 


a6 et? 
7 hk 

This is just the same relation as the classical one (2.30). Since the usual formalism 

tells that transition from classical to quantum mechanics is achieved by replacing the Poisson 


bracket by a commutator, we have equally in quantum mechanics the relation 
0H , j 


Both J6 and A thus satisfiy the same differential equation, and in addition the same 
initial condition: H: —=j}6=0 for 7=0. Therefore we have #6=// in general, q.e.d. 

“In the above discussion, Z has been assumed to be a power series in 9 and g. 
Otherwise the meaning of Eq. (3.9) will be obscured. Further it will often occur that 
L is a power series in g and g, but that // as a function of # and g takes on a com- 
plicated form and their ordering becomes ambiguous. In such cases the present formula- 
tion may be used as a possible prescription. 


Example 1. We take 


5 1s 9 9 
Linley F9S (9) 2: Learnt Sere Bh (3.21) 


* This is true only when He is a local operator, which is the case for systems with finite order of 


derivatives. 
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Then 
S,=L=71f(g) 
S,= 4(L,L2) =f (9) @/A) [4 of Q = —7IM- 


The series terminates here since S, no more contains g. Thus 
ei i eat a) (G27) 
be os Vira ee i 9 fq) 
Example 2. Put 
Sy Tea Fe Le (3.23) 
f(A —-— =1,+#— 2 Vos 
Log (M1) 9 SSP a a eee 
The interaction Hamiltonian obtained from (2.26) is 
Ff ea a ph te ae (3.24) 
27 
ieee a 
To derive this result from (3.16), we first consider Se 4(LL) = 7 Agr go). From 
each pair of g, and g, there arises a contribution (1/%)[9, 9]=—1, so that we get 
9 1 De Fe. py 2 
2 ery ac ra a 


In calculating S,—=4"-'(L,L.--Ln), we note that for each permutation of /,/,...L, there 
correspond 2” different chains of pairs (G,, 9, 41) taken out of Z, and Z,,,, each pair 
contributing a factor (7/%)[g,g]=—1 and leaving 9, and g, as operator. Dividing by 2 


since a permutation and its inverse give identical contributions, we get 


Sa=— (—/2)" (n1/2)2°7?= =n (=a? 


Hence 


The validity of Eq. (3.20) can readily be verified. It should be noted, however, that 
the JC as defined by the power series (3.16) has a meaning only if the series converges. 
In the present example, this corresponds to |y|< 1. Otherwise (3.16) must be looked 
upon as a formal equation giving J6 through analytic continuation. 


3.3 Cases of higher order equations 


The foregoing discussions can be easily extended to the case of dynamical systems 
with higher order time derivatives. The fundamental equation (3.9) still holds if the 
interaction Lagrangian does not involve higher derivatives than the free Lagrangian. In 
this case the operator P* is naturally defined by 
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(n) 


P* (95 f)=D'P(Q,f'). 


Let us consider, as before, the expression 


1 (-)| P* (Ly, Ly) at ity. 


nik 


Making use of the equation (3.7), the additional terms arising from the substitution of 
P* by P are obtained as 


A (Lila) = 1 Lier 3) (5 )(D'8 (4-4) Das Laat (3.25) 


in which Z,(4) is kept fixed and /,(¢,) is integrated through the region occupied by Z,. 


The derivatives of the 0-function can be removed by partial integration; with the aid of 


the relation 
Tt OC7 \(- 1)*7= (—1)5 


n xr-l s (r—i—1) 
A(L,L_) = 31 St (-1)' DL) 1 gs La] (3.26) 


we get 


or, by Eq. (2.32) 


(7) 


=Sr-15 » Laaly (3.26’) 


where 7, is that part of the momentum /, which is due to the interaction Lagrangian, 
and - signifies, as in Eq. (3.14), an appropriate ordered product. 
Continuing this procedure, we can calculate the successive correction terms S, and 


finally obtain 


r=17!} 
Actually, the relations* 
(oo l=0, . (9 ¢ 140. r+se2e-l, su (3.27) 


hold (both in classical and quantum theory), so that only the term with y=7—1 survives 
in.) (3:26') : 


* To prove these relations, note that 


(2) 
[g @ 1=[40, f(r: Pn—1)1=9; 


(m+1) (n) (n) (1) (m) 
pe t= la l?, fells 4lel=—les21=0 


and in general 


(+h) (he) () ; 
Io ¢g J=(—)41¢,¢1=0 until s=n2—-1. 
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A(L,Ly) = P19 La] = Lem - (“aE (3.26) 
Then we can repeat the same argument as after Eq. (3.12) and obtain the result 
On (0) PS eee), (3.28) 
on h 
which agrees with Eq. (2.42). 
In Eq. (3.25) we have fixed ¢, and the partial integration was performed with respect 
to 7. But this was not the only way, and we could also have integrated with respect to 


t. Moreover, the symbol P* means by nature that all the constituents of Z; and Z, are 
analysed into monopoles, so that we should have dealt with expressions such as 


PRG, 9) =DIDIP(Q 1): 
The results, however, do not depend on these minute details of calculation, leading always 
to the same expression for 36. This is due to the special situation (3.27). Indeed, we 
could equally write (3.28) as : 


aH/ay=—L, L=L(q), (3.28) 


with 9 =(D+4[A]) o (He=Uea)). 


When in the interaction Lagrangian appear higher derivatives than in the free 
Lagrangian, the interaction representation does not exist and Eq. (3.28) fails. As will be 
shown later, however, the expression (3.9) for the transformation function can still be 
applied in this case with the correct definition of P*, namely that every quantity should 
be analyzed down to the monopole g(¢) and then arranged according to the chronological 
order. But in deriving the effective Hamiltonian aa according to the above mentioned 
procedure, there will arise ambiguities related to the partial integration. The transformation 
funtion thus obtained has a restricted freedom which corresponds to the original free 
Lagrangian. 

As a means of handling interactions with such exceptional high derivatives we may 
also use the trick of attaching an auxiliary term with sufficiently high derivatives to the 
original free Lagrangian, thus augmenting formally the degree of freedom of the free system.* 
If after deriving the transformation function we let this added term vanish, some special 
part of initial and final states will thereby be selected out. 

These considerations become important in the case of non-local Lagrangians. The 
formula (3.9) can still be used to get the transformation function. This seems clear if the 
free Lagrangian is also a non-local one, and the degree of freedom is not changed by the 
interaction term. But even if the non-locality appears only in the interaction, the expres- 
sion (3.9) can give a meaningful transformation function, as will be discussed elsewhere when 
dealing with the elimination of variables. Thus if we take for example 


* This is analogous to the regulator method in field theory. 
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. L() =P*| qi(t)f(t—2") go(2’) at! (3.29) 

we have i 
ihaU /at=P*(—L, V). (3.29’) 

In this case, however, / contains g(¢)’s at all times ¢, so that quantities such as U/(é¢)) 
does not have a precise meaning as a transformation function. The only well defined 
quantity is the S-matrix S=U/(co, —0o), to which the indeterminacy of Z itself discussed 
in section 2.3 does not give influence. The operation /* in (3:28) must be carried out by 
regarding every g(¢) with different ¢ as independent quantity, and any equation of motion 
connecting different g(7)’s is not allowed to work prior to the operation P*. 


3.4 Extention to general representations 


We have seen that in interaction representation we may use either the interaction 
Hamiltonian together with the operator P, or the interaction Lagrangian together with the 
operator P*, to obtain the transformation function U.. Now we attempt to extend this 
result to more general cases. 

What we have called the interaction representation does not necessarily correspond to 


’ systems are influenced by each other through weak 


a physical reality in which “ free’ 
“ interactions”. _We have merely divided the total Lagrangian conveniently and arbitrarily 
into two parts 
Lrar=Ly+ L, 
and described the motion with Z,,, relative to the motion with Z,. Thus it is possible 
even to make the division according to 
Lin s@Lt+6L, .a+o=1. (3.30) 

The transformation is expressed by means of 41 and P*, which formally holds for any 
a and J. A limiting case is obtained if we let a tend to zero, and we have then the 
Schrodinger representation. Since the condition for the validity of P*—Z formalism breaks 
down for vanishing free Lagrangian, this must correspond to a singular case of the P*—L 
formalism. 

Another limiting case is attained for 6=0, the Heisenberg representation. U is then 
equal to unity, and operators vary with time according to the total Hamiltonian. Let A(?¢) 
be any “ monopole” operator in a general interaction representation, and A(¢) be the 


corresponding one in the Heisenberg representation. They are connected by the relation 
A(t) =U (tpt) A(Q) U (th), (3.31) 
both representations being assumed to coincide for ¢=/. For A holds the Heisenberg 


equation of motion 


—indA/dt=[Hiw Als 
ind A/dt,=[H(t,), AJ=LA (4) 4) 


In addition to the Heisenberg representation, we introduce the mixed representation by 


(3.32) 


means of 
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A(t) =U (tt )AC)U Ch) ys PSF (3.33) 
= P*(A(t’), U(th)); 


assuming that the multiplication law 
O (th) =U (tt) UO (04) 
holds, which is the case for “local” systems. A and A are related by 
A(¢) =U (uf) AC) =AC)*U (th). 
A(t) =U (th) A(t) =A? (*)U (th), (3.34) 
with A(t") =U H)AL)U (C2). 
Here A* is the Hermite conjugate of A, and arranged according to the anti-chrono- 


logical order (denoted by P*-'). That the definition (3.32) using /* is reasonable 
will be demonstrated by observing that 


d A(t) /dt’=DyP*( A(t), 3 (—i/t)" | H,..-Hy dty.-.dty) 
Tai 


= P*(A(?’)—1/afA(?), H(“’)], V) 

= A—i/t[A, 1] 

=—i/hLA, Hi], (Note that AB # AB.) (3:35) 
thus yielding the total derivative. By multiplying both members of (3.35) by U(Z,t) we 
get 

dA(t!) /dt! =U (ht) aA (t') [dt = —i/t[ A’), Aus. 

In the limit ¢ > 4, V(t) tends to 1, so that the Heisenberg representation coincides with 
the mixed representation. Then Eq. (3.35) tells that the “instantaneous Heisenberg 


representation ”” 


adA/dt=P*(A, UV) \yor - 
differs from the interaction reptesentation 
A= P(A, Oy Igor 


by a term (—7/%)[A, 7]. Putting A=g, we find here an interpretation of the equation 
(3.20). 


With regard to the transformation function (7, we note that 
thOU (tty) /At= HU (#,) =U (tt) U (tt) HU (thy) 
=U (th) H “0 (?). (3.36) 


Thus there arise two alternative expressions for U : 


TRS See =y os 
(t2,) Sisal jp) |, PE Finda oly 


i 
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=O (m= 4+(=") | gs ee 3, 
(tm) =>: mae , ) Po Thy ly dod (3.37) 
A(t) =H (2). 


Since the two expressions differ only by the ordering and representation of the operators, 


we can also write U, following the previous results, in terms of the Lagrangian L: 


& < Deg, z\"(t ite yi Bs 
Gen)=3 (2) | PO Eager Tn) ded ty (3.37') 
For U holds evidently the multiplication law 


O (th) =O (tt) O( tt’). 


Now let us consider, as in classical theory, the action integral ri (putting here Z,., = L): 


[= | £0 d= "OP LENU (en) at, 
uv ty 


I=\ Ldt=P* i U (itl) LW) U (th) dt! 


0 


= PA, Gety)) » (3.38) 
r={ Lae 
% 
In view of (3.37’), 7 can also be expressed as 


ey F(t) LE) OG) dt =P*(F, 0 (th)). (3.38’) 


0 
Since operators in Heisenberg representation correspond to classical quantities, the variation 
principle applied formally to / yields the Heisenberg equation of motion together with 


the relation 


6[= Loi+ 1, dt+...=—HAt+ > pr Ag,» (3.39) 


Sree = 

H=D#, ge —L- (Ha) 
Now we can express the relation between / and // in a somewhat different way. Thus, 
we can write 


H=-f+0°L, 4), (=-£-@/®L, [gH] +...) (3.40) 


The symbol 47" bears an analogous meaning to 4 in (3.25)—(3.26’), but with the 
operator P*~' standing in place of P*. Then using Ep. (3.26) LoL 4 A, 
and a sign change because of P*~*) and the nature of the (total) Hamiltonian : 
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Eq. (3.39) at once leads to the familiar form (3.39). 

In (3.40) only the nature of the Hamiltonian (Eq. (3.32) ) has been used, without 
regard to the precise form of the commutation relations. If we next fix the commutation 
relations between /, and g,, the Hamiltonian is thereby completely defined. But this 


“¢ Ir: : . ae (r) 
circumstance can also be reversed. Thus if A is given as a function of the velocities 7, 


the equation H=o leads to the Euler equations of motion, which in turn requires that 
the canonical commutation relations be determined so as not to contradict these equations. 
(Uniqueness, however, is another question. ) 

It is also to be noted that Eq. (3.40) holds only for the total Hamiltonian, so that 


H and 7 in this equation are supposed to consist of such quantities whose motion 1s 
determined by this same 7. On the other hand, Eq. (3.20) or (3.26) does hold for 
any (interaction) Lagrangian or Hamiltonian, irrespective of the free motion to which the 
g’s are subject. 

Eq. (3.40) has a wide range of applicability, including even the non-local system. 
In fact let us take up the previous example (2.35) : 


LQ =2\"PeOKE-#) 90) a (3.41) 


Here the Lagrangian is adapted to quantum theory by assuming it to be an ordered 
function, but the Euler equation turns out to be the same as before. The generalization 
of Eq. (3.40), which is to be used here, is then given in the form 


~ 


it=—L+i/1\ 


“(P¥"— Pz!) (L(t), HO) de. (3.42) 


o 


The meaning of this is as follows. L(t) is really not a point function, but a “ multipole ”- 
like quantity consisting of the ~’s at all times. P* demands that these quantities be 
arranged in chronological order, whereas P,, represents an operation in which Li J aS a 
whole is registered at time 7’. The difference P*~'—P," is then calculated as 


ame Pe yl, at = Fae ja 2G (?—#) —e(¢”—2)) 
x(G(2"), TAU) Ke"—7') 
+ a) ae" "ae! = (e(¢'=0) —a( 2’ 7) 


x 9(t)[9"), HOKE"). (3.43) 


On the other hand, the quantities 7*(¢) in (2.39) is, in our present notation, 


n(?) = \ ee-9 —e(t"—)) K(t—t") o(2t")at", (3.44) 


* This relation (3.40) suggests that it could be derived from some basic nature of the transformation 
function U as expressed in terms of Z and P*, from which the usual relation (3.39) could conversely be in- 
ferred. But it is not yet successfully done. ‘ 


aie | 
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so that we get the result 


(POP) (CL, Hatt — 21" (900), FAD Rule 
aerate 


and 


Pee +2! 6) Z(t" de! + Sf FONE Cae. (3.45) 


which is just the Eq. (2.39) or (2.40), except for the ordering of operators (in this 
case, antichronological). 


In this way the significance of the operator P* has been exhibited, not only in the 
transformation function U, but also in various other aspects of quantum theory. Now we 
take advantage of Eq. (3.37’) in going to the limit of the total Lagrangian discussed at 
the beginning of this section (a0 in (3.30)). We decompose the matrix elements 
of U (d,) into a product of infinitesimal factors : 


(q’|T( tty) | 90") = C9" |LTnU (tn41 tn) | 90") 
=| (af01 |O Coes m) lan!) (3.46) 


Since every quantity that enters the expression /;, is itself an operator in Heisenberg re- 
presentation, we can naturally express the matrix elements (gn’|U(¢n41%m) |gn’) in a (mixed) 
representation in which all g(¢’)’s (¢ = t/ = %) are taken to be diagonal : 


y {fn , ! 
gaan liar tn) |9n’) as deo [= ¥ Lao (Gn+1» Qn) dt (3.47) 


(4110 ts)\g6') = [exe | 4 fag (0) dt” |Date"”) (3.48) 


which is nothing but the starting point of Feynman’s formulation. 
In concluding this section, we add a few remarks concerning the parametric differential 


equation. Putting Z,.—2,+7L, we have 


O(t) = A(ZY | Poly nla)dt dl 
= 0 


=P* exp a. nla | 
A) 


Differenuating with respect to 7, 
jp0L —— px( { Lat, U)=—P*(L,U) 
7) to 
=—f¥U=—UI®, (3.49) 
with g(t) =O )gt) U2"), 
QoO(*)=O (tt) Qe) U C')- 
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This equation shows that the 7dependence of U is governed by the generating operator 
T, which corresponds to the quantity A (2.7) in classical theory. Exactly in an analogous 
manner as there, the two equations of motion 


ihaU /at=HU and iho /ay= —TU 


entail the integrability condition 


af 0 4 #17, F©}=0, (3.50) 
at On =k 
which, however, is fulfilled as a consequence of 
¢2) ji 
HES Tin tN a5 Peet ty EE! se 
ot h On 
Finally, Eq. (3.49) gives rise to the expansion 
U(y)= 3 2( ey ens ..1)dy,...dtns (3.51) 
n=0 m!\h 0 


where // denotes an ordering with respect to 7. 
3. SO Fermi statistics 


Hitherto we have exclusively treated the “Bose systems”, which has a close corres- 
pondence to classical systems. Our next investigations now concern the “‘ Fermi systems ’’, 
an analog of the Fermi fields. Since the functional relation between Lagrangian and 
Hamiltonian for a Fermi ‘system is not essentially different from that for a Bose system, 
it is expected that the parametric differential equation for /7 and the Lagrangian expression 
of the transformation function U are still valid. But we must re-examine the definition 
of P* so as to fit the present purpose. 

The simplest example of a free Fermi system is the ‘‘ Fermi oscillator ’’, with the 
Lagrangian 


Ly= ih —mp*$, (3.52) 
where the amplitudes ¢ and ¢* satisfy 


ih — mp =0, —ihd*—mb*=0, 


1h, P*) = ob* + P=. 
We may also supply the amplitudes with spin indices, and then the system acquires spin 
degrees of freedom. 

When an interaction term is introduced which does not contain the derivatives of Vf 
and ¢*, as is usually the case, ¢* and ¢ belonging to the same instant appear always in 
pairs in the interaction Lagrangian, so that we can treat the product ¢* (as well as fip*) 
as a point (monopole) function. Under such a convention, there arises no difference be- 
tween P and P* when applied to a Lagrangian like 


4L=np*¢, 


and we have evidently 
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_Not trivial is the case where the interaction part contains also derivatives of the 
amplitudes. Thus we consider for example 


PRIMEY PEST 0 (3.53) 
To adapt our notation to this circumstance, we define P* as follows. Leta sign function 
be introduced which changes sign when in a product of ¢’s and ¢*’s a pair of neighboring 
amplitudes are interchanged. * shall then imply an operation of arranging such a product 
in chronological order, taking due account of the sign function. When ¢* and ¢ belong 


to the same time, we suitably define their order and sign, e.g. +¢*¢ or + 1 (g*p—gd*), 
A) 


The operator P of course bears the meaning that derivatives are regarded as a whole to 
belong to one and single ¢. 
According to this definition, (3.53) leads to 


P* (G*h, b*'f) =PUL*Y, $*/Y’) 
4 3(t—2) $5 h, bP 4 8(C—DGE*{W GRE 


=P($*p, PP) +20(t—2/) Pd. (3.54) 


As an example, let us take 


Lin = ih (1 +4) 0*b— mp p=L, + ihyg*$. (3.55) 
The conjugate momenta to ¢ and ¢* are 
n= dL /op=ih(ity)¢~*, m*=dL/dg*=0, 
with the commutation relation 
(Y, mh =ih, or {$,9*}=1/(1 +7), 
and the Hamiltonian 
: tot = 0. 
If we introduce the “free” amplitudes ¢, and ¢,* which obey the familiar commutation 


relation {¢,, ¢,*}=1, we can write 
He=(m/[1+0)$o"P H=(—my/1+79)90"%o (3.56) 
Next we apply the P*—Z formalism (3.9) to this case. To begin with, 
S,=L=iling*$, 
Syd (LyL,) =2 (G/B) 72 (ih) Gg = — 2p greg. 
General terms can be obtained by the same argument as in Evample 1 of Section 3.2, 


with the result , 
S,=—-thr! (—7)'"¥. (3.57) 
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Ha 3 = iA(g/i ta) rd (3:57) 
= —mny/ (1+) ¢*P=H. CRE 


Note that the “free” equation iim can be used only at the final stage; otherwise 
we are led to erroneous results. The same remark applies to the parametric differential 


equation. In the relation 
P(dH /dy(t), 0) =P*(—L, UV) 
(which is obtained by differentiating U7 by 7(¢)), we should use 26 (3.57), and not 


HT (3.57'), until P and P* on both sides are taken off. Taking this into. account, we 
can verify the relation 


ai /on= —L= —ingrg = —in(yr_i 0% pale | (¢-4 rate gr2%) 


Beers 


=—ih pry. 


1 
(1-+9)° 


Extension to higher order equations meets no new difficulties. If the Lagrangian is 
bilinear in ¢ and #*, we can quantize the system according to Fermi statistics. If the 
interaction term does not involve the highest derivative, we have H=—Z; if it does, 
can still be obtained by means of P* and Z. As for the Hamiltonian, we must distinguish 
between Hf and %. J is defined by — 3) S,/r!, contains in general the highest 
derivatives, and satisfies the parametric differential equation. 7, on the~ other hand, is 
derived from J6 by eliminating the highest derivatives with the aid of the (free) equations 
of motion, and can be used as Hamiltonian in the ordinary sense. Both HY and 26 
amount to the same thing whenever P instead of P* stands in the expression. Peculiar 
to the Fermi system is also the situation that the amplitudes ¢* (or ~) itself differs 
in the interaction and the instantaneous Heisenberg representation. These two representa- 
tions are related again by 


= P*(A, U)|p.=A+4(A, 2). (3.58) 
Note that #6 cannot be replaced by 7. 

It would be interesting if we could generalize the P*—Z formalism in Fermi systems, 
as in Bose systems, to include the extreme casé of vanishing free Lagrangian, and write 
down the transformation function as something like Feynman’s path integral. Instead of 
allowing the coordinates g to take on all real values from —co to + co, we could assign 
here two values 1 and 0 (or discrete yalues in general) to the quantity b*o, but the 
formulation does not seem to Le so simple and advantageous as in Bose systems. 
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3. 6 Canonical transformation 


The purpose of this section is to investigate how the canonical transformation in 
Hamiltonian formalism is interpreted in our Lagrangian formalism. As is well known, a 
canonical transformation between two pairs of canonical variables p, g and 7’, g’ is described 
by the relation 


p0q—p'dq' =01V(q, 9’) 

(or £09+ q'0p'=dlV (gq, p'), etc.) (3.59) 
from which follows 

p=d0W/dq, pp=—dW/dd', 

(or p=0W/d9, g' =I /dp', etc.). 
In this formulation, the generating function // aera ds on the new as well as old 


variables. On the other hand, an infinitesimal canonical transformation is generated accord- 


ing to the relation 
dp/dy=—dw/dq, dg/dy=aw/dp, (3.60) 


with the generating function w that depends on #, g and the parameter 7. Integrating 
(3.60) we get a finite transformation : 


p=Slw)p, g=Slex]e, Le ere) 
where 

S[ ze] == P,, exp( (lee) dn), 
aw Of dw af 
ap ag aq Op 


and tee symbolizes an ordering of the operation [zw] with respect to 7. 
Now let us suppose that the variation principle 


i 


[= Lot+ pog= —H4t+p49q (3.62) 
is modified by adding to the Lagrangian / a total differential term dW /dt: 

31! = Lot+ pag ow. (3.63) 
In order not to affect the equations of motion and the dynamical degrees of freedom, we 


first assume J//(Z2) to depend only on g(t), Q(t) and ¢ (or better py q and “2'). Ed. 


(3.63) suggests that a canonical transformation 


ENE 


pogt0W=p'0q 
restores the original relation (3.62). The function IV’, however, is given explicitly only 
as a function of the older variables, so that Eq. (3.59) cannot be applied directly. To 
overcome this difficulty, we again make use of the parametric differential equation. Assum- 
ing W to be a function of ~ and g, the term d/V//dt can be treated as an interaction. 
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term which, however, does not change the dynamical nature of the system. Thus, putting 


IV=nw and writing for 1,1, we get the equation 
0H /an= —dw/dt=—|H, w|—dw/t. (3.64) 
When II” does not depend explicitly on z, Eq. (3.64) is just of the form of an infini- 


tesimal canonical transformation, the integral of which yields 
Paar (ine aes (3.65) 


where ZY, is the original Hamiltonian, This shows clearly that the old and new Hamilton- 
ians are related by a canonical transformation generated by JJ’. When IJ” depends explicitly 


on ¢, the solution of (3.64) is given by 


H= exp ([}y) Hy —exp (209) |” ay! exp(—[w]7’)dzw/de. (3.65) 


The second term on the right-hand side becomes 


_ 1>exp([w]y) Ow _ S, 1 WW n—-1 OW 
[zz] OL = wie J at 
It is evident that (3.65) and (3.65’) hold equally in classical and quantum theory. In 


particular, the latter equation corresponds term to term to the transformation 
HSS —= S255, 


which is induced in quantum theory on the Hamiltonian for a time-dependent transformation 
{y= Sp =exp(—iW/h)¢. . 


If we drop the restriction that JV be a function only of f and g, and assume its 


general dependence on the ‘‘ multipoles’ 9, 7,-.., the above arguments still hold provided 
that these derivatives are defined implicitly by the unknown Hamiltonian as lg, 7], (La, 
{| H),.... W then also involves H, but Eq. (3.64) remains unchanged. 

In this way it is concluded that addition to the Lagrangian of an arbitrary function 
aW/dt, W=W(q,9,9---), which does not depend on ¢ explicitly, corresponds to a 


canonical transformation on the Hamiltonian : 
0H/dn=[w, H) (g“w=W=W [A], g)). (3.66) 


Conversely, if any canonical transformation is generated by (3.66) with w given as a fun- 


tion of ~, g and y, then it can be shown that this corresponds to an additional term in 


the Lagrangian : 
a — r 
as ({ 20) a (3.67) 


where zy is integrated by expressing # in terms of g- g and y through the relation 
g=—|9,H]. On the other hand, the case in which [7 explicitly depends on 7 still 
represents a canonical transformation, in the sense that it modifies the equation of motion 


that expresses nothing but an evolution of a canonical transformation. 


On Lagrangian and Hamiltonian Formalism 161 


For instance,. put: Liv=Lo+L. By choosing II ‘=~ J|L,dt (where integration is 
performed by letting g(¢) obey the equation of motion due to Z,), the transformed 
Lagrangian becomes simply /, since dIl’/dt=—L,. This means a transition from the 
Heisenberg to’ the interaction representation. If we take instead ///=— (Zia, then we 
have made a transition to the Schrodinger representation. In the latter case, the canonical 
transformation between the old variables A(%,), (4) and the new variables A(Z), g(¢) is 
given through the action integral IJ’: 

P(m)=9W/d9(4), P(t)=—daW/dg(A), 


where IJ’ is expressed in terms of g(¢,) and g(¢) in a suitable: manner. 

In these investigations, it was primarily assumed that the original Lagrangian was of 
first order in the derivatives. But it will be obvious that no difficulties arise in extending 
the results to Lagrangians with higher order derivatives as long as they admit the Hamil- 
tonian formalism. ; 

Now we turn our attention exclusively to quantum theory, and attack the problem 
from the viewpoint of the P*—Z formalism. In interaction representation, the trans- 


formation function 
t 
O (tt) =Prexp (i/t | Lat) (3.68) 
ty . 
is modified, by an additional term Z/1’/dt attached to L, into 


U! = Prexpli/t| (L+ IW) dt 
= P* (expli/it| Lae), expli( IV) — (4) )/A) 


= P*(U, V)=VU, (3.69) 
V = Ptexp[i(W()—W(H))/4], VO=P*(O, VU". 


Thus the wave function ~’ corresponding to the transformation function U’ is connected 


with the original wave function ¢ by 


()=VH(th) $2), V(t) =1. (3.70) 
Since ]V is arbitrary, we may also write VW= J so) that 
t 
V=Prexp(é/a| nat). (3.71) 
t 


0 
Now it can be shown that |” is a unitary operator provided that the original Lagrangian 
L. is of local nature. Let [7 be decomposed into its constituents g(¢), and consider a 


representative term in the expansion of P (Gig a 


P* (exp (é/h [zae), AcE CAE aed FL 


Of course such quantities as 7, 9, etc. in V are to be replaced here by finite differences. 


By the assumption of local nature of 7, this expression can be factorized into 
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P¥(Gp («/t{’ Lat), g(t’) «P*exp (i/a|" rat), IE), US PSPS) 


=U (tA) 00") 


introducing 
j(¢)=P* exp (— 1/4 Ld) P* (exp (i/t Ldt), g(t’) 
% % 


=U (tt) P* (UO (), 9(2))) =U (at) (0H). 
Thus 


V=U (tf) -P*exp (é/t \ fabs 


ve Prexp(i/2 Z,dt) =Pexp(—i/i{ dt), (3.72) 


which shows that 7 is of the form of a transformation function. 

When Z is of non-local nature, the factorization of V fails so that the above argu- 
ment cannot be applied directly. But if such a non-local Lagrangian is described by means 
of an infinite set of canonical variables, and [7 can be given in terms of them as a Hermitic 
operator, the problem goes back to the local case. 

The transformed Hamiltonian arising from L’=/+dII’/dt can be obtained again 
along the ready made procedure. One may either evaluate the correction terms 4(Z,/Z,') 


=Se5 ¢ (LL, Ly) =S,',..., and put 


ass es, (3.73) 


or one may use the relation 
Off" /dn= —dw/dt=—dw/dt—i/i[H'’,w)], (W=yw) (372) 


which is obtained by differentiating 
jm Prexp (é/it{ Lat). 


At this place we must investigate more closely the case where IJ” involves higher 
derivatives than are contained in the original Lagrangian. Strictly speaking, such a Jj” 
does not modify the nature of the Euler equation of motion, but imposes additional re- 
striction on the boundary condition in order that the effective degree of freedom be reduced 
to the one corresponding to this equation of motion. With this understood, Eq. (3.73” ) 
uniquely determines the canonical transformation for a given J/’, since the derivatives . 
that may appear in zw are expressed by means of the Hamiltonian AY’. 

On the other hand, there arise ambiguities if one will use Eq. (3.73) to- obtain A’. 
This is due to the fact that in calculating S, in accordance with the formulas (3.7) and 
(3.26), derivatives of the d-function 0(¢—7’) lead to different results according as whether 
one integrates with respect to ¢ or ¢’. This is indeed the very reason why the. interaction 
representation fails in general if the interaction Lagrangian is of higher order than the free 


part. In the present case, however, such ambiguities again amount to a total. differential 
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because of the special form dH, /adt, so that it only means that the canonical transforma- 
tion is not uniquely determined by giving d W/dt if IW comprises higher derivatives. 
Eq. (3.73) corresponds to a particular specification on this point. 

Example 1. Let us illustrate the results of this section with a few examples which 
are often called equivalence theorems in field theory. 


First let us take two harmonic oscillators coupled by the interaction 


L=79192 (3.74) 
An “ equivalent’ Lagrangian is at once obtained by adding to this a total derivative : 
L!=L—ad (99192) [At= — 79192 (3.74') 
The corresponding Hamiltonians, obtained by our method, read 
> 1 9 9 

fi wet eaten (3.75) 
H'= +t SF oe, (3.75') 

= 29 1 ' 2 2,2 
n= ‘ (pr+4 9") + seri (22-791)? +2" Ge b> (3.76) 

9 a) il 9 9 
FT = a (Ai +792)° +4 Gr $+ 5 eet Vo'Qo )- (3.76') 


These two expressions are obviously connected by the canonical transformation 
7 PY =Pi1- 99» P2 =P2—- 49 
N= I 92 = 
which is generated in accordance with 


H’ =exp([w]y) 7 


or =exp (—ing;9o/h) H exp (i79192/%)- 
Example 2. Next take (see Eq. (2.44)) 
L=19192- (3.77) 


The pede Hamiltonian (2.45) can easily be obtained by successive “‘ hamiltonianiza- 


tion” (see Appendix C) of / with respect to g, and gy: 


H=— : 5 (77°91 -—9N92+ Woe); 


sir (3.78) 
2 a ee 
i : ; (D2 +22 — 10: Py) +5 Vind re: J2- 
Po Weer 
An equivalent Lagrangian is supplied by 
L' = ~79 192 (3.79) 
It is expected that-the Hamiltonian ‘/’ becomes H’=—L'+---= —7; 9:9et**: Indeed 


the transformation 
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G1 = 91 +92 Po =ho— 7D» 


pi =p» 2 = 92 
brings HT into 


it. doen GE AL aes ipsaslbdls 0s 
tele P tl aad) zs ae! gear. (41-79) ES YyG2» 


9*9 9 9 il 9 9 2 
H =i! (19) — "99192 + S19 G2 (3.78’) 
In calculating H7’ by Eq. (3.73), we meet with an ambiguity in Des 
* ve , 9 9 1 
A G1925 91'92) = 99! DDoS e(t—“ Lan 41), 
which yields different results according to whether we integrate simply by ¢: 
So= 7" (9292191 n)+92 19» a)) = 7 (Uo + Ye) ge 
oo 1 9 9 9 e 
H!=—¥79,92+ ie as (3.80) 
or proceed as 
A919 91'93') =4(D (igs) — 190 21'92 ) 
~O(t—2') Igy 9192 |—4(919% M192)» 
which leads correctly to Eq. (3.78’) up to 7. But the difference between (3.78’) and 
(3.80) up to 7: 
4H=7 (py —vs gz) /2 
can again be driven away to higher oder terms by a canonical transformation on (3.78) : 
Je pO ey) ze ents 
ps ae i q2 (1-7) 9 (2.81) 
Fig! =p Pp + (1 — 93/ V1 — 9 ee ge). 
2 2 2 Zz 
Example 3. 
Lin =ihg*p—mp*og + np og 4 +(¢—" 9") /2, (3.82) 
(o,, ¢,=Pauli spin matrices). 
In this case of coupling between a Bose and a Fermi oscillator, we readily find 
L=ipto$), H=—htodi+4— 9 (Sop) (3.83) 
An equivalent Lagrangian is given by 
a : 
Lg Hg oe (3.84) 
Then 


S,=4(L/L) = G/B iff len 4.]1= G/B 7 Ale», 4/8) [omen oc 
= 477 ¢'mo,/h. 
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From this we anticipate the final result to be 
H= Ao,+ Bo, + Co,+ D, (3.85) 


so that 


L! = —796,= —79(6,—i/h [22 J) 
= — 791 8,—i/h(2io.B—2i0,C) | 
=279/h{ (m+ C)a,—Be,}. 
We substitute this in the parametric differential equation for -H7’ and obtain for the 


coefficients 
dA/dn=adD/dy=0, 
aB/dn=(—29/h)(m+C), aC /dy= (2q/h)B, 
the solution of which, under the initial condition H=0 for 7=0, becomes 
B=—m sin 29n/ht, C=—m(1—cos 2¢7/h), A=D=0, 
H'=—m'sin(297/h) a, + (1—cos(29n/h))o,}. (3.86) 
On the other hand, (3.86) is derived from (3.83) by the canonical transformation 
f= S$, S=exp(igna,/h), 
Hiss S-( | (p—49,)? 44°} + ma, )S 


2 ipo 
=H,+mo,(S°—-1)=H,+H". 


Appendix 
A) On the W.K.B. approximation 
Let the transformation function (/(¢s,) be expressed by 


Ut) =Prexp /t | Lay 4 Tete (A1) 

which is essentially the same relation as Eq. (3.37’). Putting then 1/4 ==, we get 
iaU /ay=—P*( { Lat, U)=—P*(1,0) 

=—[°U=—UT. | (A2) 


This suggests that 
(nH )/On= —L 


which, however, is readily verified by the observation 


(0/90) (uit (59/09. 9) =H — Hos 9/89=H—Hyp=—L- 
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Now we assume that the action integral / has been expressed in terms of g(¢) and 


9(%) as an ordered function by solving explicitly the equations of motion : 
1°= SY faGO)Sn(G%))> (A3) 
so that : 
1°U=D fig@)U (th) $a(9%))- 
The matrix element (9/|U|g!’) =U(q', ¢’’) then satisfies the equation 
10U (q', 9") /8n=— Vlg Sn I IO I=L) OG 7), (A4) 


which is at once integrated to give 
n 
U(q', 9"; 7) =expl | Tg, a" 3 y)ag\ Uo. (AS) 
"a 


Formally, the equations of motion in quantum mechanics do not differ from the corres- 
ponding one in classical theory, and so is also the action integral /, provided that the 
ordering of operators is taken out of account. A difference arises only when T is rearranged 
into an ordered function, thereby producing a power series in % which originates from the 


commutation relations : 
Tna= 3 AL. (A6) 
Thus a . 
C= ones [ Tad?) Oy 
0 


=exp[z/,/4—71, log 4+ 7,/—D} 2""'T,/ (u—1)]. (A7) 
The first term in the exponent represents the classical approximation : 
Cex Cie) a. 
I,’ corresponds to the initial condition. Though it is independent of %, it does depend 


on ¢ and g, and has to be determined from other conditions (the normalization factor). 
As an example we take* 


LS mg ye. (A8) 
The equation of motion g=0 leads to 


f=7G (= 9G,))7/(@—4) 
=} GO?+5HG)-FOIH) —H(4)FO)/ (C4) 
=) GO?+9G)"- 259) —[o(@), @OD/a) 


== G0 SOG. nat 


* A similar observation is made by Schwinger.!5) 
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so that 


U= (A/wh)expl (t/2%) (9! (t) = 9" (m))7/ (tt) Woe (A9) 


U, is determined from the unitarity condition as 


which reduces (7 to 0(g’—q") in the limit -—/ > 0. 


B) Hamilton-Jacobi formalism of the parametric differential equation 
The equation (3.20) 
0H /dn=—L(qg—i/hl 9, 1]; 9) (A10) 
can be rewritten as : 
0H /d7n+ L(g+0H/dp, 9)=0, (A11) 
since —2/A[9, H |=0H/0p. Here g is a function of ~ and g.* If we invoke A, and 
put 
Q+0H/0p=9L1,.x/ OP, 


we get the result, again writing /7 instead of Hi, : 


0H/d7n+ L(dH/dp, 7) =0. (A12) 
This can be compared with the usual Hamilton-Jacobi equation 
aS/at+ H(dS/dq, 7) =9. (A13) 


The a eenecace is such that 7>2, Pg, HS and LZ. In (A12), only 
the “momentum” 9H//0/ enters into the “ Hamiltonian”, while the variable g merely 
plays the role of a parameter, as contrasted to the case (A13) where both of the canonical 
variables # and g in general appear in 7. Thus, neglecting g in (A12), and writing 
qG=~?, p =0H/ap=90H/0q, 
aa 3/7, 
we obtain the Hamilton equations of motion associated with (A12) : 
dy /dg= —38/dq, dq/an=d8/dp. (A14) 
’ Because of the mentioned nature of , this can be solved at once: 
p=const.=p,, q=(9D/9p)o(7—%) + dos 
so that 
po=F((q—G0)/(a—%0))- 
Substituting this in , we get 
dS =—H[(q—q)/(y—q) Jen t+ paq, (A15) 
which fixes © up to an additive constant. //,, is obtained simply by transcribing 


I—% > p 7-m > in S. 
‘The analogy between (A12) and (A13) can further be pushed forward. Thus we 
observe that the “‘ Lagrangian ” 2 corresponding to the “ Hamiltonian” § is furnished by 
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L=paH/ap—H. (A16) 
This Lagrangian in turn serves, for example, to exhibit the dependence of GS or AH on 
the “‘ parameter” g, which we shall denote by €. In view of the Dect (2.9), we have 
in this case 
06 /a§+ KR(AS/dq)=0, KR=—J OL /O¢ dy. (A17) 
Finally, we may “quantize” the Eq. (A12), and go over to the Schrodinger 
equation by means of the assumption 
[p, qlJ=4/z, 
which results in 


kop /dn=HY, p=exp(—7Hn/k) fp = UP. (A18) 


If 7 is taken to be dimensionless, the “ Planck constant’? £ has dimensions of energy. 


The “transformation function ”’ 1 is expressed as 


(q/| UW] qo”) =exp [2 SC’, qu’) /Z), (A19) 
where © should agree with the “classical” action © in the limit of small %. The 


implication of this rather academic generalization will be illustrated elsewhere in connection 


with the expansion of S-matrix in ordered operators. 


C) Application to non-canonical systems 

We will show that the Lagrangian formalism hitherto discussed, though equivalent to 
the usual Hamiltonian formalism when and where the latter exists, in fact encompasses a 
wider range of applicability, and better suited for the purpose of liberating ourselves from 


the existing quantum mechanics that is based on the usual Hamiltonian formalism. 


Example 1. Take 
Lr = th yp —mb*$ +n (grg)* (A20) 


The last term represents a non-linear self-action. Though this Z does not necessarily seem 
to contradict the requirements of Fermi statistics, the equation of motion is essentially of 
the second order nature, and the canonical formulation cannot be given directly. However, 


starting from the interaction representation, we can obtain the “ Hamiltonian ” as follows. 
First we observe that 


Si =L= 7( $*$) - 

Ss=4(L,Ly) = 87°(Y*p) *, ete. 
Thus we anticipate the final result to be 

H=F($*$,7), 


which we substitute in the parametric differential equation. First we get 


* This is somewhat analogous to the Konopinski-Uhlenbeck type interaction in f-decay, which was 
considered by Kanesawa and Koba") along a similar line as ours. 
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p* — [yams i ax h tt Oh) hy* 
ge ns 
IN Fas) So ti) tiers 


where 
F(¢*$) =F (—img*$/h) = F(m) 


has been understood, since ¢ can be replaced by —zsqh/h after the operation P*. Hence 


AF /dan= — (1+9F/dm)!($*$)2= (m/h)?(1+3F/am)4, (A21) 
which can be further converted into 
dG/AC= (0G/Ax)*/4,° (A22) 
with g/@=C, m+F=G, m=#/2. 


This “ Hamilton-Jacobi’ equation is equivalent to the one which holds for the Hamiltonian 
of a hypothetical dynamical system with 


L=F/2—64'/4 (A23) 
so that HY (or G) can at once be obtained by the usual procedure : 
p=dLl/ag=q-—Ce (~*), 
H=pq—L=7/2—364'/4 (~G). (A24) 


His thus three-valued as a function of f, being given by the roots w,, Ws, w, of the 
equation 

16C°w* + 8Cw° + w(1— 366m) +276m'—m=0. (A25) 
As will directly be read off from Eq. (A24), all the roots are real if O< mC< 2/27, 


otherwise only one is real. In the limit ¢ +0, they become 

O:=M, Wy W5=O(1/C). 
The eigenvalues of the Hamiltonian corresponding to (A20) are then given by 0, @,, Ws, 
and ws, but they are not a simple superposition of two independent frequencies, because 


evidently no such relations as w,=@,+ hold. 


Example 2. 
Lea itp —mp*p+ (g—v@) /2-+ ikngg*d. (A26) 


This Lagrangian again does not admit the ordinary canonical formulation for a system 
composed of a Bose and a Fermi oscillator. By our method, we divide the process of going 
over to Hf in two steps. Since ¢ and g are independent and commutable in interaction 
representation, the operator P* breaks up into the product P*,P*,, so that the “ hamil- 
tonianization ”, implying the reduction of P* to P, can also be carried out separately and 
successively for each factor. If we first “ hamiltonianize ”’ with respect to ¢, the result 


becomes, taking account of (3.57), 
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Hy = —iheggy*d/ (1 +99) = — mj gh*b/ (1 +09)- (A27) 
Next, 36 » will further be “ hamiltonianized* with respect to 9. For this purpose, we take 
the easier way of ordinary Hamiltonian theory rather than our present method. Thus 


L,= (¢—¥ 9") /2 + mggd*$/ (1 +79); 
p=qt myh*$/(1+749)° 
H=(F+¥ 9°) /2—(G9/1+749)'mP*$. (A28) 
This gives H7 indirectly as a function of # and g. 
Alternatively, we may reverse the steps. Thus we first obtain the Hamiltonian in 7: 


H,= —hygh*b+ (ihn)? (P*)*/2 
= (shy p*$— 9)°/2—F/2, (A29) 


which shall next be converted into the complete Hamiltonian by working with the operator 
Eee? Naturally the two alternative methods should lead to the same final result. 
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The detailed Properties of the Dyson transformation function, which represents the time development 
of an initial free.state at infinite past due to} an‘interaction, adiabatically switched in and off according 
to a factor exp(—e|7|/%), (€>>0), were examined in special connection with bound states. The tansforma- 
tion function is unitary and the power expansion in the interaction Hamiltonian is finite and regular 
in the limit e—0, except those matrix elements with respect to the lowest energy free state of the 
system in question. An initial free state except the lowest energy one is transformed at.a finite time 7 
into the corresponding unbound eigenstate of the total Hamiltonian with the same energy. Transitions 
to bound states are due to those initial states whose energy falls in the interval of the order ¢ from 
that of the lowest energy state. 


$1. Introduction and summary 


By the elaborate work of Dyson, based upon the covariant formalism of the field 
theory due to Tomonaga, Schwinger and Feynmann, the mathematical method of dealing 
with non-stationary problems perturbation theoretically seems to have been completely 
established. On the other hand, there remains unsolved the problem to establish a for- 
mulation of the method of treating bound stationary states, which cannot be treated with 
perturbation theory, upon the correct field theoretical grounds. In this connection, it may 
be of considerable value to examine the properties of the transformation function, which 
played an important role in Dyson formalism and yet has been treated rather superficially 
so far, in connection with bound states. Some works’ have been made on this line. 
However, definite conclusions seem to have not yet been drawn. In this paper we shall 
be chiefly concerned, with the formal mathematical character of the transformation function. 

We begin with the derivation of the equations for unbound and bound stationary 
state wave functions without use of perturbation theory and define from them the so called 
Heisenberg-Mller’s S matrix,” say Sj, representing the asymptotic behaviour of the 
unbound stationary states. The non-stationary solution of the system starting from a given 
initial free state @, at a time ¢=4, can be expressed by means of the usual unitary 
transformation function U(¢, %), given in power series in the interaction Hamiltonian. 
In the limit 4>—©o, the time integrations appearing in U(¢, 4) @, can be performed 
formally unless @, is the lowest energy free state of the system in question,* and 


lim U(¢, 4) @, coincides with the corresponding unbound stationary state YP ,. with the 
to>—- 0 


* We don’t refer to the vacuum state by the words “the lowest energy state”, but to the state at rest of 


the particles under consideration, in the case of no interaction. 
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same energy as ®,. In other words, a free state @, under the influence of the suddenly 

switched-in interaction, coincides with the unbound stationary state after an infinite time 
. . > 

elapse. It can also be shown that lim OU(¢, ¢) equals to the Heisenberg-Mller’s S 


t>o,to>—-@2 


matrix Sj. However these conclusions may not be claimed to be definite, since they 
stand on the tacit assumption of the convergence of the power expansion of the transfor- 
mation function. 

This mathematical difficulties can be overcome by taking an adiabatic case, where the 
interaction is switched in and off according to a time factor exp (—e|t|/%), (e>0), 
with e€ tending to zero. The corresponding transformation function, say U(¢, —© ; ct 
expressed by the power series in the interaction Hamiltonian, can be readily integrated 
exactly, and is absolutely convergent for any finite value of «. The unitary nature of it 
is verified independently of the value of ¢, and hence it holds in the limit e—0. In this 
limit, the adsolute value series of U(t, —©; e) are divergent for those states @, whose 
energy is lower than a certain value. Nevertheless, it can be shown, from the unitary 
property of U(t, —~; €), that lim U/(z, —co; €)@, is convergent, except for the 
lowest energy state @,, and it bec with the corresponding unbound stationary state 
Y,. For the lowest energy state ,, lim U(z, —© ; e) @, diverges, and since the trans- 

e>0 


formation function is unitary, transition to bound states must occur from those states whose 
energy lies in the interval E,<e. (Here and after we assume the lowest eigenvalue of 
the free Hamiltonian, ie., the sum of the rest masses of the system of particles under 
consideration, to be zero). 


These circumstances are confirmed also by calculating the projection of the state 
U(t, —co;¢)P, on a bound state Py, ie, (P2|U(4 —%; ¢)|@,), which vanishes with 
vanishing ¢ for a state with £,2<0, and diverges for @, with U(t, — oo; e)@, itself. 

lim (co, —0o ;€), on the contrary, is convergent for any initial state @,, and is 


E>0 


essentially equal to Heisenberg-Mdller’s S matrix Sy. 


§ 2. Stationary and non-stationary solutions of Schrodinger equation 


Denoting the time independent free and interaction Hamiltonians as /7, and 7 _res- 
pectively, the Schrédinger equation of the total system is, in units Z=c=1, 


108" (2) /at=(H,+A)¥'(2), 
which is transformed by the unitary transformation Y!(¢)=e7'%'P (¢) into the wave 
equation in the interaction representation, 
20 (¢)/at = H(t) ¥ (2), (1) 
where //(?¢) is given by 
H(t) =e He. (2) 


Integrating this equation we obtain 


F=(/)| MEE a +H). G) 
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If the state Y(t) represents a stationary state of the total system with the energy £, it 
must be expressed as 
PF (yee ee (4) 
where Y is the time independent state vector. Introducing this expression into (3) and 
performing the integration, we obtain 
v Pee ie HULLS nry. 
= ease a6 =/—/f,. 5 
es H, ? 0 f ) 
Since 7 is arbitrary, we can take the limit Z-»co. For a JGound stationary state with 
E <0, E—Hy, never vanishes and this reduces simply to 


1 


y= HH, (6) 


) 


_and for an unbound stationary states with E>0 to 


P = —2710,(M,—Z£) AF + 159s, (7) 


where $},@, represents an assembly of free states on the energy shell 4, and is determined 
from the boundary conditions. In deriving the latter equation it is essential to use a 
formula 
| he 1 
lim a= FP: 
Tro L—F, L£— AH, 


—inéd(E—H,)=—2710,(H,—E), EXo0, (8) 


® which does not hold for E= 0, where the integral diverges. (See Appendix I). Taking 


i 


' for 31,9, a normalized free eigenvector @,, which satisfies an equation H,?,,=2£,2,, 


the corresponding P=, can be obtained from (7); 


5 1 
y,—|1-2 1 CET. |e. 9 
otal {tame EEL ar a a 0) 


Heisenberg-Mller’s S matrix S,, can be defined from (9) as 


i 


il 
=| 1—2770(H,— E,) |2.. 10 
Sue | PEE Tal SOLE yer ear TaN Ry oy 


Now we examine the non-stationary solution Y (#) of the wave equation (1), which 
satisfies an initial condition Y,(¢,)=@,. The transformation function defined by 


P.,(2) =a T(t, th) Q., 


. satisfies an integral equation 


UC, AY SPY (1 iy) H(t)U Wty t;)dty 


‘which can be formally expanded into the power series in //, 


fos} nt ty eee 
O (4, 4%) =1+ 5(=) \ fod (4)at,| H(t) dtp: ‘{ "HT (ty) ats (11) 
n=1\ 2 to to to 


We shall exclusively use this expansion, assuming the convergence of it. ¥%,(¢) can be 


readily calculated using (11). Namely, considering (2), 


174 H. Suura, Y. Mimura and T. Kimura 


Fil oy eC IE 
(Fe H(t)dtyDe= |" fhoF on ap FTO, 
to to 
‘ ae i(#-Hj(t-t)) 
anaes G id : yo, 
Veet fh 


ot (BH) t =o) 


+ BNCE ND) pa - a Gl —e ~My t-t nD) AO, 


E, Tk H, 


In the limit 4-—0o, or T=¢—Z,— 00, the second term vanishes, as is seen readily « 


applying the formula (8), i.e., 


( Lawes pes Jet Mom Fad ans (1 emt a BME En 30, 
STRODE 

Applying the same formula for the first term, we obtain 

Pars ; : a d 

\ ‘ ‘ET by) dy D ge? Hoa!’ n=1 (— 210, (Hy — Ez) ) HO, 


Integrating successively in the same manner, we obtain 


lim (Z, %) @,=([1—2700,(A,—-£,)H+ (—2710, (A,—£) AY + ---|@., (12) 


to>—c 
the time independent term just being equal to (9). Thus we obtain, 


lit, \OL@, 4) O22 he JO. (13) 


to>—o 
which shows that the initial free state @,, after an infinite time elapse following a sudde 
switching-in of the interaction, transforms into the corresponding unbound stationary sta 
with the energy £,,. 
The state at infinite future 


F(0o)= lim U(t,4)9, 


t+, to>—o@ 


can be calculated just in the same manner as a(t), performing the integrations in (11 
successively from right to left, the last integral being, 


t sat ey RATE ST ON Ne —eih,-#)t 
lim +f pitlo-Faty Siete (1—e*% °) (1—e7% ) 
t>0, tor>—-@ 7 to t>o, to>—@ L— Hi, 
= —2710,(H,—E,) —27i0_(H,—E,) = —2706 (7,—E£,). (14) 


It follows that 


(0) =U(c0, — )9,=[1— 27100, E1210 —E) +], (15) 
Comparing this with (10), we see that 

(0, —0)9,=S,9,, E20: (16) 
The above conclusions expressed in the equations (13) and (16) are based on the assum) 
tion of the convergence of (12) and (15), which is, however, not likely to hold for / 
lower than a certain value. (c.f. § 4.) In spite of these mathematical difficulties arisir 
from the use of the expansion (11), the conclusions (13) and (16) seem to be correc 


in view of the results of the following paragraphs. (The condition ‘£220 may be droppe 
in (16) but not in (13)). 
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§ 3. Transformation function for adiabatic case 


We replace the time-independent Hamiltonian YY by® 
y= ep oe 0: (17) 


The exponential time factor is chosen because of its special simplicity in case of integrations. 
At infinite past and infinite future, the system lies in a free state of the Hamiltonian A. 
m this case the transformation function from infinite past to a finite time or from a 
inite time to infinite future can be easily calculated. We shall define them by the power 
expansion in the interaction Hamiltonian H, i.e., 


U(¢4, —co,e)=14+3) +yj Hn) de" A, (A)dt |" ey (tn) Un (18) 
n=1 z —co —o 
ind 


ie ye +34) [7A t) de", eagres vee; eaeie (18’) 


Smploying a representation with //, diagonal U/(t, — oo ; €)|a)=U(z, — 00 ; €) @, can be 
seadily calculated from (2) and (18), performing the time integrations from right to left, 


Ot, —~;€ aye, “rot sient u f H: 
( \iay=e**o , 2 fit Ee Pea Ree A ComNE 
ae reed t<0. (19) 
L,— HH, +ie 


"Also we have, performing the time integrations in (18’) from left to right, 
(a|U (co, 0; €) 


: rea ee 1 1 
——pt(# Ht ‘i ee le I es Lf “ | t=0. 20 
e 0 (all = Bea: Pe Wess E cod Coie — (20) 


> 


Comparing (20) with (19), we find a relation 
U(co,0;e)=U*(0, —~w; e>— 8), (21) 


where e—>—e€ means that the substitution e—-—e¢ must be made after the time integration 


are performed. From this relation, we obtain 
Ole, — ow; 2) =U Ce, 05 2) (0, — co 52) 
=U*(0, —w, e>—e)U(0, —~ ; €). (22) 
It should be noted that the power expansions (19) and (20) are absolutely convergent 
For a finite ¢, apart from the intrinsic field theoretical divergences in each term. This can 
ne seen from the fact that the m-th term in (19) contains an additional factor e‘(Z, 
—H,+nie)“1H compared to the (z—1)-th one, which tends to zero as 7 increases 


-nfinitely, if only ¢ is kept finite. 
The unitarity of the operators (/(/, —00 ; ¢) and U(09, ¢; ¢) can be directly proved 


Iso. from (19) and (20) (See Appendix II). 
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U+(t, —o3€)U(t, —co; e) =U (4, —w;2)U*(4, —~; e)=1, (23) 
U* (00, 4; ©) (co, ¢3 €) SU (G0, fs 2) Uo 75 2) de (23’) 


It must be emphasized that the proof is based solely on the algebraic form of (19) andi 
(20), and independent of the value of e. The unitary relations (23) and (23’), there-- 
fore, hold even in the limit of e—>0. The unitarity of the operator U/(00, — oo; €) is: 
a direct result from (23) and (23’), if we consider the equation (22), 


U*(co, —c;€e)U(o, —w;e)=U (am, —w;€)U*(w, —w;e)=1.. (24) 


Thus the expansions of the transformation functions in powers of 7 have a well defined! 
mathematical meaning for a finite e, if divergences arising from intermediate integrations: 
are suitably subtracted by renormalization. 

We are interested, however, in the limiting form of the transformation function when 
e tends to zero, for which case the values of the series (19) and (20) might happen to: 
diverge. To find the limiting form of U/(t, —co ; €), we define an operator A(£,, €), 


A(Ey €)=1+33 : So A Males EY 2 25 
( ) n=l F—H,+nie £,—H, +i 4 
for which we have U(0, —o ; e)|2)=A(Z,, ¢)|a). (26) 


(We take ¢=0 hereafter for simplicity). It can easily be verified from (25) that A(E,, €), 
as a function of £,, satisfies a functional equation 


A(E,, €)=14+A(E, +ie, € Be NEIL) 27 
)=14 AE, it, 8) — (27) 


If A(#,,€) were finite and analytic even in the limit of e—>0 in the neighbourhood of 
the whole positive real axis in the upper complex £, plane, we could expand A(£,+7e, e) 
in the right hand side of (27) into A(Z,, €) +7edA(Z,, ©) /AE,, and would obtain readily 


lim A(t) in | 1 H) , 
lim A(E,, €) =lim Feats (28) 


or by (9), (26) and the relation” lim (Z,—A,+ i¢) "= — 2710, (H,—£,) 
E>0 


1 
1+2713,(H,—E,)H 


Hen 0 oe a) la) =F, (29) 

The same equation is obtained if we replace all the integral multiple of ze appearing 
in the denominators of the expansion (19) by ze, and assume the convergence of 
the resulting series. The result (29), expressing that a free state @, is. transformed 
into the corresponding unbound stationary state with the same energy, is apparently false 
if any bound state exists, since it contradicts with the unitary nature of the transformation 
function. The equations (28) and (29) were derived from (19) under the assumption 
that A(Z,, €) or U(0, —co;€) were finite and regular in the limit of e->0 for any 
value of Z,. We must conclude, therefore, that the assumption was false. We know at 


the same time that the appearance of the integral multiple of ze in the denominators of 
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(19) and (20) is essential for the transformation function to. be unitary. We. shall 
examine the analytic behaviour of the infinite series (19) more closely in the next paragraph. 


$4. Analytic behaviour of the transformation function 


For a further analysis it may be instructive to examine the simplest case of a non- 
relativistic particle moving in a one-dimensional 0-function type potential.” In this case, 
the interaction Hamiltonian is given by 


a) 
H=— (4/2)0(x), (30) 
where 7/2 represents the strength of the potential. In momentum representation, it is 
represented by a constant matrix element 


(A|1|9) = —4/z. (31) 
It is known by solving the Schrédinger equation that one bound state ¥,, exists, with the 
energy 


E,=—7;; (32) 
and the wave function 
(AIF 2) =N/ (pty), N°=27'/z. (33) 
(We assign the mass of the particle 1/2 for simplicity). The intermediate integrations 
in (19) are separated in this case and the following type of integrations appear. 
= —7 [TF 7, 1 ; . 
ee ee ae 


The evaluation of this integral was made by employing a contour integral along a large 
semi-circle in the complex # plane and taking the residue. We obtain ; 


i ee nhc : [7 a be OER Mem NATE 
( Re) ie Neb 2g satya VE, +(u—1)ie V Ey +i€ i) 


For a finite e, this is absolutely convergent for any value of &,. For £,>7°=|£,|, the 
series are absolutely convergent even in the limit e—0. However, the absolute value series 
of (35) apparently diverge in the limit of e—0, for E, smaller than the absolute value 
of the ground state energy, 1.e., for E,<77. For the point E,=0 (35) behaves more 
singularly, each term diverging for a vanishing €. The points H,=—ze, —2ze, --- are | 
poles as well as branch-points of U/(0, —©co. e)|a2). In the limit e>0, F, = 0 isa 
limiting point of these infinite number of singular points. Therefore, 4,=0 is a true 
singular point. 

These circumstances may be of quite general nature, not restricted to the special case 
considered, since in evaluating the intermediate integrations in (18), such factors as (4, 
+ mie)~1 always appear as residues, if we employ the method of contour integrals. Thus 
we can infer, generally, that the expansion (19) is absolutely convergent for /, larger 
than a certain value (maybe the absolute value of the ground state energy),* but not so 


* This can also be inferred from the well-known form of the diagorial matrix element of Sz, ie., ut (p 


+2|an])/( me ?\@n|), where 7 means momentum and —|a,,|2 the 7-th bound state energy. 
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for /, smaller than it, and that the point H,=0 is a true singular point of the trans- 
formation function. ; 

However, we shall show in the following, that the transformation function, as a func- 
tion of the hical state energy £,, cannot have a diverging value in the limit of e—0 
over a finite region of the variable /, on account of the unitary property of it. The 
only singular point that the transformation function diverges must necessarily be the true 
singular point “,=0. Therefore, the derivation of the equation (29) from (27) is 
justified except for H,=0. We obtain 


lim 7(0, —co;¢)|a)=¥V, for £30. (36) 
E>0 


To show the convergence of the transformation function, we remark the second equation 


of the unitary relations (23), which can be expressed as 


(a8) = | (alU |e>(1O leat (37) 


where U7 means U(0, —co;¢). |de runs over all the free states @,. We take an 


arbitrary function f(a), multiply the above equation by /(a@)/(4), and integrate over an 
arbitrary small region J, with respect to a@ and 6 We obtain 


9 


J Ifa) Pda= [del fa) alU eda 


The left hand side is finite, and hence j f(@)(a@|U | c)da cannot have an infinite value 
A 


over a finite range of the initial states @,. Since J(@) is an arbitrary function and J is 
an arbitrary small region and since the unitary relations of (/ hold also in the limit of 
€—>0, we obtain the required result. 


We can further show that the divergence of (7| @) must occur at Fj,=0 if any 
bound state exists. We divide the integration in the right hand side of (37) into two 


lA 
parts, one over a small region J containing the point H,=0, and the rest f. 


(a8) =| (al0e) (BIT Tehede+ {Cal Je) (elo) de (38) 


We take the limit e—0, afterwards tending J to 0. Since A,%& 
(|e) approaches the unbound Stationary state BM, by (36). Since W,’s do not form a 


complete set,* the second integral does not tend to (a|6) with vanishing J. Therefore, 
taking @,—@,, we obtain 


0 in the second integral, 


lim | lim | (@| U7 |c) |°de=<0, 
A>0 JA E>0 
which indicates that (a| U| 0) must be divergent, |0) representing the state @, with the 
lowest energy. Therefore, (7|c) does not converge uniformly to ¥, near H,=0. 

It is interesting in this respect to calculate the projection (x(a) of the state 
U(0, —co ;e) |@) on a bound state Y,, 
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pn (a) = (¥ s|O(0, — 0 5,€) a. (39) 
From the unitarity of (0, —oo ; €), it is easily proved that 

(cl¥ > =| (c|U7(0, — co ; e) |a)p,*(a) da, (40) 
a ¥ ,—U(0, —~ ;e) pea* (a) Oa. (41) 


Px*(a), therefore, may be said as a density function of a linear assembly of free states 
which is transformed into the bound state ¥,,. Since Y), satisfies an equation (6) with 
E=E, <0, we obtain 


7 1 
iy laisse Aa), (42) 


Substituting for U/ the expansion (19), we get 


(P | |a) =(¥ »|#—>—_|2) 


E,—H, 
<= 1 il 1 il 
+>(F 2|77 ve —|a). 
Pais a E,—H, Esa—Ay+nie FE,—H, + (u—1)te Eo +k | ‘ 
This reduces, on applying a relation 
1 1 =I 1 id 1 1 
E,—H, E.—H,+nie \Ex—H, Fa—Hy+ nie’ E.— En + nie ; 
t llr eed ahs | een Wty pe : 
) =— ; 
we ? esta m=, —E,t+ue Ey—H,+ nie 
H : yo ees H}\a) + 
E,—H,+(u—1)ie fi,—H, +1 
‘oe 1 1 1 Ia). 


: H. eee = 5 
+ Wala 2 E,—E,tnie F,—Hy,+(n—1)ie E,—fy+ie 


Again writing (¥ | Hag wip ME, | in the second term, and adding the two terms, 


0 
we obtain 


* In the example (30), we obtain for VY, in matrix representation by momentum eigenvalue, 


(P| Vl g>=< plo + (ala) 2n10+ (9-9) A—eni lel), 
from which we obtain 
pl Pt¥lQ=<¢A19? 
(A EU * 1g= pl g>— (207/2°) at In) (2+y) (+77). 
Therefore, : 
in ‘attractive potential, 7>0; ¢/] VE +(e L19, 
in repulsive potential, 2X0; <pI¥¥ tD=C219)- 
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2 1 1 
Pn(a) ss (P,|U|a) =—71eé (Fale he Hl Bose: 
205 15 
EL, — HH, + ute 


Since £, <0, £,—E£,, never vanishes, which enables in the limit e—>0, to drop (w~+1)ze 
and wie from the factors (E,—E,+(u+1)ie) and (E,—F,+nie)~', respectively. 
Finally we obtain 
fin COSI nt mei BY 2A 67s pm (43) 

li = lim ¢ aE Ny oe A a= 

a p2(@) ae ‘ 4 |) E>0 (Bek ¥ ad: oo for fF) ==0, 
The infinity at +,=0 arises because /,=0 is the true singular point of (7. This indicates 
that in the integral in (40) or (41) only those states @, with the energies up to the 
order of e€, ie., A,<e, make non-vanishing contributions to the integral. Therefore, for 


an arbitrary small e, 


V,~U(0, —c~ ; «€) [pn (a) Oda. (44) 


Eo<s 
a> 


We reach, in this way, a conclusion that, in the limit ¢—>0, the initial free states 
except the lowest energy one @,, are transformed into the corresponding eigenstates J, of 
the whole Hamiltonian belonging to the continuous spectrum, and that transitions to the 
bound states occur from those states with the energy E, <e. 

A remark may be added here. In general, it may not be allowed to put, from (41) 
and (43), 

P n= lim U(0, —c ; €)D,|n,,*(a)da, (45) 
&> 
since not only ¢,*(@) but also (0, —oo ; €) '@) are singular at 4,0 and the infinity 
of »,(@) is not of the d-function type. If we tacitly assume that the equation (45) 
were correct, and put further 


[ex® (a)da=1/p4(0)=1/(¥ ,|U'|0), 


which would be derived by an analogous assumption from the normalization condition of 


Peale: 


|e2*(@)p2(a)da= 1; 
then we would get 


— lim _U(O, ee 3.€)|0) 
eno (P| U (One ocen: e) |0) 


Though this equation might be correct in cases where only one bound state exists, and no 
zero enetgy state BW, is possible, it would in general, be incorrect, since it immediately 
leads to a contradiction when more than two bound states exist. Since we are dealing 
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with a representation by the continuous eigenvalue of 7, we may have to take the limit 
e—0 always after integration. This is the reason why we keep ¢ finite in the problem of 
the transformation from the free to bound states. 


We turn to the problem of the transformation function from infinite past to infinite 
future, which is given by (22) 


O(c, —c;e)=U(c, 0; e)U(0, 005 €) 
=a (8, — co ; e-+—e) (0, — 00 ; e€). 


If the adiabatic theorem were to hold lim (/(co, —0o ; €) must be equal to unity, which 


e+0 


is however, not the case. This stems from the fact that lim U*(0, —co ;e5—s)& 
&>0 


lim 7*(0, — co;¢). The state lisp (0, — ~ ; €)|a) represents an outgoing wave, 
E>0 


while lim 7(0, —0o ; e—> —e) |a) en an incoming wave. If we put 
E>0 


U (0, —c;e)=U(0, —wze>—s) +10 (0, —c;«)—U(0, — 0 36> — 6) h 
then, from (22), 
U (co, —c ;¢)=14+U/*(0, —~w; e>—e){U(0, —~; €)—U(0, —co ; e——e) }. 


Therefore, the difference between outgoing and incoming waves remains after the interaction 
is switched off and the state does not return to the initial one. 


For the states @, and @, with energies /,, £,*<0, we can write from (36) 


. 1 -1 

: 7 ia. = |i — -——— TE, ? £0, 

ae (0, co ; €)|a) ae G as ee ) im 

1 his ood) 
ae Se : 

lim ( 4|7 (2, 0;¢)= lim (4|( pee) b 

Therefore, 1 
1 6 u 7 

. < asic i dere ee a’, 
LGD Ta ae ed) iaghas (2\(2 aoe wey ( E,—H,+ie ) oi 


which reduces after some calculation to 


lim (4| (co, —oo ; €)|a}= (4|a) 
E>0 
1 1 ‘dete 1 ad 
- OG Vers en 7) 
ee aa) | ( fL,—H,+1t¢ ) 
sales Bay lohan 


, 1 Le 
Considering (7+2e)"=P(1/x) +iz0(4), a singularity arises from Sey a rar 


at E,.—F,, which is, however, cancelled by the corresponding one in the second term. 
a 


seer Fi, +7e hyp as ~EOIA-# Jey dl 


Hence only the 0-function terms remain, and we obtain 
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re 1 pal 
lim (4|U7(c0, — co ; €) |a) = (4a) +2718 (E,— &) (H(A ae) H) |a) 
= (ba) +27i0( E,—E,)(A|H me 20 (47) 


1+ 2720,(H,—£,)H 


Comparing this expression with the Heisenberg’s S, matrix (10), which was derived from 


the unbound stationary state wave function, we know both are the same ; 
lim (4|U7 (co, —c; €)|a)=(6|Sz\a), E,, £,40. (48) 
&>0 


At points £,=0 or £,=0, the transformation function (4|U(0co, —co; €)|a) cannot 
behave singularly, contrary to the case of (/(0, —c;e)|a) or (4|U (co, 0; ¢), because 
U(co, —00;€) coincides with the itary matrix S except these isolated points. This 
can be seen by remarking again the equation (38), replacing (7 by U(co, —o; e). 
The second term become by virtue of (48), 


/ 
lim f (al Solc\ fale ibid. Vala). 
E>0 
since S;, is unitary. Hence taking @,=9,, we obtain 


0=lim ( tim |{a|U/(c0, — co; e) |e) |2de, 
A>0 JA E>0 
which shows that (co, — oo; €)|0) cannot behave singularly. Also we can show from 
the relation 


U* (co, —o; e)U(o, —w; e)=1, 


that (0|(7(co, —co; e) cannot be singular. Thus we can say lim U(c, —w; €) is 
E>0 
essentially equal to S,,. 


In conclusion, the authors wish to express their coordial thanks to Prof. Yoshitaka 
Mimura and Prof. Kiyoshi Sakuma for their valuable discussions. 


Appendix I 


To prove the formula (8), we evaluate an integral 


_ ~®1—et\#-#,)9r (2 die cosa 74 
lim | (2 eee om | 
0 


5 5 r+£)dx— 
T>o Nay Poe he FE Fat ) ‘ 


7 Jim | ee Cd) 
T>0 E 
where f(x) is an arbitrary function that vanishes emaeee fast at x=co, The second term is the so-called 
Dirichlet’s integral and is equal to inf(Z) if Z> 70. To evaluate the first integral, we divide the integral 
region into three parts 
2 A= cos 47 = 
igen: 


fla Bytes if aga {+ be. (I. 2) 


4 being an arbitrary small number. in the second and last integral, we see that 


pes ek ak 0 gins (EEE oo, 


EB axe 


(3) 
i 8 a+ Ede a 7 | zt ref | sin a7 nC « |>o 
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in the limit Z7->co. In the first integral of (I.-2), we-remark.that the integrand (1=cos aT )a-If(a+Z) is 
continuous at +=0. Since (1—cos x7’) x~1 is an odd function, the even part of /(x+Z) makes not contri- 
bution to the integral. Denoting the odd part of f(x+Z) as 

g(x)={fle+Z) (2+ 2)¥/2, 
it can be expanded into power series of x in the interval —d4<r<4, g(x) =x9/(0) +: 
Therefore, 


4 1—cos «7 Aram. 2 
\ i Bdawia{ 1—cos «7 
= 0 


of 


g(x) dx 


A 
=2{ (1—cos x7") {9/(0) + («/2)9/7(0) +---}dx=O(4)0. 
Summing up, 
ian tee FEET fart B) da atime (74 (AEE dae" 
1 A>0\J-z- Ja x 


Pea 
Be 


[oe] l—et\F-E,)T ae 1 
Sa aH BUR, ot \ P—f(x+ L)dx—inf(L) 
-# 


Troalv—KE E—E), 


oo al 3 é 
=\ Ppp RE -En)} AE r)dBs, 
which is the content of the formula (8). 
For “=0, the second integral in (I. 2) drops, and the first integral becomes ii instead of (ra. 


Therefore the even part of  +£) contributes to the integral, 

PY (eS as Aves AT 1— 

\. 1—cos x flrt B)de~ (Eyl aro 1—cos y 
Therefore, the formula fails for “=O. 


The second term of the equation (5), namely, et (7—-H,))T ya |e, (6| Vdb may seem to vanish 


dy roo, 


in the limit 7->co, if we apply the same argument as above. However, this relates with the normalization 
of %; we can replace it by the component of ¥ on the energy shell /, since for this component “—/ 
vanishes, and the exponential factor does not oscillate. 


Appendix Ii 
To prove the unitary relations (23), we write the n-th term of U(¢, —co; e), given by (19), as 


4 ns = LI; 2— n= 9n—-2 fh, tA 
(On(4 —3 e)|@> = e-t(h 2 Raede pare. ay Fale eae Gaiie sett dre 
(II. 1) 
where //;,, »—;=(4|H|z—1) etc., and where we have omitted the integral notations over intermediate states, 
indicated by the twice appearing indices of 4. From (II. 1), 
Flny 1 ih, 2: fn =i9 b 


tr, S003 =e t(F BE tntert - , y I. 2 
<a\On(Z, Oo; e)|> é b ne Ey = By —ie Ei = Lindi Je Sites Es ae ( ) 


We expand Ut(¢, —co; e)U(#, —00;€) and U(4, —~3e)Ut(4, —co; ©) in powers of H, and write 
the set of terms of the 7-th degree in 7, as 4, and 2, respectively, we obtain 
¢(6|Ao|a)=<4la), 
and for 21, 
nm 
CA]-tnlar=Z) | COTE, 004 €)|er<elOn—a(& — 005 €) |adde, 
k=0 
Substituting (II. 1) and -(II. 2) into this equation, and changing indices of the integral variables appropriately, 


we get 
(6|A,,|a) =e 8 (HQ B tnt) Ay, tts nao TNs as 


St (Ly—ELu-i—%) (En —Enas— Die) (Ly Ea (2 hye) 
k= 


{(Eq—Ent hie) (La-Lx-y + (h— Vite) (Ba -£ +78) fo}. 
(B,=L4). 
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If we put 2,=/% and /y,—Aie= Fi, (k=1, 2, ---), we obtain 
n . ? =e 
SES) {(Fi— Fons) Fa— Fone) Fa a By = Fae) p 
hit) i) 


by a Sees relation. Hence the integrand of 4,,(7=1) vanishes and also ¢4|A,,\2@)=0. Therefore 
(O|Ut(4, —00; e)U(¢4, —00; €)|a)=<d]a). 
We can treat U(#, —00; e)Ut(4, —00; €) similarly. In this case, ¢6|2o|a)=<d\a), 
and by the same change of indices and the substitution as above, we obtain 
(O|B,\@.=c—t 8-H tnt8)t 7, 1A n=i5 n—9'° "Ay a 
DLP — Fn) (Fa Fina) Fe Fes Fig Fea) Fi Fea) (Fea) 10 
= 


since >)=O can be proved by some algebraic manipulation. Hence 
(4|U(4, —00; e)Ut(4, —30; €)|a)=(dla). 


We can prove (23/) similarly. 


Note added in proof 


The conclusions (13) and (29) concerning lim U(¢,%)®, and lim U(¢, —20; €),, respectively, 
to>—-@ E>0 ‘ 
which were proved by use of the power expansion of the transformation functions can be easily obtained directly 


from the integral equation (3). Namely, we employ Fourier integral representation for ¥,(/) with respect 
(@) 25 


> oO 


V(t) = \ wet Fox wt Wi (en), (49) 


—o 
Introducing this expression into (3), and using the formula (8) we obtain in the limit o>, 
v. (zw) = —2n/0+ (44) —w) Verh ae (zw) ae OUZe on w) Ve. fia = 0, (50) 


which expresses the same content as (13) or (12) in view of (49). 
For the adiabatic case, we have instead of (3), 


t 
Vie) = : \ et Hot FJe—t Hotre—€ \t1\ Y(A)d4+ v.. 


—-o 


This yields, from (49), 


| et (Ho! —4)¢ (ew — H+ ie) 1 Y (ww! do’ + Va, 2>0 
~~ —0O 


YL) = at (51) 
\ [ (ze? — y+ te) -1 4 {et Ho—w! + #2)t— 1} (wo — Ay —te) 1] WY (ww) dev + La eo. 


As the inverse relation to (49), we may take 


Ty oe x 
y. (to) =F | eno et tl, (¢) de, e/>>0, &/0. (52) 


Introducing (51) into the integrand of (52), carrying out the integrations, and suitably rearranging terms we 


obtain the equation (40) in the limit e>0 and ¢/ 0. Thus the equation (29) is confirmed irrespective of 
the sign of ¢. 


The above conclusions suggest that the transformation functions lim U (4,2) and lim U(¢, —00; e) 


> 
3 to->— co 
are essentially equal. ; aA 
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The improved mathematical treatment for the calculation of cascade theory is presented. The 
solution corresponding to a single incident electron derived by this method is identical with that of 
Snyder and Scott. 

The method is mainly due to the principle of analytic continuation but somewhat different from 
that of Bhabha-Chakrabarty. It is also applicable to other inhomogenuous integro-differential equations 
and in particular should be useful for further works on cascade theory. For an example, it is shown 
the lateral and angular distribution functions are derivable analytically by this method. 


§ 1. Introduction 


Since the original works on the theory of cascade showers by Bhabha and Heitler” 
and by Carlson and Oppenheimer,” many contributions have hitherto been published by 
various authors.” These cascade theories have become one of the indispensable and the 
most useful means for the interpretation of cosmic-ray phenomena. It has been required 
to get more accurate cascade functions for quantitative comparison between theory and the 
experimental results with increasing accuracy of the experiments. As the historical survey 
of these developments have been made by many authors,” we will not repeat them here. 

Snyder® and Scott” have recently shown that the exact series solution of the diffusion 
equations of cascade showers can be derived by using the asymptotic forms for the cross section. 
Since the first terms in their expansions account for the total energy dissipated in the 
showers, they seem to be useful for the practical applications when the effects of spread 
of the showers caused by scattering” and the variation of cross sections” with energy of 
the shower particles can be neglected. 

However, their mathematical treatments are somewhat complicated, and we present here 
the improved mathematical method which can derive the cascade functions identical with 
those of Snyder® and Scott” more easily. This treatment is mainly due to the principle 
of the analytic continuation and it is clear that the differences of the solutions between 
Snyder? and Bhabha-Chakrabarty” come merely from the different analytic continuations 
used by each authors. The method is also applicable to the problem of the lateral and 
angular spreads of the cascade showers which has so far scarcely been solved analytically. 

The detail features of these distribution functions, the effect of single scattering, 


comparison with experiments--- will be given in the subsequent papers. 
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§ 2. Series solution including ionization loss 


The diffusion equations of the cascade showers are so well known that we will just 
reproduce them here. Let 7(4, ¢)dE and 7(£, 2)dE be the differential energy spectrum 
of electrons and photons of cascade showers at the depth ¢, respectively. Then the equa- 


tions are, in the notation of Rossi and Greisen,’” 


wae cha Can 2f he Joon du —{f (Z, j-la (ae E \ ood MS t) 
(1) 


° —oi (E, 2); (2) 


acd SED elf 2, s)e(o) 
Ot 0\ vu 

where ¢ is measured by radiation unit, € is critical energy, #, g correspond to the cross 
section of pair creation, radiation processes, respectively, and a, respresents the absorption 
of photons. 

At first, we confine ourselves to the high energy portion of the spectrum, thus the 
last term of equation (1) can be neglected. Then, the diffusion equations (1) and (2) 
become homogeneous in £, and can be easily solved exactly by means of Mellin transfor- 
mation with respect to £."” The solution corresponding to an initial electron of energy 


£, incident at ¢=0, is given by 


(Ej = | aA 
fi a(2) PKG @ 


271 J 6—iw 


*) (see! + 77, (5) e220) 


where 


Als) = ie —(1—v)"|lg@)av, BGC)= 2) wy (ajau, C(s)= ca (v) dv, 


i= AOFM 4 LY (4(s) oy) + 4B) CCB, 
(4) 
is) =—- AE. 21 (AG) —0,)? 4B (CW), 
H(s)= 0) +A,(s) and “a dy +4,(s) 
WT TAG) = HG), Ca tt pata 


Next we will consider the case in which ionization loss can not be neglected. Elimi- 


poe 


toffee" AE Jones ao fo Bot 


ay, Blt az(F, 2) . 
it 9 TE Erie Se 


nating 7 between equations (1) and (2), we get 


aly 
em (Een: 2{ Lt \{ 1, Den 
Fe (£Z, t) + y oot (E, t) + ; m(E, 2) eat 
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Since the formula (3) is the solution of (1) and (2) for €=0, the solution for 
€/E<€1 may be written as follows” 


nbd 2 fa) (HGS 09) , 


21d S=iw 


where ¢,,(s, ¢) is defined by 


- 3 : 
[St A(s+n)+ Oncaea {A(s+n2)o,—B(s +2)C(s +2) } als t) 


=(<- +o) (s +72) ¢n_1(s, 2) (7) 
with ; 
$y (5, DH (Qed Hp (7 

§3. Analytic continuation 


The series solution (6) does not generally converge for ¢/EH>1. In order to get 
the cascade function which converges even for zero energy we first put 


a (- sal t) = lim) ‘e* Fu, siPyaae> * (8) 
Since : 2 7 
E pes lace ) 


and the integration by terms of the right hand side of the equation (8) is permitted as 


far as the left hand side is convergent, we get the relation 


Sa (ars, Z) 
PAS; 0) = du. 9 
Pals 2) A I'(7+1) ) 
Let Wt(f, s, 7) be the Mellin integral of /( 4, s, ¢) with respect to u; ice. 
Mp, s, el fla, 5, t)du (10) 
0 
and Pee, 
1 a aS 
flay sa] SRO. (10/) 
Then we get from equation (9) 
M(x, s, 2) , 
by, (s, ¢ a (Sa) 
Pals 0) =e 8 6 


Substituting the above relation into equation (8) and changing the orders of integration, 
we get 


Ey 


> (tah , (5, jak ny dp Mp, s, yf 


st i shear (a1) 


271. 6+f0 
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where Wt( , 5,2) is defined by, 


| oe +(A(s+z) +4) oe +{A(stn)o,—B(st+n)C(s+x) } rca, 53k) 
Ot” or 


=(2 +0))(s+2)PM(P—1, 57) (12) 


with WE(0;.S, a7 (Se FA se a2.) 


If «/E<1, we can evaluate the integral over / in (11) in terms of residues of 
integrand p=0,1,2,---. This integration gives the same series of the left hand side of 
(Ji), eset must ebe: 

Since the relation (11) holds only for the converging domain of the series of (11), 
the right hand side of (11) may be interpreted as the analytic function obtained by 
completing the series of (8) following the principle of analytic continuation. In fact it 
can be proved, by substituting the relation 


a5 O+%0 6! +t0 E s it € Pp 
7 Eid —\— as| 7, a) I(- 2 > J, 
"B)=— | as) aX) = (=a) (—/)M(A,524) (13) 
into (1’), that 7(Z,/) is the solution of (1’) for any values of €/Z. 

For the practical application, one is necessary to evaluate i(~, 5,7). From eq. (12’) 


and eq. (12), Mp, 5,7) should be the simple linear function of e', et! ... 
err(s)e er2st+De 
> ? 


ween . The value of 4,(s) and A,(s) are given by formulae (4) and from 
the character of the function A, 4, C, it is easily shown that 


er us)t > Nog grucye S epee (14) 


when ¢ is not so small. Thus we may put N(/,5,7)=M( A, s)e™©” and after sub- 
stitution of this relation into the eq. (12), we get 


[A"(s) + (AGs+2) +o)A(s) + {A(8+p)o—B(s +p) C(s+p) IMCD, 5) 
= (4,(s) +o) (stp) PMC P—-1, 5) (15) 


with 
WiCOs = Ay, (Cs); 


The cascade function with W(/, s, 2) defined by the above relation is identical with that 
obtained by Snyder." Furthermore one can easily proved, if we remain smaller terms, i.e. 
en Grins, EOL... appearing in WC, s, 2), that the function (13) agrees with the 
solutions given Snyder” and Scott.” 

Bhabha-Chakrabarty” derived series solutions from (9) following the principle of 
analytic continuation. Thus it may be interpreted that the differences between the solution 
of Bhabha-Chakrabarty and that of Snyder and Scott arise merely from the different analytic 
continuation used by each authors. 
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§ 4. Distributlon function of the cascade showeres 


We have so far considered only the longitudinal development of showers. The shower 
particles, however, spread away from the shower axis due to multiple Coulomb scattering 
in the matter particles traversed. 

This problem of lateral and angular spreads of shower particles is so important for 
the interpretation of large air showers that many authors’ have studied this subject. These 
results, however, seem not to be very satisfactory for this purpose, and the distibution 
functions can be derived analytically by the method described in the previous section. 

The diffusion equation of the lateral and angular distribution function were given by 


Landau,” and they are 


or om fe) fe) 
= — A/x +B! +2 = 6, Ey sc (16) 
at : er 00, +o) -( Oya oa i 
and 
or ! a) fe) 
“! =C'n—a,r—( 0,——_—0,—_ )y, 17 
ze a (Orbe (17) 
where 


V4) Voy 94, Og; Lateral and angular deviations of the shower particles from the 
shower axis. 

A’, B', C'’; Integral operator corresponding to the radiation and pair creation 
process. (c.f. (1) and (2)). 


t( Ey, Ey Ir I'm 94, 92) dEdy,dyab,d6, ; Number of electrons at the depth ¢ in the 
energy interval E, E+d@E. with the lateral and angular deviations 7, J, and 
6,, 4. from the axis of the shower initiated by an incident electron having the 


energy £,. 
ydEdy,dyd0,d0,; Corresponding numbers of photons. 
K=meC?(47137)?=21 MeV. 


Ke 32 ) ( 9 a A 0 \. Variation of number of shower particles by the 
ACE ad,?/> 
Multiplying both side of (16) and (17) by etm t72y2+%191+%202)" and integrate over J, Jo» 


6, and 0, from —©o to +00, we get 


Sone * aye” spread of a shower caused by scattering. 


Sieh tS OO so hay See paar 
ronal et) 1B? (mnae a (x aC, male sali 

8F _¢r Ob \ yar (17’) 
ot Pare? (55 ge oe 


where f and g are the Fourier transformation functions of 7 and 7 with respect to J;, Jo, 


@, and 0,; i.e. 
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1 Gas Xo a ia — oa lites ett t r2y2 +0101 + 5202) Ty dy. 0,0, Ms (a 8) 
1 Pi hee £1y1+4r2y2+ 101+ T2802 
HH; Lo, Cis €2) = =| \| oe ren @ get aXe ae dy dy A0,a6,. (19) 


Elimination of g yields 
) fe) 0 fe) tore) Re) 
—+—( 4#,— +2, + {aes 4,— +24, 
t33 ( le a) oof at ( oe a) f 


a) fe) fs) Ki z 9 fe) 
a [0 Pereaec® a Ae as eee BOC fretae 
hee (m5p + #25-) +e | + EHC) ee Cf. (20) 


For the comparison with experiments, the lateral or angular distribution functions are only 


important , i.e. the quantities 


+00 +o 
11(Li,0,9:)=|["" rdpdym (EI Is) =|| "26,20, (21) 
Thus the Fourier transformation functions of these functions are 
+00 
AG: €3) == || aye. Ott 22) 20) a == 27710, 0, C1 C2), (22) 


Te “19 ly Ay = 2m (ra, Sans 0) : (23) 


In order to get these functions from eqs. (16’) and (17/), we first compute the 
solution for K/E<1 and ¢/E <1. 


hae l, (Byes S(O O(a) nd. Ge) 


where ¥,,,(5, 2) is defined by the equation 


[% +{A(s+2m+n) + ao} +{A(s+2m+n)o,—B(st+2m+ nCls+2m-+n)} | be. 


0 
=(2-+ 0) (Poetic (S+2+1) Pm tn—1) (25) 
with 
Pop = Hi) Hels) 


As shown in previous section, we put 


© i Gl Peery m e \* © _ 4K 2(4124 t22) aes 
=) SHS ve ? (- rr ) Pn (S j=(["e 42 "Fe F(a, 8,s,t)dudp. 


(26) 
Let the Mellin integral of F(u, 8, s, 2) be M(A, Gy vty 51.0: 


Mp, a 5A = { | oF (u, B, s, t)dudB 
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and 
F(a, B; S, ic — apadg Mp, q> 5; ty 
4r-J J -iw uPti girl 


If we integrate by terms of the right hand side of eq. (26), we get 


MCA, 9, 5,2) 
FGp+1) 0 (g21). 


Yoq= 
Then, we obtain from (25), 


[ St {AG +29 +9) too} + {ACs 2pt+9)o,—B(s+2p+q) 


C(s+2p+4+49) } fe (2,955,t) 


=(2-+){ pm(o—1, gs tht (s+ 2p+q)QM(Z, 9-1, 5, t) } (27) 


with 
M0, 0, s, 2) =A, (s) ec" + Ay (s) e220 


and from (24) 
cr el owel 2 MBS” 


gma (Ei Ge?) le 
4&2 EE 


16747) J J iw 
ere = Ve MP, 9, 5, 2) — aX 212+ tat) 
cst andparl (L 

Real aotoael (BYE BAO Sy rye a 


By the inverse Fourier transformation 


i fee 
— \) Fad eave) ds 
7 —-2o 


= gull om BEG) a) Ce) 


8n%z J. 
P( p+ 1) l(—g) Mp, Q Ss t), (28) 


where P=60/+0,°. 


For the comparison with experiments, the total angular distribution function is important 
and is given by 
II,(0, 0, t) = lim| n,(E, 0, t)dE 
6>0 0 


-— ele) 


470° J ) -t0 
Ppt (s+ 2—) MP, —2—5, 52). (29) 


calculation, one should evaluate //, by saddle point method using 
The analogous expressions could have 


For the numerical 


M(~,—2p— 5, 5, t) defined by equation (27). 
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also ‘been derived for 7,(#,:7,.2); /To(Z, 7,2) ty(% U, 2). and -7,( 4752) 0 the Ste 
way. Some characters of the distribution functions thus obtained are already described 


in our previous letter.” 
For the check of our calculations, we compute the differential energy spectrum of 
= Te 5) 
electrons from equation (29), and compared it with that obtained by Snyder. 
As 


nl sterile BN GEE) 


xX I'(p+1)P(—g) MZ, 9g, 5,2) 


uh 1 +t vee eh, ae. q ees: 0 F 30 
=— seas 2) (AY ream, a 5.0 (0) 
and WA a= Nea es 7. 


(30) coincide with (13), as it must be. 


§ 5. Conclusion 


The solution of Snyder and Scott are derived by the improved mathematical treatment 
more easily than ever. This method is also applied to the lateral and angular distributions 
of cascade showers, and they can be computed analytically in approximation B. The detail 
characters of these functions and some applications of them to cosmic tay phenomena will 
be reported in the subsequent papers. 
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Theory of Supper-Quantization of Quantized Field and Its Applcations 
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A new treatment of quantum field theory is proposed by applying the theory of super-quantization 
of quantized field. For examples of its application, it is shown that the symmetrical treatment of the 
four potentials of electromagnetic field is justified without introduction of the indefinite metric for the 
scalar photon, and the physical interpretation of the regulator theory of Bose field may be given. 


S$ 1. Introduction 


The theory of super-quantization of quantized field has been proposed by the author.” 
In this paper, we shall present the theory in a little more refined form. A main idea of 
the theory consists in a super-quantization of the state vectors of a quantized field by 
which a quantized field is treated as something like an elementary particle having infinite 
degrees of freedom. What relation between the ordinary theory and the present theory 
may be expected? This relation may be explained in a following simple model. Let us 
imagine a quantum field as a motion picture projected on a screen in which we see an 
assembly of elementary particles of the field in motion. We know that an original film of 
a motion picture consists of an assembly of the separate cuts of film. In contrast with the 
ordinary quantized field likened to a projected picture on a screen, we may imagine that 
the super-quantized field corresponds to the separate cuts of the film and a motion of 
elementary particles of the field will be given by a sequence of cuts of the film in this 
model. 

Both of Fermi and Bose super-quantization might be applied to the state vectors of 
a quantized field obeying the Fermi statistics or the Bose statistics in an ordinary sense. 
A faithful correspondence between the ordinary field theory and the super-quantized field 
theory, however, seems to be obtained only in the case of Fermi quantization of the field 
state vectors. 

It will be seen that the theory of super-quantization is redundant for the Fermi field 
and the positive energy Bose field, but an application of the theory to a negative energy 
Bose field will offer a justification for an introduction of a negative energy Bose field into 
the quantum field theory. 

We shall propose a new treatment of quantum electrodynamics in which the sym- 
metrical treatment of the four potentials of electromagnetic field is justified by appling this 
theory, but without introduction of the indefinite metric for the scalar potential used by 


several authors.” 
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An application to the regulator theory of Bose field also is treated. The well-known 
difficulties of negative energy Bose field accompanied by the theory of regulator will be 
solved. We see that the anti-field of the negative energy Bose field can be defined and 
it is expected to become a observable positive energy field just like the~positron corresponding 
to the negative energy electron. In this point, we hope that the theery may play some 


positive roles in the future theory. 


§ 2. Theory of super-quantization of field 


1. Introductory remarks 


For a sake of simplicity, we take a real scalar Bose field. The field equation and the 


commutation relation is given in usual manner by 
[jg—xg=0 (1) 
and 
[y(x), o(2’)]=24 (4—2’) (2) 


respectively. The notations have usual meanings. We assume that the field is enclosed 


in a box of unit volume with periodic boundary conditions, and expand the ¢ as follows : 


e(~)=>) (2k) *{ C(t) exp [i (he: —4,t)] 


+ C*(Ke) exp [—i (Jer hyp) ]}. @) 
For the commutation relations of the C(K) and C*(k), we obtain 
[C(K), C*(K) ]=on, we, (4) 


while the other commutators [C(K), C(k’)], [C *(h), C*(K’)] vanish. The Lagrangian 


function and the Hamiltonian density is 


and 
i= = {( ) +( sf) +2¢| (6) 


tespectively, where z=1, 2, 3 and w= TA Oe seats 
We obtain for the Hamiltonian omitting the zero point energy 


H= Hav yee &g 
| v= SUC*(R) C(I), (7) 
The quantity : 

C*(k)C(k) =n(k) (8) 


which gives the number of the Bose particles with the momentum A’, has the eigen values 
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0, 1, 2, --+. The constant state vector of the field in the Heisenberg picture is 
represented as follows : 


ane a(n(K,), 2 (hs), --) Once, nites), (C* (Ry), C*(y),-), (9) 


where the On(kes). n(ke). ‘++ is the eigenfunction for a state containing 2(K,), 2(K,),--- 


particles with the momentum K,, k,, --» respectively. The explicit form of the ¢ and its 
Hermite conjugate ¢* are given by 

Bnce) (C* (Ke) ) == (20 (Hy)! 12 (Ke)! 2 C* He)" C* (He) 18)..., (10) 
and 

B* nce) (C (He) ) = (ve (Ka)! 2 Heg) +) FOU) "ANC (Te. 28D, (11) 


where for a brevity, the abbreviated notations 


n( ke) ==(2(k,), n(k.), +++) 


and 


C*(k)=(C* (Ky), C* (Ks), +--+) 


are used. The eigenfunction ¢’s are normalized and orthogonal, for 


Brace» On(e)) = |bncas. m(ka)> “*'On(ks), n(ka)> EC * (Ry) aC * (K,) «+ 


X Ny 
=O m(kx), n(k1) °m(k2), nko)" ** (12) 


The operators C(#) and C*(k) have the usual meaning of an absorpion and an 


emission operator for a particle with a momentum k. 
2. Super-quantization 


Here, we introduce the super-quantization of the quantized field which is of an analogy 
to Fock’s second quantization method.” 

The g-number state vector ¢ is defined by replacing the amplitude a(7(H)) with the 
quantized amplitude @(v(k)) in the equation (9). 

The quantized amplitude @ may be defined by the commutation relation 


[a(m(k;), mK), te) a*(n(Ke;), n( Ky), -++) =O ney), n(ke) EPG ICR ee (13) 
and other commutators vanish, or for the exclusion quantization, 
{a(m(k,), m (Ks) , EH tn a* (x(Ke;), n( Ke), “J == Orne ales) Omen. nea (14)* 


and other commutators 
{a(m(K)), a(n(e))}, {a*(n(K)), @*(n(e)) } 
vanish. 
From the reason mentioned in the introduction, we consider only the case of the 
exclusion commutation relation which is defined by (14). 


Then, the quantized state vectors are written as 


* The commutator means {4, B}=4B+ BA. 
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$(C*(k))= > a(n(k,), n(ky), +) Oncey), n(ke)  (C* (Ke), C™* (Sex); ey 
n(ki),n(ke2),- (15) 


and its Hermitian conjugate 


b*(C*(k) age pa a* (x(Ke;), n(Kes), +++) Ores), n(ka)9°" (Ce (k,), C* Ke), poaF 


ki), n(ke),~ (15’) 
From the relations (14) and (12), the commutation. relations 
1P(C*(H,), C* (Ke), +), P*(O*(K,)’, C* (Kee)’, ++) } 
=9(C* (Ke) —C*(Ky)')3(C* (hte) —C*(Ky)’)--- (16) 


are obtained. This relations are time-independent and relativistic invariant, for the above 
mentioned definitions of ¢. 

In general, the super-quantized field operator @ is defined from the corresponding 
ordinary field operator O by 


O= (¢, OY) = >} 21. a*(n(k)) (m(K)|O|n (ke) )a(re(ke)), (17) 
m(k)n 
where the abbreviation as mentioned before 
m (Ke) =(m(h,),. m(Ky), +++) and n(Ke)=("(k,), 2(K,), ---) 


are used, and the (#(K)|O|2(K)) is a matrix element of the ordinary field operator 
given by 


(m(Kk) |O|z (4) ) = (Drader), m(R2) > OB n (ier), n(R2) ea (18) 


For examples, the super-quantized operators corresponding to the absorption and emission 


operators C(Mt;) and C*(k;) may be defined as follows : 


Ch)= Si nlk,)ta*(n(Iy), (Re), -«, 2 (o,) 1, ---) 


n(k1), n(R2),- 


x@(2(Ry), (Ia), +, (I), --), (19) 


and 


C*(K)= 3 (x(t) +1)2a*(n(hy), u(y), -, Ue) +1, 35) 


n(ker), n(ho), 
x @(n (Tey), (Ka), +, (By) =). (18) 
From (19) and the commutation relation (14), we have 
[C(A), C* (Ky) ]=dy, ay 3) a" (n (He) a(n (e)), (20) 
and 
Other commutators=(). 


The following relation, therefore, is easily obtained, 
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(p(x), p(2’)]=i4(e—2') (Y, 9); (21) 


where 


P(~)=(, 9(4)9) (22) 


and 
(¢, )= 21a (ade) )a(ntie)). (23) 


The operator (23) has a simple meaning such that it gives an operator of total numbers 
of the fields in the assembly of the identical fields and each a@*(x(K,), (Ky), +++) X 
a(n(ke;), 2(k), --+) gives the numbers of the field to which the given distribution of 
particles 2(K,), 7(K,), --- belongs. According to the exclusion quantization (14), the 
eigenvalue of the operator a*(2(K))a(xz(k)). is zero or one. In other words, there does 
not exist more than one field which has the same distribution of the particles at the same 
time in the assembly. 


The total Hamiltonian operator of the field assembly is given by 


H= (¢, H¢) = te > ; RoR) (K,) + 2,(Ky) 2 (Ko) + ++) N(n(k,), n(Ks), --) 
es (24) 


and 
N(x(k;), n(ky), ---)=a* (x(k), n(Ke), ---)a(n(k,), n(Key), 9) (25) 


whose eigenvalue is zero or one. 

The operator C(K,) and C*(K,) are the corresponding one of an absorption and 
an emission of the particle associated with the momentum Kk, because the O(%;,) gives 
a transition such that one field having the particle distribution 7(K,), 7(K3), ---, 2 (Ki), + 
is destroyed and another field having the particle distribution ~(H,), ---, 7(Ai)—1, - 
is created, then the numbers of particles with the momentum 4%, belonging to the field 


decrease by one, and for the C*(A;,), vice versa. 
We denote an eigen state vector of the super-quantized field by 


DEN (2! (Ky), 2! (Ke), ++), NW" (al (hy), 2 (hee), +++) ++] 
which belongs to an eigenvalue of N(7(K)) having V ’ for number of the field of 
particles distribution 7’ (J,), n(K,), --» and WV" for numbers of the field of particles 
distribution 7/’(K,), 7'’(K,), -*+ etc. 
For this eigenstate, we have 
AYN’, WN", --|={ (hy (Ke) 2! (e,) + hy (Bia) 2! (Ky) +++) NV" 
+ (h,(K) 92" (Hey) + by (Heo) 0!” (Keo) + +++)" 
bien Np leaion he petes Renae ota WEN’, NM, «J 


where 


N’; Nv", wer 22 epee if)" OF | 7. 
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We shall easily see that the ordinary description will be given in terms of 


the super-quantized field description. If the special assembly of fields contains only one 
field, ie., the number /V’ of the field which has a definite particle distribution 7’ (K,), 
n' (Ky), +++ is one, all of other number JV’’’s are zero, this special assembly of fields is 


originally equivalent to the ordinary quantized field. 


3. Interaction with other field 


Even if we introduce an interaction of the field @ with any other field denoted by 
A(x), whose special properties are not needed here, we can see that the above equivalence 
between the super-quantized theory and the ordinary theory is conserved. 


We denote the interaction energy density 
A’ (2) =99(2) AG). 
If the corresponding super-quantized operator is defined as follows : 
HI" (x) =99 (x) A(x) (26) 
and 
P(4)=(%, G(a)¢P), 


the numbers of the field y will not be changed by this interaction, because the operator 
y has a bilinear form of the field absorption and emission operator @, a@*, then in any 
change of the field assembly state, the total numbers of the field Y are conserved, i.e., 


DLV! (x'(k,), 2' (Ke), +++) =const. 


We start from the initial condition at which we have only one field, then the above 
mentioned equivalence will be easily proved. 

In the interaction representation of the super-quantized theory of the field gy, the 
equation of motion may be given by 


so =H’ (x) B[ a], (27) 


where JH’ is defined by (26). The state vector [a] in the equation (27) does not 
refer to the particle assembly state of the field g, but the @ field assembly state. 
In general, the total numbers of the fields in the state Pla] are defined by 


SS Ni / k vi — / / a 
NNO!) ]= BVH) op (28) 
then if the initial condition 
v1" (n! (ky) = 
Svway)=1 (a9) 
is given, we can prove that 


[C(h,), O*(h,) ]P[o]=d,,, 2,2 lo], 


and 


[e(*), 9(2')¥[o]=id(4—2x') B[o]. 
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We see, therefore, that in this case, the super-quantized operator g (4) has a meaning 
as equivalent as that of the ordinary operator (1) and the state vector Y[o] describing 
a change of the special assembly state which includes only one field just corresponds 
to the ordinary state vector ¢[o] describing a change of the state of the field in terms 
of the particle state. | 


The expectation value of any operator @ on a space-like surface will be defined as 
(0) =(¥[e], (Y, of) V[o]). (30) 
This expectation value will have a same value as the corresponding one in Tomonaga- 


Schwinger’s theory, if the field assembly state Y[a]’s are restricted to one defined by 
(28) and (29). For an example, we can prove 


(Lp(%), #@’)])=14(4—2’)( 9, 9)) 
=14(«—7’). 

Following to the equation of motion (37), the change of a state is desctibed in mannets 
of a destruction of one field and a subsequent creation of another field. Therefore, we 
see that an ordinary motion of particle assembly will be described in terms of the transi- 
tions between the states of such a special field assembly to which only one field always 
belongs. 

It must be noted that the vacuum in the super-quantized theory is not a zero field 
state, but a state such that there exists only one vacuum field defined in a sense of the 


ordinary theory, namely for the vacuum state, we have 
NV’=1 only for n’(h,) =7' (ky) = +++ + =0, 
allcother: UV"'<=0,, 


§ 3. Application to quatum electrodynamics 


1. Introductory remarks 


We follow to Gupta’s representation of quantum electrodynamics.” The electromag- 


netic potentials are represented by 
2 2 3 £ 0 0 
Ay =ePA® 4. @A® 4 OAM 4 OAM, (3) 
where all A™’s are scalar and Hermitian, but it should be noted that we take also A“ 
ole . . “le 2 0) 
to be Hermitian in contrast to Gupta’s one of anti-Hermitian A, and ef, ef, ef, eff 
. 6 . . 0 . . 
are orthogonal unit four vectors, ¢f, z=1, 2, 3, being space-like and em time-like. 


Following to Gupta, the- relations 
EMD + ePe2) 4 eM — Mp — 9, 
are satisfied. The commutation relations are given by 
[AP (ae)s AM (4") |=2D(4—2’), 7=1, 2, 3, 
[A%@y, AMG) ]=—7D(4—+'). (32) 
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Each A“ is expanded as same as (3) respectively, 
YG LERTON() exp [i (Ke-w—2t)]-+ C.* (Ke) exp [—i(e- 7 — 40) ]}; 
k 


where a=1, 2, 3, 0 and C,*’s are hermite-conjugate to C,’s. 
From (32) and (33), the following commutation relations are obtained 
[Ci(k), CK’) |=%R, wr » 
and 


[C(K), Co*(K!) J=—Fe, x - 


As the usual manner, the Lagrangian density is taken to be 


arcglGs eae 


then, we get the Hamiltonian, omitting the zero-point energy, 


I= SA C* (Be) Cy(B) + Cy(8) Cx (Be) + Ca) Cs (Ue) — Cy) Gi (Ke). 


We see that the radiation field consists of four scalar fields. 


2. Super-quantization of electromagnetic field 


Following to § 2, we introduce the quantized state vectors for each A® : 


P: (Cs* (K)) = De vie (72; (k,), 1; (Ke) ,-**) bn (ee). n; (Ro). 


HARA IE A, 
(C*(&,), Crk); +), — I, 2; 3}. 


and 


Po C(K)) = ae Ay K;). ny (Ky), = Ger (e), no(Ro). -- 


mo Ry), no(Ro). 


(C,(K,), Coho), --+), 


(33) 


(34) 


(35) 


(36) 


(36!) 


where $,, (x) (C;* (#)) and Pn (Ke) (Co(H)) is the eigenfunction for the state containing 


g( Ky), 2a(K), ---a-scalar photons respectively. 
The quantized amplitudes are defined by 


{@a(74(K)), @s* (7%, (K)) $= 0050 m, (h), n,(k)* 
The super-quantized quantities of each -field are taken to be 


0,= (Pas 0.%.) . 


For examples, we have 


C; (k;) = pe ni(K,) 2a (m; (K,), Ns; (Ky), Ay n;(K,) ues om) 


n (hy), ny (Ry), 


; x a,(7;(K,), n(k,), we n,;(k,), vs), 


(37) 
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C;* (k,) me ; = (i(k) + 1)2a,* (11,(K,), ;(y), +++, 0;(K,) +1, ---) 
Ng Hy), NzRo). 
X A; (2; (K,), 27¢(Re), «+, 2:(K,), ++), (38) 
for 7=1, 2, 3, and 


C,(%;) = pa (2)(Kes) 4° ee CAC ny (Ke), ae) ny (Ks) +1, a) 
Ny (Ry), M(Ro), 
X Ay (1%(K,), %o(Ky), ++, (Ko), +++), 
Ci (k,) = oF 1p Ky) ?a,* (2) (K;), Ny (Ky), sat) no( Kes) - Ne +++) 


ny (ky), 2o(k,), -~ 
X Ay (79K), My (Kig) 5 +++) M(H), +*+)- (39) 
The modified supplementary conditions given by Gupta” are 


OA, f= 0, or p* 0A, =0 
OXp OX, 


where Az is a positive frequency part of A,. In the super-quantized theory, we assume 


that the supplementary conditions are given by 


JA; 


a — (|) 40 
= (40) 
or 
OA, 
P *— =) 40’ 
ae (40’) 
where 


Axe ATO + OAS” bg LA 4 AE Am — (Pe, Ap) (41) 
If we choose ¢ to satisfy the following condition for a plane wave component 
Rul =hyly =9; Ryle =— hulp s (42) 
the supplementary conditions (40), (40’) will become 
{C;(k) —C,(k) }F=0 (43) 
and 
W*{ O,* (Ke) — Cy" (Ib) }=0. (43" 
The compatibility of these conditions are easily proved, because we have 


[C,(k’) —O,(k’), C,(k) —C,(k) |=0. 


3. Vacuum definition and modified supplementary conditions 


The usual symmetrical treatment of four potentials of electromagnetic field leads the 


vacuum definition 


202 Y. Tanikawa 


Az® gf =0, p= 1, 2,3, 4, 
or 
Atop, =0. (44) 


For each plane wave component, it becomes 
OM) FU. (45) 


A physical meaning of this condition is as follows: A vacuum is such a state that there 
exists only one z-th field (z=1, 2, 3) which has the zero-particle distribution, i.e., 


N;(ni(k,) =0, 2;(K.)=0, ---)=1, all other 1V,(x,(K,), 2,(K), ---) =0, 
where 1V;(7;(K,), 2;(K), -*+) is number of the 7-th field having a particle distribution 


1:(K,), 2;(K.), +++ in the super-quantized system. But we must take a special care for 
the 0-th field. From the commutation relation (32) and the Hamiltonian (35), we see 
that the 0-th field is a negative energy field and the emission and absorption character of 
C,(k) and ©,*(#) is interchanged comparing with the corresponding one of other fields. 
This was one of the well-known difficulties of the negative energy Bose field in the 
ordinary theory. But, in the present theory we consider a quantized field assembly which 
obeys Fermi statistics, we will see that the vacuum condition 


C, (k) G ae = 0 (46) 


can be satisfied, if the vacuum for the 0-th field is defined as follows; the vacuum 
consists of infinite numbers of the 0-th field which occupy all of the states having any 
particle distribution except the zero particle distribution one, i.e., 


N,(1(Ke,) =0, 72)(K) =0, ---)=0, all other No (%(Ky), (Ke), -+)=1. 


This situation is very similar to the negative energy electron sea in the electron vacuum. 
The above mentioned vacuum definition for the 0-th field satisfes the condition (46). 
We see that the supplementary conditions are satisfield for the simultaneous vacuum 


state of the 3rd and the 0-th field. We, therefore, replace the supplementary conditions 
by the stronger one: 


C,(k) ¥ =0, C, (Kk) ¥ =0. (47) 


This means that the pure radiation field is defined as the simultaneous vacuum state of 


of the 3rd and the 0-th feld. 


4. Commutation relations and expectation values 


From the equations (37) and (31), we obtain for the commutation relations of the 
super-quantized four potentials 


pan): A,(2')|=1{ a ey (P45 Pee ($2, Po) + aS al (5 ?:) 
— en ey” (Poo) \Da@—z'). (48) 


For the real radiation field, we must put the coditions : 
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(P; oa (Po, $.) P= (Ps, ~)F= f. (49) 
This means that number of the 7-th field is one. Although the eigen-value of (¢,, 9,) 


is really infinite as we see from the vacuum definition of the 0-th field, we may normalize 
this number of the 0-th field as one, namely we define 


(Po, % ) F=F. i (50) 


We then obtain 

([4, (4), A,(2')])=10,,D(4—2’). (51) 
This expectation value of the commutation relation has the same value as that of the 
ordinary theory. The expectation values of other quadratic form can be computed and 


they also become to be as same as the corresponding one in the ordinary theory. 


For an example, we obtain 
( { A, (x) > A, (7-) 2) Boho Oe. (4—+’) : (52) 


These results also certify an equivalence of the super-quantized theory to the ordinary 
quantum electrodynamics. It should be noted that the supplementary conditions are given 


in the physically simple form of (47) without any inconsistency. 


5. Interaction with electrons 
The theory of interaction with electrons is given in a straightforward generalization 
of the ordinary one. In the present theory, the interaction operator of electromagnetic 


field with electrons is given by 
AI" ( x) = —j,(*) Ay(*) (53) 
where. 7,, represents the usual operator of electron charge and current, and the super- 


quantized potentials A, defined in (2). The interaction representation gives the equation 


of motion : 


pH (hPa! (54) 


0a (x) 
with the supplementary condition 


[ 242 | Dee 29 (des | Lo]=0, (55) 
Oz. 6 
in which the used notations are the usual one. 

As a physical illustration of the theory, we shall consider the calculation of the self- 
energy of a free electron at rest by means of usual second order perturbational method. 
In the zero-order approximation, the superquantized electromagnetic field is in the vaccum 
state as mentioned above. The second order interactions will take place through the 


following processes: 
“A. First, the A field being in its own zero-particle state is absorbed, subsequently 


the A-field having the particle distribution: (7;(K,) =0, 1; (Ky) =0, -+, 2,(K,) =1, 
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n;(Ks21)=0, +++), is created and the electron takes the recoil (—M’,) ; then this created 
field is absorbed, subsequently the original vacuum field is again created and the electron 
comes to rest. 

These processes correspond to the ordinary emission and absorption proeesses of a 
transverse and a longitudinal photon with a momentum 4, respectively. 

B. First, one of the A -field occupying the state of the particle distribution : 
(1) (K,) =0, %(K,)=0, «++, 2°(K,) =1, 2° (K,41) =0, ++), originally in the vacuum is 
absorbed, subsequently the zero-particle distribution A field which was absent in the 
vacuum state is created. and the electron takes the recoil &,; then the latter field is 
absorbed, the original field is again created and the electron comes to rest. This corresponds 
to the absorption and emission process of negative energy scalar photon. From our defini- 
tion of the vacuum state of A-field, however, the process can be interpreted as the 
emission and absorption process of an anti-scalar photon with positive energy. It will be 
seen that all other processes can not contribute to the second-order perturbational calculation, 
especially for A-field, all processes except B are forbidden according to Pauli’s exclusion 
principle. 

In this calculation, we can obtain the well-known self-energy expression of an electron 
without the ambiguities remarked by several authors.” 


§4. Regulator theory of Bose field 


According to Pais and Uhlenbeck,” the generalized Bose field theory—for an example, 
the generalized quantum electrodynamics” —, may be said to be a realization of the 
regulator type of theory proposed by Pauli and Villars,” but it was shown that the theory 
is physically inconsistent. This inconsistency of the theory, however, are considered to be 
only connected with the negative energy Bose field. We could solve this type of difficulty 
by means of the super-quantization theory and the appropriate vacuum definition for the 
negative energy Bose field as shown in the preceding section. We shall show that the 
same procedure will be applicable also to the generalized field theory and then, the regulator 
theory becomes to be physically an acceptable scheme. We consider the generalized field 
theory (scalar and neutral). The generalized scalar potential is defined as follows : 


N 
= (k) 
| 2 = CrP (56) 
which obeys the field equation 

N 


i Le 


where [_] is the D’Alembertian and thy is the’ mass of the £-th associated field go. The 


associated field y satisfies the equation 


(L— px’) 9 =0, . | (58) 


and the commutation relation 
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[o™(x), o(2’) Jiu laa), (59) 


where 4, is the four dimensional 0-function involving the mass 4, The generalized field 
should be regularized, i.e., it satisfies the regularized commutation relation 


Lea), 9") ]=t4e(4—2') (60) 


where J» is the regularized 4-function. 
This requirement will be fulfiled by some regularization condition for €,. For examples, 


we may put 
N B 
Shee =O p=, les, SL, (61) 
k=1 


Other types of condition also are possible. 

It is clear that this condition can not be satisfied by positive values of C,’s for real 
masses of jt,’s. We have, therefore, some positive (,’s and other negative C;’s (we assume 
all of £, to be real). 

For a negative €;, the commutation relation changes its sign comparing with the 
ordinary commutation relation. This means that the field g® having a negative €; is a 
negative energy Bose field. Thus, the generalized field y is considered to be a mixed 
field of positive and negative energy fields. The case is very similar to the electromagnetic 
field which was treated in the preceding section. The super-quantization of the generalized 
field can be performed in the parallel manner to that. We introduce the quantized state 
vectors gy, for each gy which is defined as (15) and (15’). We denote the super- 
quantized quantities by gothic letters as before. We have 


GP? = (Pr POPs) (62) 


and 


P= dle (63) 


For vacuum definition, we put the conditions : 

gp OE w=, (64) 
where g*™ is a positive frequency part of gp, We have seen that these conditions are 
consistently fulfiled. As before, number of the positive energy field is one and infinite 


numbers of the negative energy field is normalized to one, we obtain 

(F, [e(*), g (x!) |¥) =14n(4—-4#') (65) 
which corresponds to the ordinary regularized commutation relation. If there is an interac- 
tion with other field, the sufficiently regularized 4p will give all finite results which arise 


from the interaction fluctuation of the field ¢. 
If we have not the supplementary condition : 


p+ ®Y =0, (66) 
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in this case, the field y” will become to be observable as an assembly of Bose particles 
with mass #4,. However, this situation gives no physical inconsistency even for the negative 
energy field. 

The vacuum for a negative energy field is defined as such state that only the zero- 
particle state is unoccupied and all other state are occupied. Then, if it happens that the 
zero-particle state is occupied and one of the states occupied in the vacuum comes to be 
vacant, we observe a field in which some particle distribution with positive energy cor- 
responding to an anti-particle of the original negative energy one is realized. We may, 
therefore, expect a mass spectrum of Bose particles associated to a regularized field. It 
may be imagined to have any relation between this mass spectrum and that of the 


observed mesons in cosmic rays. 


§ 5. Conclusions 


The super-quantization theory affords a physically consistent reinterpretation of negative 
energy Bose field which serves to give a physical scheme for the symmetrical treatment of 
electromagnetic potentials and the theory of regulator of Bose field. 

It is regretful that the present theory can offer no clue to solve the difficulties 
associated to the regulator theory of Fermi field.” This problem remains to study in 
future. 

The author would like to express his gratitude to Messrs G. Takeda and T. Taniuti 
for their helpful discussions. He is also indebted to the Science Reseach Fund of the 
National Educational Department for its financial support. 
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The modification of nucleon’s anomalous magnetic moment by the proximity of another nucleon has 
been estimated employing the pseudoscalar meson theory. Contribution of this effect to the deuteron 
magnetic moment turns out to be of the order of ~0.12|(/|/«, where « means the rest energy of pion 
and U the potential energy of the deuteron (~14 Mev.). The precise prediction of this value is im- 
possible because of the lack of any satisfactory form of meson theory. The main conclusion reached 
is that the magnetic moment of the deuteron does not determine the fraction of Z state mixture. 
Including the effect of relativistic correction (which induces the uncertainty of ~1.5%), the D state 
percentage of the deuteron would be from 2 to 8% or more. 


§ 1. Introduction 


The observed value of the deuteron magnetic moment 
Ha= 0.857 
is found to differ markedly from the sum of that of proton and neutron, Ute., 
Pa’ = bn t Pp=9.879. 


This difference has been employed to determine the rate of J state admixture in the 
deuteron. In fact, if the D state percentage were denoted by Pp, one finds a magnetic 


moment 


a (1-2) Po ’ (1) 


from which one gets 


Pp=4%. (2) 


This value has been a valuable information in determining the interaction between proton 
and neutron in the early stage of the nuclear theories, but gradually it proved to be 
a rather severe restriction. Indeed, the fact that the /) admixture cannot be larger than 
(2), together with the value of quadrupole moment of the deuteron imposes a lower bound 
of the range of ~—/ interaction to be 2x 10-“cm”. If the nuclear forces were assumed 
to arise from the exchange of pions, the rather small range makes it difficult to account 
for both the observed quadrupole moment and the small /) state percentage. Investigations 
of deuteron problem” using the nuclear potentials derived from the pseudoscalar meson 
theory showed that if constants were adjusted so as to give the correct quadrupole moment, 
the D state percentage was found to be considerably larger than 4%. 

One must assume either that meson theory of nuclear forces is incorrect or that there 


are other contributions to the deuteron magnetic moment and the amount of J) state is 
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not necessarily 4%. Recently, Low and Salpeter”, in their calculation on the hyperfine 
structure of deuteron, suggested that the value of 4% for P, would be incorrect. It is, 
therefore, of some interest to investigate the other effect on the deuteron magnetic moment, 
and to see how much it is. 

One conceivable effect is the relativistic correction for the motion of nucleons. This 
is rather difficult to estimate since the relativistic transformation properties of the inter- 
actions are involved. An investigation of the various model indicates” that the correction 
to eq. (1) is uncertain by ~ +0.008, which implies the uncertainty in Py, of ~ +1.5%. 

Another effect is the non-additivity of the nucleon magnetic moment. The charge 
cloud of mesons surrounding a nucleon, which gives rise to the anomalous magnetic moment, 
will be disturbed by the presence of another nucleon in its neighbourhood, thereby results 
in the modification of the intrinsic magnetic moments. This effect has long been realized, 
but does not seem to have been treated so far*. The reason is that the exchange magnetic 
moment derived from meson theory in the lowest order in the coupling constant has a 
vanishing contribution to the deuteron, therefore no additional term to (1) arises in this 
approximation. In this paper this effect will be investigated. The well-known deficiencies 
of all forms of meson theory at the present time makes it impossible to evaluate the 
precise value, but we can estimate the order of this effect and can see to what extent the 
value (2) for Pp is reliable. It will be shown that the contribution to the deuteron 
magnetic moment does not come from the current of mesons interchanged between nucleons, 
but from nucleon’s magnetic moment, and it is the order of magnitude of 0.005~0.02. 
Consequently P, would be 4+ (1~4)%. 


§ 2. Modification of the intrinsic magnetic moment 
by the proximity of another nucleon 


As is well known the existence” of charged exchange forces between nucleons requires 
the flow of charged mesons between the interacting neutrons and protons. These mesons 
will then interact with electromagnetic field and give rise, in general, to a contribution to 
the magnetic moment of the nucleus. However, this magnetic moment vanishes for self- 
conjugate nuclei and consequently for deuteron. This is due to a symmetry between positive 
and negative mesons which can explicitly be demonstrated as follows. 

We shall for the -time being assume charge symmetrical theory and adopt the isotopic 
space formalism as introduced by Méller and Rosenfeld®. Then 


pr, Prob, pesp (3) 


behaves as a vector for the rotation in the isotopic space (this fact will be abbreviated as 


“to form a c-vector”). The three component of meson field, say, scalar field, 


d,, Bo, ds (4) 


also forms a t-vector. The electromagnetic interaction of mesons, 


* R. K. Osborne and I. L. Foldy (Phys. Rev 79 (1950), 795) have determined possible types of this 
effect phenomenologically, but involves arbitrary functions. The present paper contains the case in which nuclear 
potential is not of charge exchange type, a case not treated (but alluded) by them. 
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(¢, Oy $5— $2991) Ay (5) 
is therefore the s-component of a t-vector. The meson-nucleon interaction 
fori Pd. (6) 


is an inner product of two c-vectors, then is a c-scalar. The exchange magnetic moment 


consists of a number of products of (6) and a (5), so is the z-component of a 7t-vector, 


irrespective of the order of approximation. The expectation value of this operator therefore 
vanishes for deuteron which is a c-scalar (charge singlet state): Also exchange magnetic 
moment arising from meson-nucleon-photon interaction, 


J (dy T>— Go 74) oA y (7) 


is the 2-component of a c-vector, thus has a vanishing expectation value for deuteron. The 


interaction of nucleon’s magnetic moment with electromagnetic fields is proportional to 


ieee 23 (8) 


thus composed of a z-scalar and a c-vector. The latter, as before, cannot contribute to 
the deuteron magnetic moment. Only the former term, 1/2, has a contribution to the 
deuteron moment. 


This term is intimately connected with the non-vanishing value of 
A= fy, + (4p—1) = —0.12. (9) 


Indeed, the anomalous magnetic moment of a nucleon arising from (6), (7) and the 
second term of (8), being the 2-component of a c-vector, must necessarily be proportional 
to c,, for one cannot construct any r-vector from ¢ and # other than (3). Thus these 
are equal and opposite for proton and neutron”, and does not contribute to J. Only the 
r-scalar term, 1/2 of (8), gives equal sign and equal amount for proton and neutron 
moment and gives rise to J. If this magnetic moment were modified, say, by 10%, by 
the proximity of another nucleon, the additional magnetic moment of the deuteron will be 
4x10%=0.012. 

We have up to now assumed charge symmetry merely for the sake of elegance and 
easier understanding. However, what is essentially needed in the proof is the invariance of 
the theory under the rotation not of whole z-space but only around the z-axis, that is 
the gauge invariance. Therefore above statements hold for all types of meson field, even 
in the case of charge asymmetry. 

The summary of results of the above argument is that the non-additivity of nucleon’s 
magnetic moment, if it exists at all, comes from the 1/2 term of (8), and has nothing 
to do with other interactions (6), (7) and —z,/2 term of (8). The algebraic sum 4 
of anomalous magnetic moments of proton and neutron also comes just from 1/2 term of 
(8), so can be used as a measure for the deuteron magnetic moment in question. So in 
our discussion we may assume as if both proton and neutron had charge +¢/2, and as if 
mesons carried no charge. This is a considerable simplification of our calculation. 

Having traced the origin of the non-additivity effect, we shall here roughly estimate 


the order of its magnitude. The anomalous magnetic moment 4 arises in the following 
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way. A nucleon emits a meson with angular momentum, and reverses its spin direction. 
This state has negative magnetic moment, and the fraction of time which the nucleon 


spends in this state is proportional to 
G*G/w, 


where G means the matrix element of meson-nucleon interaction, and w is the energy of 
the emitted meson. Nucleon’s kinetic energy is neglected. Therefore anomalous magnetic 


moment is proportional to 
—31 G*G/w (10) 


summed over all virtual mesons. The twice of this expression is to be equated with the 
A of (9): 


How is this value changed if nucleons were bound to the deuteron? Consider a 


/ 


ce : 
deuteron and assume that nuclear force of the type of 6G” V,,’ is acting between 


nucleons. One of the constituent nucleons emits a meson and become a nucleon with spin 
direction reversed. But in this state the potential changes its sign so that additional term 
2U appears in the energy denominator of (10), where (7 denotes (minus of) the 


potential energy of the deuteron. The anomalous magnetic moment is thus proportional to 
—32 G "Girly (11) 


instead of (10). The occurrence of 2(7 in this expression manifests itself as the non- 


additivity of nucleon magnetic moment, which is, if expanded in powers of U/o, 
dopo + >) G*G/e® -U= (3 G* G/o’) -U/(o) a, 


in which the second version involves the mean value theorem. The first parenthesis 
is evidently |4| of (9). Therefore the additional contribution to the deuteron magnetic 


moment is positive and is given by 


Op~0.12-U/(0) a, » 


If the acting potential is of the form cz//’, the potential energy does not necessarily 
change its sign when one of the nucleon changes its spin direction. It changes its sign 
when a t-spin is reversed. This occurs twice in three transitions if we assume charge 
symmetry. dy in this case, therefore, would be 2/3 times of the previous case. If the 
potential were gaz I’, by quite similar arguments, we can infer that Of would be 1 /3 
of the case when the potential were aaJ/". 

(@), would not be very much larger than the meson rest mass x, and U is, as we 
shall see below, about 14 Mev. Thus we see that Ou~0.01 and the consequent change 
in Pp is ~2%. The above arguments may seem quite rough, but essential points will 
turn out to be entirely correct. The following section in devoted to the verification and 
confirmation of this statements. 


§3. Calculation of the deuteron magnetic moment 


In this section we shall carry through the explicit calculation of Ow explained in the 
previous section with the use of symmetrical pseudoscalar meson theory. 
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Before starting the calculation, we must first normalize the constants so as to fit the > 
free nucleon moment 4. The ‘calculation based on the second order perturbation theory 
gives a convergent but too large value for J. This difficulty is due to the enormous con- 
tribution of high momentum virtual mesons, and here we take a view that these high 
momentum should be cut off at about 2~3x, as suggested from the cut off radius in the 
meson theory of nuclear forces. In the following section we shall carry out an alternative 
calculation without cut off. , : 

As rather low momenta are involved, kinetic energies of nucleons can be neglected as 
compared with meson’s energy. The anomalous magnetic moment of a nucleon, arising 
from the 1/2 term of (8), can be easily calculated, yielding* 


40 21-2 Ki Ra? k 
E(b e+ 2) 


2 4n 7 


Here, and in the following, we take the cut off momentum 4,=2z. Then 


Equating this with the half of (9), we have the coupling constant 


£ =0.1, for h=2. ret 2) 
47 


The hamiltonian with which we start is 


@=1 k 


3 - 
: ; ae phe, , 
Hy=S Dao +3 CPAP + TD GO*aP +H", 
where 
9 9 
o,=h +x. 
G represents the meson-nucleon interaction, 
. 2 : 
GO=F _* _ 3 (6k) exp(ika™) 
x V2w %=1 
in which v labels the two nucleons, and /Y/’ represents the nuclear potential VY and the 


interaction of nucleon’s magnetic moment with magnetic field, 


(BAe us (oP +oP)4+V (2: nuclear magneton) 
gp! 
where both nucleons are assumed to have charge ¢ /2 and magnetic field 36 is assumed to 
point in the e-direction. We are interested in the modification of anomalous magnetic 
moment by the potential, that is a term bilinear in 4 and VV. Two successive canonical 
€ . a 


transformations with unitary operators 


U=exp >) ulin (G* a*—Ga) 
0) 


* Hereafter we use natural units, i¢., % and c=1. 
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and 
O"= exp >) ua Cale irk Ch te aed (A. G) 
w 


suffices & and 7 have been omitted) eliminate terms linear in @ and gives the desired 
modified hamiltonian 

1 i i a 

= LA, ti he Gr, 

w 

from which we have to extract terms proportional to pI’. 
There are two types of this form, sche- | ! 
matically indicated in Figs. 1 and 2. The 
first type represents the modification of oa ice 
= 

anomalous magnetic moment by the nuclear | 
potential, and the second, so to say, the ex- | 


change magnetic moment. We shall not 
S 8 Figads Figs 2. 


—: nucleon ----: nuclear forces 
“a 


first type, we obtain the magnetic moment “~~ : meson 


ene Ok (444 a 


Ax 27 


follow the detailed calculations here. For the 


Oftiz= 


i é 
. (— 406” ate (G20? a® Vo. 7 —a," cf 03? Va a) cite 
eRe 3 : 


+ corresponding quantity for particle ‘2’. (13) 


Inserting numerical values for g and # given in (12), we have 
du=0.009 2{ 40, V+ = [o,, 6,72] Vo, <;-+e.c.) + that for 2". (14) 
i 


We shall evaluate expectation values of this expression for deuteron, in the case of central 


forces. Expectation values of the parenthesis of (14) for various types of potential are 
tabulated in the following : 


V ((—46,V +--+) )an 
il 0 

ao 160 

ct 32/3U 
aott 16/3U 


where (J denotes (minus of) the potential energy of the deuteron, 
U=— ( Voy seatbvom . 


The dy for potentials of the type oa, cc and aatz respectively, are in the proportion of 


3:2:1, thus confirming the expectation of the previous section. For the evaluation of U, 
we observe that 


U=binding energy + kinetic energy. 


The ground state of the deuteron may approximately be written 


g(r) =A/r-(e-" —e-*), . (15) 
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in which a can be determined from the binding energy of the deuteron. With this wave 
function 


K=kinetic energy oF - (J: nucleon mass) 
B adjusted to fit the triplet effective range is 7u which corresponds K=17 Mev. Exact 
solution of Hulthen’s potential with range 1/z, gives S=u+x and K=9 Mev. We shall 
in the following take the value 


U=14 Mev. 
The magnetic moment of the deuteron is then 
. Ou=0.027 ao, 
=0.018 Cty (16) 
= 0.009 OOTtT. 


The magnetic moment coming from the process of Fig. 2 is, for pure *S state, 


du —a Ee te ee 7" (lal), (a7) 


At x x 1) 


if V=aool” or V=aaazz lV’, and vanishes for Wigner force or if V=attV'. With 
Yukawa potential and the wave function (15), together with (12), we have 
du=—0.026-a. 


Piietebastant a, adjusted to the binding energy of the deuteron, is 0.1 for oartt-type, and 
—0.3 for ao-type. Added with (16), the magnetic moment of the deuteron is 


type of the potential 


Ou=0 iL 
=0.018 TE (18) 
=0.035 a0, 
= 0.0064 OOTT. 


If the potential were written in the form 
V= (q+ 0,00 +4,77+a5,00TT) V' 
normalized such that 3(@,+25:) —®%—4=1, the magnetic moment is 
Op= —0.035a,+ 0.0584, +.0.0194,; - 


At present we have no conclusive form of nuclear potential, and cannot obtain a unique 
value for du. For the Serber type potential with half exchange character, 
A= —0.32, ag=0.067, @,=0.145, a,=0.106 
and 
d= 0.0083. 
Numerical values would change by several percent according to the different choice of the 


shape of potential. 
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In ‘the above calculation we have neglected the retardation effect of nuclear forces and’ 
replaced it by an instantaneous phenomenological potential. This procedure can be justified 
in our approximation (which neglect the kinetic energy of nucleon). In fact, if we regard 
nuclear forces as arising from exchange of mesons, and calculate the dy in the fifth order 
perturbation (i.e., in order yo), the results are exactly (13) and (17) with 7 replaced 


by the second order meson potential. 
§4. The relativistic calculation 


Above calculations were made with cut ‘off, based on the choice of constants (12). 
These values are, however, not correct ones since with these constants the anomalous 
magnetic moment of nucleon, due to meson’s charge, turns out to be too small—-about 
1/5 of the observed value. Therefore results obtained in the previous section may be an 
underestimation of the true one. In this section we shall try a complete second order 
perturbation calculation without cut off: This leads to a rather large value of 4, however, 
we can hope that higher order effect would cancel greater part of the second order result, 
or we can assume Pauli type magnetic moments for nucleons compensating so as to give 
the correct values. In fact, Nakabayashi and Sato”, in their calculation with pseudoscalar 
theory with pseudoscalar coupling, found the fourth order contribution of 0.7 to J, as 
compared. with the second order one, —1.5. 

Processes we ate to calculate are shown in 


Fig. 3 and 4. ((17) is already convergent 


without cut off, and does not appreciably change from Beer sain ere 

when #, is taken as infinity so we omit the g [~—"~ another mautleon 

process Fig. 2). These are similar to that of + aky Budem ¥ ancy 

the fourth order correction to 7-7 process, but 

simplified by the fact that mesons do not interact Fes. Fe « 

with electromagnetic field. We shall introduce —: nucleon ----- : magnetic field 
—=5 Ineson Sa oa nuclear force 


further simplification by assuming that J/>x. 
In this case, deflection of nucleons by nuclear potential can be neglected, which means that 
the nuclear potential does not change within distances of the order of 1///. Nuclear 
potentials adopted are central ones of the form 1, tr, 7575, and cry;7; The choice of 
iy, instead of z7;7,=0 is for the simplification of calculation: for the latter interaction 
the evaluation turned out to be rather complicated. 

An elementary application of Feynman. and, Dyson’s evaluation method leads to the 
effective hamiltonian of the form ¢Fyyo,,¢¢ ot 1 Fy ouv7,¢% where ¢ denotes the ex- 
ternal meson field, which is to’ be replaced by nuclear potential. Expectation values of this 
expression lead to the deuteron magnetic moment tabulated below : 


meson-nucleon interaction type of potential 


1 TT Vso TTT sis 4 : 
pseudoscalar —0.62.1.0 »—1.8 —0.2 oe 2 ) 
47 
£ | 


2M 
pseudovector 0.6 144 8 O68 ae ee 
47 


Non-Additivity of Nucleon Magnetic Moment in the Deuteron 215 


The intuitive expectation of § 2, that dy would’ be: positive is not justified here. This 

would certainly due to the unusual behaviour of the odd operator 7, of the potential. 
For usual values of g°/47, ie, ~0.05—0.1, the Ou is about 0.03~0.1. ‘This 

would surely be an over estimation, since, as stated before, this form of treatment: gives 


too large value of 4, and also we can expect that higher order correction to 0/4 would 
give negative contribution. 


§ 5. Effect of tensor forces 
So far we have treated only central forces and pure °S state. This can be valid if 
the contribution of tensor forces on the binding energy of the deuteron can be neglected 
as compared with that of central one. In this section we shall briefly evaluate the expec- 
tation values of (14) when tensor forces are included, 


First, for tensor operator S,., 


—40,V+ = [o,, ot] Vot+c.c.=—8(0,V+Vo;,) if V=Sis, 


=— . (6p Go) a =e S 5 


Next task is the evaluation of expectation values of o,S,,.+5S,,¢, for S+ mixture 
Pst+Yp. With the explicit use of angular wave functions one can show that 


(fs + oi) (4; Sio+ Spas) (Ps+ $n) = (Ps Sion) — $5 SieGn)- 
Thus, if nuclear potential were expressed as 
V= (Q) +4996 + A,TT +05, 0077) Vi! + (Gp 4+6,7T) SQV", 
eu=0017 = (—16(4,—22,—4,,) (Vs 8G SVL) co (19) 
x 
where 
(V'\=(PEV' Gs), (SV") = (PS SQV" bp). 
In (19), D—D term were neglected and contributions from the process of Fig. 2 are not 
included. 
(a) + Q@o—3 (Az +401) ) (V) +2(G—362) (SV) 
represents the potential energy of the deuteron which is about 14 Mev. If main part of 
the deuteron binding is due to the J, term, dO is considerably small—about 0.002. For 
usual potentials df would be ~0.01. 


§ 6. Concluding remarks 
The additional magnetic moment of the deuteron, due to the non-additivity of nucleon 
magnetic. moments has been estimated and turned out to be ~0.005—0.02 or more. The 
precise value cannot be expected because of the lack of our knowledge about the naaae of 
nuclear forces as well as of the deficiencies of current meson theory. However it is very 
likely that there exists an additional magnetic moment of the deuteron of about 0.01. 


This must be added to the right-hand side of eq. (1). This implies that the D state 


216 H. Miyazawa 


percentage is not 4% but 6%. Considering the possible contribution coming from rela- 
tivistic effect, one may conclude that eq. (1) for deuteron magnetic moment is quite un- 
certain and cannot determine the D state percentage Vary 

The magnetic moment du. calculated here ctitically depends on the exchange character 
of nuclear forces and the mean energy of virtual mesons contributing the anomalous magnetic 
moment of a nucleon. If the non-additivity were experimentally exactly known, it would 
be a valuable information to test meson theory and to determine the type of nuclear forces. 

One can also expect a change in the quadrupole moment of the deuteron due to the 
virtual transition of nucleons emitting and reabsorbing mesons. However it is not likely 
that it is large enough to be of interest. 

It is an embarrasing situation that meson theory in its present form is not reliable. 
Yet one cannot be allowed to dispense with mesons in nuclear phenomena. Deuteron 
problems seem to be unsuccessful without the help of virtual mesons (e.g., photomagnetic 
disintegration). 

The author wishes to thank Prof. T. Yamanouchi for his interest taken in this work. 
He is also indebted to. the Yukawa Yomiuri Fellowship for the financial aid. 
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Starting from Feynman theory an inhomogeneous and a homogeneous integral equations are 
' obtained relativistically for scatterings and bound states of two particles respectively in connection with 
the S-matrix theory. 


§ 1. Introduction and summary 


Since the recent improvements of the quantum field theories have made possible to 
perform extensive calculations relativistically, these elegant techniques have been applied to 
the open systems by many authors. However, no relativistic treatment of bound systems 
has been made as yet except for Heisenberg-Mfller’s S-matrix theory”, and an obstacle 
to the research in this field was the concept of “ potential”, which was very usefull in 
the non-relativistic domain. 


The usual method is as follows. First by eliminating freedoms of a quantized : field 


carrying interactions between particles one calculates an effective interaction Hamiltonian 


between two particles, which, however, is not diagonal in configuration space. Then a 


‘Schrédinger’s eigen-value problem is obtained by inserting as a potential a diagonal part 


of that effective interaction Hamiltonian into a Schrédinger or Dirac equation, neglecting 
the retardation and recoil effects. But the relativistic characters are destroyed by this 
approximations, and potentials have their meanings only in the non-relativistic domain. 
Indeed, Coulomb potential has given the energy-levels of hydrogen atom with an excellent 
accuracy. But in the case of meson theory of nuclear forces the situation would not be 
the same as in the electromagnetic case, on account of the fact that meson has a charge 
and a large mass and that the coupling constant is larger than the latter. The effects 
neglected in the adiabatic approximation would play a considerable role. 

On the other hand, Heisenberg-Mfllet’s S-matrix theory can give discrete eigen-values 


ay) ee ke : . . . . . > . (3) 
of bound systems relativistically in principle. But on its application to Dyson’s expression 


* The preliminary treatments of this work are seen in Japanese journals; H. Kita, Soryushiron-kenkyu, 
vol. 2, no. 3 (1950), 57, and H. Kita ahd Y. Munakata, ibid., vol. 2, no. 5 (1950), 48. See also Y. Nambu, 
ibid., vol..2, no. 5 (1950), 57, and Y. Nambu, Prog. Theor. Phys. 5, (1950), 614. Independently of us, 
Bethe and Salpeter have found the same equations; H. A. Bethe and E. E! Salpeter, Phys. Rev. 82 (1951), 
309 (A). Recently Gell-Mann and Low have derived them in an interesting way from field theory; M. Gell- 


‘Mann and’ FE. Low, Phys. Rev., (in publishing)... We wish to express our thanks to Drs. Gell-Mann and 


Low, who have made us available their paper before publication, which was sent to Prof. Nambu. 
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of S-matrix we find a- difficulty which. arises from the fact that it is given as a power 
series expansion of the coupling constant and that one may at most calculate it up to 
the first or the second Born approximation. 

Thus it seems necessary and meaningfull to look for an alternative formulation of the 
relativistic two-body problem. And also such investigation of this problem would give 
some suggestions to the point of view as to the mutual and internal structures of elementary 
particles. | 

Then how should one formulate this problem ? 

In this paper we start from Feynman” theory, which handles the “ kernels” elimi- 
nating a quantized field, and obtain an inhomogeneous integral equation for scattering of 
two particles and investigate its general properties (§ 2), where the homogeneous part is 
an incident plane wave and the kernel of this equation can be written down directly ac- 
cording to Feynman’s diagram. Then a homogeneous integral equation with the same 
kernel as the former is derived for bound states of two particles in connection with 


S-matrix theory (§ 3). 


$2. Total scattering amplitude and inhomogeneous integral equation. 


We consider, for example, the system of an electron and a proton interacting through 
an electromagnetic field. In other cases also our formulation can be extended directly. 
In the following we use the same notations as Feynman if not other-wise stated. Suffices 
1 and 2 refer to the electron and the proton respectively. After Feynman’s procedure we 
can ask for the amplitude, Y,(7,, x2), that an electron and a proton with original free 
wave functions were scattered % times by irreducible interactions either forward or backward 
in time to arrive at x, and x,. Here by irreducible interactions we mean those interactions 
which cannot be obtained by their iterations, as represented by Fig. 1. Then the 


amplitude after one more irreducible scattering is given as follows. 


F yi (ty £2) =H Gas Ses Flat 2) DP (2, x7) dt dz, (1) 
N / 
‘ / 
) ( ors ie 
Fig. 1 


where 


Clic Te as ae) =1¢°K, aa x) Ky (25 4) 7 pat p20 +4 (a,'—2',)*} 


—ie| KF yrs ey", | (aa — 411) 7 0 42) ae! 


~i¢'| Ky (Ao 2 V7 pol 425 He) po 44 (ef! —#/)2}8(e,—21/) dz" 


Relativistic Tzvo-Body Problem 219 


+'(e*) *{{ US Cr te oe (Pte) Tall valve (ty or) Ay Clete urna 


x 0,4 (4y/—#4)*}0,{ (4 — 44)" bdr ae!" 
ene, ( 2) 
(Kernels with arguments 2, 7,/,... tefer to the first particle and those with argument +,, 
%/,... tefer to the second particle.) 
An equation for the total scattering amplitude for the two particle arriving at x, and +, 


either directly or after any number of scattering is obtained by summing (1) over all % 
from 0 to ©; 


P (25, Xe) = a Ee Fy) (3) 
a (4%, Hy) =F (4, Xo) +|{ Ore Tea ta) Oats et acy (4) 


This equation (4) is also obtained from an equation : 
EAR tee ote) = Ky FED EGS ) 
+ || CCe x03 xf 2) KCl, 2 32g", ed!) dele, (5) 
by defining VY (x,,%,): 
Y (2, 22) = lim \ K (4 05 21, 44) B BE oa! 2") doe,! coc! (6) 


and using 

P (4, ¥2) = lim Ki (4p 4K (Gey £2!) BBP (41, x9!" )do0,da0"", (6) 

Mm 
di hone . 

It is easily seen by solving (5) successively that A (2, %, 3 2,',%o') is Feynman’s two-body 
kernel. Evidently (4) is relativistically covariant in form. 

Now it is well known that K(1,,%5;%;,',%') is connected with an element of S- 
matrix between an initial state Y,(x,, 7) and a final state y,(+,,%) by the relation ; 


(Wl Hel | R| feta) ion f(y 4d) BuBal Kr 8 5 8) 
sia = Ki (45 ty) Ba (4s se) LBsPiP ol Zens?) 
é .dat,'docd dat dba, (8) 
where initial and final states are given by the following Y, and 7, respectively ; 
D (4) Xo) =F (Ay 4e) exp (th, 41—the* Xe) 
Yo (41 Xo) = Uo (A's ho’ Jexp(— th! -x,—ik,! + x2) (9) 
Lo = 00° PP. ssi 6 


and for the convenience of later arguments, 7 is used ; 


jai : eres se eat MG 
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From. the general theory of S-matrix®, it is known that S commutes with a certain 
number of constants of collision, among which it is convenient in the case of two particles 
to take the following six quantities as a complete set of collision constants ; 

Pe tone Le (11) 
where P, is a total kinetic energy-momentum four vector and Z and m are Meller’s 


p 
operators which are reduced to the square of the total angular momentum and its 2- 


component respectively in the center of mass system. Therefore it is obvious from (8) 
that when Y (2, %) is expanded by eigen-functions of (11) its coefficients are separated 


and each satisfies its integral equation independently. 


§3. Analytic continuation and homogeneous integral equation 


We can write 


W (4%) =9(x)exp(—7P-X), \ 


P (41,42) = 9, (x) exp(—2P: X)=F (ky Kk.) exp | —iP-X—+(&, As) rt, (12) 


| 


Xo( 41» %2) = yoy’, Ke’) exp] iP” Se = (Ay — fe!) + ¥ , ] 


where 


3 L 
se (Gyuit%y2): 
(13) 


Lyp=Ayi— Fp» 


and 
P=, F)s | P= (ik Js 
Py=V ke + me + Vike + m?, Pl=VkP+mi+ VK2 + mz, (14) 
P=k,+k,, P'zfe! 3K, 


There exist an arbitrariness in the definition of A and in fact we can put 


X= QXpi FAX ys F 
‘ ay + a= 1, 5 : ) 
where a, is an arbitrary real number. But it is shown later that this arbitrariness is not 
essential in our problem and we use (13) hereafter. From equations (6), (7) and (8) 
Lm / Ve ‘5 iy 5 
(Ki, K.|R|k,, K,) alli {| 10° (+i, 2) {VF (Xp 42) — Fo (41,42) doe, dar, (15) 
: ; 


>+o 
i) 


By inserting (12) into the right ‘side of (15) and performing integrations over dX we 
obtain 


(Fe, Fey!| Rl Rey Wey) = (22)°6P’—P) lim expie (Fy — 2) Ff 


‘| exp{—i (Ie —=) ar} “0 (ey, P'—K/){ 9 (#)120- o(*) =0 } ae (16) | 
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Making use of the identity . 


lim exp(éex) +3, (x) =8(x) } (17) 
and (He, Ke! | R| Key Keo) =0(P!—P) 3( Py —P,) (Key, Kel |R| By Be), (18) 


we obtain from (16) 


6.(Pi =P) 


al Jo fo > 
i? 1) 2 


= 22)" oo -i(a/ Palas ts PA) 


{9(4) :-0—Po(4) 120} Mae (19) 


Now we want to know the asymptotic form of ¢(7),-9 for large 7 from (19). 
Because of the complexity of the diagonalization of A in the case of spinor particles we 


investigate it in the below from the corresponding one for scalar particles ; 
’ 
8, (P!—P,) (Ie, ky’ |R\ key, kes!) = (2n)*| exp{ i(k —=)-oe} 


1 9(4) sm0— Go (%) 20 fala (19’) 


The essential point of the following arguments, however, is to remain also in the 


case of spinor particles. After Fourier transformation of (19’) in the center of mass 


system, 


2(2) 10 G() 0+ | exp (dh!) -0.(P—P,) (k!, ~k'|R\k, —k) dk’ (20) 


On the other hand, from (4) and (12) ¢(%) satisfies an equation 
ea) =x) + | L(x x" )e(2")ae", (21) 
with known L(x, x’) and g,(%) : 


(2) = exp|ik-a— 4 (VBE + m: _ Viet me )t | (22) 


We introduce polar coordinates for a, and k’ as follows : 
x = (rsin Ocos M,r sin Osin Y, 7 cos 9), 
k = (ksin 0 cos ¢, £ sin @ sin ¢, & cos 9), (23) 
k/= (# sin 0’ cos ¢', # sin sin $’, 2! cos 6’), 

and expand g(x) and ¢,(x) by spherical harmonics Y,,(cos.0, 2) : 


g(4)= Sle ee jem (CA? FAA Ge ee (24) 


g(x) =4z 3 ae (i)4(—1)” ie Jong (2) Vim (c08 8, P) Yi,-mlc08 0, 8) 


O-1< 


en {-L BF m? _VE ime ye} (25) 


Then f,,(7,?) satisfies an equation 
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FAG Dahe® +] Gem rs ts rts fiim(r’, Carat’, (26) 
with known 2im(7,2377, 2) and fim (7s bis 
files) =42 G1) "yf Jong (rep — Bt mt — CB md 
(af 4 


Now when we multiply the both sides of (20) by Yim (cos 6, @) and integrate over 


angles we obtain 


Tams 0) <4 (6)!(—1) "Ys, -m(co8 4, 8) | gf Fray (Er) + 


+| cosa (Br) 0,(V R24 my + Ve + me —V +m — Vie +m? ) 
NED fee 


VA) VACE) (L, m| Re, 2) de | (28) 


where V4(£) and V4(/’) are what result from Jacobian for transformations of (K,, K,)- 
to (P, ?,, cos G, })-representation, 


Ve +m? +V E+ Me 


Ah)= : eee 
@) VE +m, VP +m, 


(29) 


Also the transformation functions 


(cos 6", 6!| £, 22) = Vin (cos 4’, 6") (P) 
was used. 


Since for large 7 


Ving (er)~ 1 | | exp {i (4r— “ttn + exp {-i(4r—**2)} | : (31) 
and 


er Rr) + e@(k')d é pr exp ek r) f(A) 
[exp ier) -g(#)8, (A)dll ~ RET | 


ak! (32) 
[exp (i'r) -o(h')0,(A)dk’~0, net 
(28) gives the asymptotic form of f,(7,0) for large 7; 


Finle 0) ~2m (é)!(—1)"¥;, (cos &, §) (dr) exp {7 (tr — 4} 


+ exp {i (4r— Ae 
w 


=) (2, m| S\tm) | (33) 
Now we define new functions /;’,,(4) by | | ff | 


poles = fi m(x) (2, m| S|, m)™, ae oe 7, (34) ‘ 
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which satisfies an equation 
oy Fim hr. Shin (ts 2) (Z, m|S\2, m2) 7 +\ Un ae Hot Mild wl \Or a. (25) 


Then from (32) the asymptotic form of /’,,(7,0) is given by 


Sim (fs Ou aR (2)?(—1)"V,,_n (cos 4, 6) (Ar) | exp {i(er—“**2)} 


(Um S\E. mi) + exp \i (e244) | (36) 


2. 


We assume that 7,",,(7,7) is an analytic function of & and extend the original interval of 
k(0 <&< cw) to a complex #-plane, and consider the analytic continuation OF 7. (752) 
at poles & of (J, 7m|S\/,7) on the upper half £-plane, which we write Feo (Gat a el nen 


’ aes ; ‘ 
Jim(%s t) satisfies the homogeneous integral equation ; 


fin(rt) =| Qin (tsb: 7 Efin (rs tara, (37) 


and the asymptotic form of f;’,,(7,0) is given by 


Fia(rs 0) ~ 28)"(—1) "Vem (cos 8 §) (dr)~Texp(—kyr)enp{i(ir—“*2n)}, 
(38) 


where 

=H tits, (h>0) 
In the S-matrix theory (/, #|S|/,7z) is independent of quantum number 7, and poles 
of (2, m|S\Z,m) on the positive imaginary axis of &-plane give the discrete energy values 


of bound states in the center of mass system by the relation 


E=Vkitme +V etme, (39) 
(k, =0). 
So, equation (37) or 
P (4p #2) =|| G (By X35 41, 41) F Cy a! ary aey (40) 


determines the discrete energy values of bound systems. It is also clear from the above 
arguments that the energy values are determined independent of any choice of the defini- 
tion (13’) of X. 

The complex numbers may exist among the eigen-values of / which are to be de- 
termined by solving (40). These circumstances will be investigated in future in connection 
with decay processes. 

Of course the above arguments are only formal, because it contains divergencies in- 
herent in all quantum field theories. But in quantum electrodynamics and in some other 
systems divergence-free S-matrices can be obtained by the so-called renomalization procedures 


after Dyson. Therefore our corresponding formulation also can be made by replacing the 
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propagation functions of fields and jy-matrices by the modified ones respectively. 
The author wishes to express his appreciation to Prof. Y. Nambu, Prof. C. 
Hayashi, and Messrs. H. Tanaka and Y. Munakata for their valuable discussions and to 


Prof, Ts Inoue for his continual encouragement. 
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In the case of some gaseous substances (a simple gas, a gaseous mixture of reacting molecules, 
and free electrons in metals) the equation of entropy transport is derived from the Boltzmann’s kinetic 
theory. The definition of entropy used in this derivation is the one given by the Boltzmann’s 
/#-functional. 


The expression of the rate of irreversible entropy production appearing in the above-mentioned 


equation is essentially the same as that given by Tolman-Fine and others in their thermodynamical 
theories. : 


§ 1. Introduction 

Eckart,” Bridgman,” Tolman-Fine,” Meixner,® Sugita” and others have recently given 
various attempts to express the second law of thermodynamics in terms of an equality in 
order to obtain concrete conclusions on some irreversible processes. They gave due recogni~' 
tion to the irreversible entropy production associated with such processes on such founda- 
mental assumption that every irreversible process consists of some elementary ones, each’ 
of which produces its ‘own characteristic amount of entropy irrespective of the existence 
and of the nature of the other ones. As pointed out by Tolman-Fine and independently 
by Sugita, the principles of these theories lies in computing beforehand the characteristic 
amount of local entropy production for each elementary irreversible process regarded as 
quasi-static in its extended sense, i.e., at each stage of which each small part of the 
system is substantially in a state of metastable equilibrium. | 

In the case of gases their results are as follows. The local entropy per unit volume 


of the gas, .S, satisfies the equation 
OS /At+ OS eota1/OH= (AS /A1) ize. » (1-1) 
where Sjoraz is the entropy flow vector, which consists of two parts, one carried by the . 
substance itself and the other by the heat flow : 
Sroa= SU + 8, (1-2) 
S=O/T. (1-3) 
Here v denotes the flow velocity, Q the heat flow vector, and J the local temperature 


of the gas. (@S/dt)i,, is the rate of irreversible production of entropy, i.e., the amount 
of entropy produced per unit time and per unit volume inside each small element of the 


* The main contents of this article was already published in Japanese (Bussei-ron kenkyu, 29 (1950) 
1;31 (1950) 1; 34 (1951) 75535 (1951) 93), and was reported at the division meeting of Physical Saciety 
of Japan held at April 2, 1951. 
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gas. It is composed of the ‘contributions from the elementary irreversible processes taking 
place in the gas. For example, the rate of irreversible piesa toe of entropy due to the 
irreversible heat “flow is ~ 


(dS /dt) gy, =Q-8/800(1/T). | (1-4) 


And those due to the dissipation of mechanical energy through the action of viscosity or 
of electrical energy * by the flow of current through a resistance are all of the form 


(dS/dt) inp, =1/T (AF at) inv (1-5) 


where (d@/’/dt);,, is the, rate at which work is done against viscous force, etc. It was 
interpreted by Sugita” as the heat supplied per unit time and per unit volume by virtual 
heat reservoirs. Inthe case of viscous flow we have 
(dF), =(P\—P): av/ax, (1-6) 
| 
ii oe 1 Dd ie Hence the pressure, the unit tensor, and the pressure tensor respective- 
ly. When an electric current J flows through a resistance RK at temperature /, we obtain 


the expression. 

(AF /at) irr, =JS°R. (1-7) 
The equation (1- 5) can also be used for chemical: reactions. If we assume the reaction 
ofthe type. ar A+B=C+D, 


then the expression 


oe ) eee ae 
sant payotias, Hy sgeaips, G6 a 
( at irr. ve = C , Gy fe = 


will be valid. Here 2 is the Boltzmann’s constant, A the equilibrium constant, and C’s 


are the number concentration of the molecules. dx/dt denotes the net rate of the reaction — 


represented in terms of the numbers of molecules A, for example, used up in the reaction 
per unit time and per unit volume. 

When there are various kinds of elementary irreversible processes taking place at the 
same time, the rate of irreversible entropy production for the over-all process can be obtain- 
ed simply by summing up the rates associated with each of them. Accordingly the pos- 
sible correlations among: them are not taken into consideration except those through» the 
variables Q,v, J, 7, etc. appearing in some of the summands. 

The usual expression for the second law of thermodynamics is of the form 


(AS/dt) in. ZO, (1-9) 


or of the form 
ds/dt >—1/0 aS/au , (1-10) 
s. ‘and pe pence the entropy per unit mass and the mass density of the gas respectively. 


Here we defined s=S/p, and d/ dt=3/ dé+U-d/da, and used the equation of continuity 
for the mass.. This. inequality (1-10) was changed into the equality (1-1) by virtue 


of the idea that every elementary irreversible process produces independently the sien 


increase given by the formulae (1-4), (1-8), etc. 
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From the molecular standpoint, however, every irreversible process takes its rise in some 
forms of the irreversible molecular motion, thus it will be possible to prove the phenomeno- 
logical thermodynamic relations from the molecular kinetic theories. Moreover such a proof 
will show that the validity of these phenomenological relations does not depend upon the 
details of the molecular mechainsm, since they were derived from some general thermodyna- 


mical considerations. In the following sections we shall examine these anticipations by a 


. few examples. 


§2. Irreversible heat flow and viscous force 


Firstly, we consider a simple gas. If we neglect the difference of molecular structures, 
each state of a molecule is specified by its position a and momentum p and each state 
of the gas as a whole by a distribution function f(a#,p,¢) in the phase space, ¢ being the 
time. According to Boltzmann, the distribution function for a sufficiently rarefied gas 
satisfies the equation of continuity 


{0/ot+ p/m-d/axn+m E(x) -0/AP\f= (af/A2) m.s (2-1) 


where 7 denotes the molecular mass, #” an external force acting on unit mass of the gas 
which is assumed to be dependent only on the position. (af/d¢);,,. on the right-hand 
side is the term representing the irreversible change of f, say, due to molecular collisions, 
the explicit form of which will not be employed for the time being. 

The macroscopic quantity per unit volume of the gas corresponding to an arbitrary 
dynamical variable per unit mass, ¢(#, p, 7), is defined by 


r= =| nifdep j 


where dtp denotes either the volume element of momentum space i® classical statistics, or 
its quantum mechanically semi-corrected value Gdp/h', G being a weight factor due to 
the molecular structure and /% the Planck’s constant. The integration is to be taken over 


the whole momentum space. If we introduce the associated quantities 
F =|pé “fat P>s 


a) 
m Ox 


f= mp {2 


+m: | Ftp. 
Op 


and 


we obtain an equation of continuity” for Fh 
05 /at+ 08 /dx=Fst+ (dE /at) sv, (2-2) 
Especially, the equations of continuity of mass, of momentum, and of energy are given by 


dp/at+ p 8v/dx= (dp/at) ins 
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po dv/dt+0P/an=pF+ (Qj/2t) nr (2-3) 
p du/at+ P: dv/dxn+dQ/dx= AE/2t) irr. 


writing 7, p, and p /2m in turn for mé. The expressions 


a en a 7 
<4), =|p(4 (<7), ap, 


a es £) = 2m ae a de sae 


mean respectively the amount of mass, momentum, and energy produced per unit time and 
per unit volume inside the substance by the irreversible molecular mechanism which is. re- 
presented by (d//dt),,,.. The quantity (dE/dt) i, should not be confused with the one 
in the expression (1-5), (d//d¢);,,.. The following expressions are also defined : 


0 == mk =|nfdep 5 Sa = \praep : 


UC =u —|Poaer {2p er fat p 
= pu : 


Wt 


ee ’—w)fdep 


Here w, say, is the internal energy (the energy of thermal agitation) per unit mass. 
This method of derivation of equations (2-3) and the general anticipations stated in 
the last paragraph of §1 suggest that the equation of continuity for the entropy (the 


equation of entropy transport) will also be deduced from the equation (2-2). For this 
purpose we put 


oem v)* 


2m 


me=—k {log f— a log(1+ Of) L, 


anticipating that the molecular interpretation of entropy at a state of equilibrium will be 
utilized also for a non-equilibrium state, as pointed out by Tolman and Fine, provided 
that it is not so much apart from equilibrium. In the preceding expression, 0 should 
have the value +1 or —1 according to Bose or Fermi statistics respectively, and 0 in the 
case of classical statistics. Then the equation (2-2) becomes 


AS/Ot+ OS jor/ B= Ls + (AS/AL) yp, , (2-4) 


where 
SA) { flogf—0-'(1 +f) log(1-+6f)} arp, 
S=Si1a— SUV lef. Eq. (1+2)] 

=—A\( Paw) { flog f-0-1(14 47) log (a +t/)} dep, 
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F=—2|f4 ee! Ree spt teers (Of) "(1+ Of) log (1+ Of) } dep 


Ot m Jax 
Saal a 
(2S) +F=—A| {log ; a to Peli d f)_ dept Fy 


=~ lon Canes: f), ae 


As the terms (do/dt),., (€7/dt) in.» (€E/dt) im, and Fy in the equations (2-3) 
and (2-4) are formally redundant in comparison with the ordinary hydrodynamical equations, 
we must evaluate their values. For this purpose, let us assume the distribution function 
to be of the form 


f=1]exp| (p—mv)?/2m+ ee 
kT 


=pji-ar+ Zl, (|\W|<kT). (2-5) 
Here the distribution function corresponding to the state of local equilibrium, /, is defined by 
n=| facp=|f'dep, 
pv=| videp=| asp, 
be {em file — (Pome mv)” Pde - 


2m 2m 


The unknown quantity JV representing the deviation of / from /” is of course determined 
by the Boltzmann’s equation (2-1). We may then use an approximate equation, in which 


the terms higher than the squares of |/1’|/2T are all neglected, 
a ibe | heey ee) | 
pee Pas fe +f. 
( rae re \ Of . mt 0a Op f 
ect + Of") {[ ome pane) — uu (p—mv)" 1}: ary 
re fede 3 m Onc 


ie ms Pe: ae v -v) 2 Jog rt. (2-6)? 


The assumptions (2:5) and (2-6) are the exact formulation of a quasi-static process in 
its extended sense stated in the first paragraph of §1. Using the equation (2-6), we 
can easily show that 


(dp/dt) in, = 0, (Gj/dt)n, = 0, (dE/at) np. = 0. (227) 


In reality, the explicit structure of (df/d?),,... must have the physical properties expressed 
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by the equations (2-7) (conservation laws) in order that the approximation (2-6) can 
be used. It is well known that this approximation gives good results for the case of 
sufficiently rarefied gases. Using the explicit form of the distribution function (2-5), 


we obtain the expression 


(£9),.1 pl Pe aa 


(£2), -# (G9). 1" GF 
=i ln - dp, (2-8) 


where (di /At) iy =(1/m) (de/at) srr. The expression (2-8) is to be compared with 
the equation (1-5). Using further the approximate equation (2-6), we obtain the final 


result 


A ; 
we S) 4F 
( at arr. 5 


Tale, Fe mb eh [ (ome pare) 1 (p—mv)* if toed 
oe TOF") - he ES eee 
= dlp + Gf") I 


m 3 m Ou 
CS = DPA re Sle 
+] 2m 2 0 ae) OX c 4 
eG we ere, a rie ane ean 9 
mh (pop) (obdep=2{ (9): 20-07 low Th (2-9) 


where the equation P= pl and Q°=0 have been substituted. Except for the term Fs 
in the left hand side the equation (2-9) may be seen to be essentially the same as the 
expressions (1-4) and (1-6), if we compare the equation of continuity (2-4) with the 


equation (1-1). In the classical case, /’s becomes 
d ko [>a 
—2\( ) a ) ZN); 
at f nee, m\ dt /irr 


The equation (1-3) is now easily obtained, using the assumption (275% 


S~ e\(2-e)pra + Of") ae log ( f a eo 


L-- 
=A (7-s)(2-2) Lire (women) [en dt 
=0/T, Be 


which, together with the equations (2:3), (2:4), (2-7), and (2-9), gives the relation 
between w and s 


du/at = T ds/dt—p d(1/p) /at. (2-11) 


This relation is the one commonly used in thermodynamics, i.e., the Gibbs’ relation. 
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§ 3. Chemical reaction and~mutual friction 


Now we consider a gaseous mixture consisting of, say, four kinds of molecules, <= A, 


B, C, and D. When there occurs a chemical reaction of the type 
AL B= CLD. (3-1) 


we must in general take into account energy levels of the internal motion of each molecule. 
Let us denote them by €;,, 7 being a set of quantum numbers specifying each state of 
the internal motion. For the sake of simplicity, we shall restrict ourselves to the pure 
classical case. Denoting the distribution function for the z-th gas by /,(a#, p,7, ¢), the 
Boltzmann’s equation of continuity becomes the simultaneous equations with respect to the 
functions fy, fz, fo and fy, in which the quantities , F, and f in the equation (2.1) 
ate replaced by m,, F,, and f; respectively and 


(df,/dt) irr. (af,/ at) con. a5 (Bf./ Zt) chem. (3: 2) 


is used. Here (df;/dt) con, denotes the term due to the non-reactive molecular collisions 
and (df;/d?) cje,,. that due to those which cause the reaction. Each equation of continuity 


associated with a macroscopic quantity defined by 
I,= Domed fap 
os 


is obtained by the similar procedure as what was used to obtain the equation (2-2)... Cor- 


responding to (3-2), we have the following equations 


(45), (£2), (65). os 


where (22 ;/dt) pou.» say, is defined by using ap / 2A) one a 
Using the dynamical variables m2; P, P°/2mi+€i;, and —k(logf;—1) in place of m6, 
we obtain the equations of continuity for the partial density of the mass (,, of the current 


Jn of the energy Z,, and of the entropy S, respectively : 
30,/At-+ Af, /Ba= (Ap;/AL) ier. 
Aj. /Bt-+ AP roa i/B0= Be + (Gi/ At) iors 
BE, /At+ AQ txtat,i/ OH=I1* B+ CEs/At) irr.s 
9S,/At+ 8 Stour /O00= Fs s+ (€S,/aE) tre. 5 


(3:4) 


where 
= minh = SS [ofa > P= ui Pas 
T 
Ii UG =>|phap , J=pt= DI 
T 
Protat,c= Pi UiV + VU;— UV) +P,, 


Bo se 
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ee 0: (Up VEU-U;,—U-V) +U;, 
2 


ee yf { Paes ee fel , 


2m; 
Qrota,t= (4; 1 + P;) alas FHF Ce v) _ Q, ? 
9.< 3 {a bea}(P erat 
T 2m; Mm; 


S,;=—k 3) ftlog 1} ap : 
ag 
Saag sO S; > 
See >a P_w)f, {log f;—1} dp , 


a8 WM; 


F3i=— s ( é ps) =—1(-<m) 
mM; dt irr. at irr. 


In the next place we assume the explicit form of the distribution functions 


Ue — (p—m,v)*/2mi— ix — Wi 
fol. 


Ji= exp 


_ Wilk W, a 
= f7_ 9 of], (|W,| <&T ) (3-5) 


where 


n= S| fidp= Pat | fap > 
+t Te 


veo pee = Sines hee | ; 
i 2m; pace 4,7 2m; eer! 


It must be noted here that, according to this definition of /,’, the detailed balancing with 
respect to the reaction (3.1) does not generally hold. The approximate equations 


a ) = One? oe ey 
(74 im. | Ot a m +m Bo bf 


a 020 
(p—m,v)* 3 3 
eg Set Sel a 23 Os 
Se (p—m;V) aa) yy 2m: + 4é€n+ . akT | ae 1) 
NM; = aa : an 
9) d 
os (PE) nee | 
ie Ma, a 2m; 2 fa) log 7 Pp _v) 
Ny AT Do: A = 
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ads ce 


<= Sn 2m, 4 Sse ees ; 3°6 
aes Sula) (eT)! : ( ) : me 


are also employed in place of the original Boltzmann’s equations. Here we have used the 
expressions 


jhe =kT log 4,0 O = CAEN ISS e—€sr/fT A, , 


( f°: the chemical potential per molecule of the i-th kinds. ) 


4;,,: a statistical weight for the energy level €,, ; 


= kh —_ 
Me p-=E ge — Ey C= Lee eerie one. o/ Lie SULLA Fa 


w= Din, (ee — es) 3 ner) 5 


£= hi= 21%: AL=nkT, 


d=) di;, dj=—d;; 
4 > (3.7) 
=1/n" (n, dn,/dxH—n, On;[d0+ (F;—F,) 
- PsP 5[Po+ (m;— Mm) nn;/Np-d log p/Ax 
and the two assumptions that each energy level €;, is independent of p;, v, and 7 and 
that all the irreversible quantities for the local equilibrium distribution fe. vanish except 
for (dn;/dt)°cnem.- Using the expressions (3.6), we obtain the results 


(Gedene oS) tend 5%) a (FP) a 


irr. T 


j)=d v2 
at ; irr. = 


BN Sat NM GP nl? 


= 2f{2 58" sodl( $0) tov e( $4), —2e( Eo), 


2m; 


Zh) dp=pd,; +0(“n). sag 


Chem. 


pd; vt (Some + eT +é)(Sm), 


Nght oe) c= €%) } ] See a ‘ 
2 pata) 0x u(1+a) 3 PY d t chem. 


| 
| 


i 


and further, remembering the explicit form (3.5), we get 
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Ca ae 
marae ate Nan ’p 
(ga) (9), v0 (FI) a 


a all Ww -4 e Sree (3.8) 


which should be compared with the expression (2.8). 
and the equation (3.6), 


i) log fap 


If we use the preceding results 
the foregoing expression can be rewritten into the form 


0 
(Ss. irr Al dt ae 
0 


=P: WH ReS O om U;° PA Ls (Sn) 


chem. 


are 


chem. 


“-mieno3 8? (4.2) Yo) 


0 y 0 
re Abteale [ ane: 36, = ns |} 
S144) - 000 


a9 
Dp j at chem. ( ) 


where H,°==n;(€,+ Sar ) is the partial enthalpy per unit volume 


Corresponding to the type of chemical reaction (3.1), always hold the relations 
Ms+Mp=Mcot Mp, 
(dn,/ at) chem. (dn;,/at) chem. — (dn¢/at) chem, — —_ (dny/at) chem 


=—dz/dt. (3.10) 
Noting these and the definitions (3.7), we have’ 


(dp/ At) srr, = dV (Epi/ At) 9m = (Met My—Mta— Mp) Ex/[AU=0 
(QG/ at) irr. = Bi (Gi/ At) ir. a 0, (3.11) 
(@E/at) ton, = UE; | At) sor, 


and hence, from the equation (3.9), 
a ad 

—S) = ( =o) 
( at oe ~ at 


Nelle a ssi 


a 0 
at nm) 
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If we use the relations 


= Lind; -U;=-— 2pdy- Y= - Body 5 (v;—¥,), 
a é, a) 


0 0 
BST Vat gerd OU 408 ey (aE 
ats te) (He 25 add) ba Le )( dt ) ? 
which are obtained from the equations (3.7) and (3.10), we have the required result 


Po 2G PP): 20 +1 Bhy-(w—vy} 


Ons y (gies ax \° 
+{02 31 (v,—0)} - 2-(2 +2 I Realone’ | 3.12 
{Q— SH (v.—v) } #() og K— log Fo? (= (3.12) 


where 

Bees Q=21Q: ; fj=—pdj= aay fo c ee ta=0) : 
CeCp 
Cute 


The preceding results, (3.11) and (3.12), correspond to those obtained in § 2, (2.7) 
and (2.9). In the expression (3.12) besides the term due to the chemical reaction, 


Le +H — [te — ty SRT | log K— log L, C=n,/n. 


(1.8), there appear additional terms containing the vectors f;,, which may be interpreted 
as the mutual friction forces between the gases of the 7-th and the 7-th kinds, for they 
appear also in the second equation of (3.4) and irreversibly produce the entropy in 
proportion to the relative velocities ¥;—W,;. Thus we can add the rate of energy dissipation 


through the action of mutual frictions 


(AF / Et) inn. =~ Sh 49° (Us —%j) (3713) 
to the list of § 1. 

The form of the equations obtained by adding the equations (3.4) over all 7 is 
different from the equations (2.3) and (1.1) only in the fact that they have the terms 
Dek (in place of pH’ in the equation of motion) and dpe (v,—V) (in the energy 
equation) on the right-hand sides. But S and (¢S/d1) irr, ete different forms. According 


to the approximation (3.5), we obtain 


s= #5 \(F-— yl —— =1}dp 


a Q:— 18 (U:— Vv) 
rap T 


and hence 


S=DS.= {Q= Ste’ (Ue) H/T. (3.14) 
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It must be noted here that in the expressions (3.12) and (3.14) there appear the 
correction terms to the heat flow vector”, nA? (%—v) and See (v,—v) -[of. Eq. 


(1.3).] Using the expressions (3.12) and (3.14) and the definitions 
u=U/p, URDU 
s=S/p, S==dSs5 


and 
a/at = 0/dt+ Vv -0/dx, 


we can derive the equation corresponding to (2.11), 


duldt = T ds/dt—p d/dt(1/p) + Swe d/dt(u/p) 
+ 1/ed}{ ef; — f, _— Sy aT/axn— N; Op; /Ax} - (v;,—Vv), 


where we have defined f= >1f,; and employed the relation npe=Ho—TS;. S) is the 
3 


partial entropy per unit volume, and it holds S;~S/°+ (U ery, °)/T in our approxima- 
tion (3.5). In the foregoing equation, the last sum turns out to vanish.* In fact, 
according to the definitions (3.7), we have 


f= — pxdsy 
wee z= i, Ny ee 0 log p 0: ity 
- Ae ( ” )+( peaks ) = st: r (Sek pF) 
Op; ; : : 
= (20 — Fe) ft most, 2 ): (3.15) 


Sis (%—0) =BeF- (W.-0) —¥ 8p,/3H- (H—0), 
[remembering the identity 20i(Vi— v)=0,] 
and hence, using ehe relation 7,/4;°=H;’—T7S;, 
ied —he— S;dT/dx— 1; 0p; /d0}-(V;—V) 


= — dine 0/0 (A /n:) — Td/dx( S/n) —1/n; 0p,/0x}, 


the last member of which vanishes by virtue of the values of 4;", S,’, and #; ; 


0/d0c( H/n;) =T 0/02 (SP/n:) +1/1;(0f;/0X). (3.16) 
Thus the Gibbs’ relation 
du/dt = T ds/dt—p d/dt(1/p) + Spi a/dt(i;/ pe) (3.17) 


is valid in our approximation too. Here 1/o means the specific volume of the mixture, 


* Iam much indebted to Messrs. M. Schimoji and S. Nakajima on this point. 
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and hence ,/o the number of molecules of the i-th kind per unit mass of the mixture. 

We should note here that the preceding method used to prove the vanishing of the 
terms due to mutual diffusion is the one used by Curtiss-Hirschfelder”. But they started 
from the equation (3-17) and deduced the expression for (@S/df) ;,, contrary to our course. 


§ 4. Steady electric current 


In the Lorentz-Sommerfeld free electron model of metals’ 


, the problem of the electric 
conductivity can be treated by the semi-classical method developed in § 2. The electron 
gas obeys the Fermi statistics (9 =—1), and has the internal degrees of freedom due to 
spin (G=2). For the sake of simplicity, let us assume that the external force acting on 
each electron is only an electro-static field HJ. Therefore we have mB'=cH, e( <0) being 
the electronic charge and m the electronic mass. If we neglect the mass motion of the 
crystal lattice of the metal, the velocity itself of each electron must be regarded as its thermal 
velocity. Since there is no necessity for separating the local mass motion, the expression 


of the distribution function is obtained by putting formally v==0 in the expression (2.5): 


f= 1 fexp? /27 PoE pipe ffa— (if) WAT}. (4.1) 


In this section the difference such as between S,,,., and S in the equation (1-2) will not 


appear. 


Since in the present example the primary cause of irreversibility lies in the interaction 
with the environment, i.e., the collisions with quanta of the thermal vibration of the ctry- 
stal lattice, the approximation such as used in the last member of the equation (2-6) will 
be inadequate because of the structure of (df/dt) ,,. In fact, the results obtained by put- 
ting formally v==0 in the above-mentioned expression (2-6) are as follows : 


(dp /Et) ir. 0, (Aj[At) in, = 0, (4E/At) irr, = 0, 
(@S/dt) ine, = 1 Q— (5/2) (p/p)F}-0/ax0/T), 


Eis . 
and the resistance to the electronic current J= eg vanishes. 


As we have not yet any approximational method permissible for non-stationary cases in 
general, we confine ourselves here to the case of steady state, for which, as is well-known, 
the result is 


(Gf/ dt) in.  {8/8t+p/m-3/dxn+eB-3/ap} f° 


AY Posted p —1) A log 7 0 ym —eE} P. (4-2) 
kIT 2m Ox Ox m 


Here 7 and p’ are considered to be determined by the equilibrium state of the crystal 


lattice. According to this approximation, we have the expressions 


(Fle eae 
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(59) =)" G90. 


7q 0 
wn|(2 2p) 208 e+ Ov i (4-3) 
Ou Ouc 


(2 E (7 (4 f) “Pp a=. 
at irr. 2m \ dat 


(= 5). FA log (2 =\(£A),, ae 1 ir( nay ee 


~ 1/TicH+ 1! A log T/ax— dp! /ax} -j/m+ Q-3/ax(1/T). 


As is expected, there appear the resistance to the electronic current and the irreversible 
entropy production associated with it. The last expression can be rewritten into a more 
obvious form. Using the result (4-3), the equation of motion for the steady current 


becomes 


oes dip 0 log T op t; 
A PES 
Oe nl(S n -#) Ou aig: 
hence 


(<-s)__ ip eee |e = aes £4) Lissa a a a (7); ew 3 


a =cp/m being the electronic charge density. If we notice that v ==J/o represents the 


average velocity of electron, it will be seen that the term due to irreversible electronic heat 
flow in the last term of the expression (4.4) has just the same form as the one in the 


expression (3.12). This analogy holds also in the case of the electronic entropy flow 


[cf Eq. (3.14)]: 


sai 2 “P 
=| ied oe “P 2dp 
era PS) ( & 2m/m 
_ Q-—(p/e)\TI _ Q—np'v 
ip yo 7 > (4-5) 


where we have used the approximation (4.1). The reason why the term of the energy 
dissipation due to viscous forces, such as the expression (1.6), does not appear in the 
equation (4.4) is that we have not separated the local mass motion. _ 

In order to obtain the form corresponding to the expression (1.7), we need the 
solution f of the equation (4.2) for the case 07/dx=0p'/dac=0. ,.As is well-known 
in this case we have" akan 

J=~RE, 
(2S/at) im +s = E-S/T. 
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The general expression (4.4) will contain the terms due to the Thomson effect, etc. 


§ 5. Concluding remarks 


By virtue of the examples given in §§ 2, 3, and 4 we laid the molecular theoretic 
foundation of the thermodynamical theories developed by Tolman-Fine and others, and 
clarified the difference between the basic ideas of the molecular and the thermodynamical 
theories. 

It will then also become clear that the essential points of our method lie in the two 
assumptions (approximations), i.e., the explicit form of the distribution function (Eqs. 
(2.5), (3.5), and (4.1)) and the approximation used in the expressions (2.6), (3.6), 
and (4.2). The justification of these approximations are naturally to be seeked for in 
the irreversible molecular mechanism itself, i.e., the explicit structure of the term (df/d1) in. 
But we may also use our method to clarify the thermodynamic natures of any process by 
ah appropriate choice of our assumptions provided that some general features are known 
on the irreversibility of that process. Moreover, if we proceed to approximations of the 
higher order, we shall be able to deduce correlation terms between the elementary irreversible 
processes, which were neglected in the thermodynamical theories, and correction terms to 


the Gibbs’ relation. 
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The method of attack developed by Kirkwood and Born-Green, whose application was almost ex- 
clusively confined to the theory of liquids, is applied to the statistical treatment of cooperative phenomena, 
by which we mean the order-disorder problem, its related phenomena and the hindered rotation in 
molecular crystals. Using Kirkwood’s coupling parameter, we find an integral equation, which is sim- 
plified by a method of expansion. By a further simplification, we reach two kinds of integral equations, 
corresponding to Bragg-Williams’ and Bethe’s approximations respectively. In the case of nearest neigh- 
bour systems the latter equation is derived from a variational principle, which corresponds to the 
maximum condition of the partition function per interaction bond expressed in terms of the distribution 
function. According to our formulation Bethe’s method of internal field and Fowler-Guggenheim’s 
quasi-chemical method are derived from the same fundamental equation. This fact serves to clear un- 
derstanding of the equivalence of these two points of view, although this equivalence is demonstrated 
by Fowler-Guggenheim by use of the grand canonical ensemble. It is further noted that from our 
variational formula we can attain to the extension of the variation method of Kramers-Wannier to the 
three-dimensional lattices. Thus, Kramers-Wannier’s approximation proves to be only a metamorphosis 


of Bethe’s approximation. 
Introduction 


As early as in 1935 J. G. Kirkwood” developed one unique method in the theory of 
liquids, in which the thermodynamical quantities of the system are expressed in terms of 
the so-called molecular distribution functions, accordingly an attempt plays an important role 
to obtain the molecular distribution function. For this purpose he invented an ingeneous 
method to formulate an integral equation, whose solution should give the molecular distribution 
function. Recently M. Born and H. S. Green” formulated an alternative method, which is 
more convenient than Kirkwood’s formulation because of the non-appearance of the integral 
of unknown function with respect to the parameter contained explicitly in it. 

The theory of the hindered molecular rotation by Kirkwoood® kept out, however, these 
papers were exclusively confined to the field of the theory of liquids in applications of their 
methods. Hence it would be desirable to extend the field of their applications, since they 
also prove to be most powerful in the so-called cooperative phenomena which are characterized 
by the prominent correlation among particles. 

Now we can cite Bragg-Williams’” and Bethe’s”” (strictly speaking, Bethe-Fowler- 
Guggenheim-Takagi’s ), approximations as the typical ones in the theory of binary alloys. 
Following the analytical method after Kirkwood, we shall attempt to formulate the integral 
equations, which correspond to the approximations cited above. It seems to be worth while 


to do this from the following reasons: In the first place, we may attain to the generaliza- 
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tion of Bethe’s approximation to the case of continuous variables which was inaugurated by 
R. Kubo in our country. In the second place, we may see from our formulation what assump- 
tions lie under these approximations, although it was somewhat vague until now. 

We set up in § 1 the integral equation of Kirkwood type. This equation being unwieldy, 
a method of expansion is proposed in order to avoid this difficulty (§ 2). Starting from 
this procedure we find how to simplify the still formidable equation, where due regard is 
paid to the systematic method of approximation by Kirkwood" and Mayer? (§ 3). Thus 
we derive two kinds of integral equations, the one corresponding to Bragg- Williams’ and the 
other to Bethe’s approximations. From § 4 we confine our considerations to nearest neighbour 
systems. We then derive an integral equation in Bethe’s approximation (§ 4), which is 
written in the variational form. Writing down this integral equation in terms of the theory 
of binary alloys, we are lead to the quasi-chemical method of Fowler-Guggenheim” (§ 5), 
while the variational formula derived leads to Bethe’s formulation” in Bethe’s approximation 
(§ 6). In §7 we extend Bethe’s approximation to be able to apply it to the system 
composed of molecules, which contain a number of particles, and derive the extended formula 
of Kramers-Wannier’s variation method.” 

We introduce some notations used through-out the paper in concluding this introduction. 
Following Mayer-Montroll"”, the state of the particle, 7, is denoted by (¢), which is either 
continuous or discrete and either scalar or vector. Although the description runs as if the 
state variable was continuous, the continuity is not essential in the deductions made below, 
hence the obtained results are valid, if we replace the integral by summation signs, in the 
case of discrete variable. The set of state variables (1), (2), ----* , (WV) is denoted by 
{N}, and. the set of (7+1), ---->: , (V) by {V—x}. We denote the integral of an 
arbitrary function of (2), (2), by Jg(z)d (2), and define w by j1-d(z)=w. Conforming 
to the above convensions, @(1)a@(2)---d(V) is denoted by ad{ NV }, and d(wz+1):-d(V ) 
by dj N—x}. The multiple integral of an arbitrary function concerning {NV } or {V—x} 


is denoted in the same way as above. 


$1. The integral equation between the distribution functions 


Let us consider the system composed of /V identical particles, whose potential energy, 
O{N}, is given by 
OV pe u(2, 7 } 
De pee MED, ey) 
u(i, 7) being the mutual potential energy determined by the states (2), (7) of two par- 
ticles 2, 7. 
From the point of view of the classical statistical mechanics, the equilibrium properties 
of the system are derived from the free energy A, defined by 


exp(—BA,) =| |--fexp(—PUW dW}, B=1/A7, (1.2) 


k being the Boltzmann constant, 7’ the absolute temperature. By using the above expression 


and the local free energy, A,{A}, 
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exp (34,2!) =0"f[.-.[exp(—PU{W'}) ad NA}, (1.3) 


which was introduced by Kirkwood, the distribution function of the 2th order g,{2} is 


ro) 


defined by © g{4} =exp(—BALA}); WU} = ALATA, Ce) 
where 1//,{4} means the potential of average force. 2,{A} is normalized as 
oro lonl elabdia—ni=euliehs — go=1, (1.5) 


in order to give the probability that the state of 2 particles are found in the configurational 
elements @{A} at {2}. 
Now, following Kirkwood, we consider a virtual system, whose potential energy is 


defined by 
OUM}; €)=FU{AS +E ae u(p, A) +U{N—2A}; 12620... (1.6) 
=1 


€=1 corresponds to the real system, with which we are concerned, and €=0 to the real 
system composed of V—A particles. The expressions for the free energy, A,(¢), the local 
free energy, A,({4}; ©), the distribution function, ¢({4}; £), and the potential of average 
force, W,({4}; ©), of this virtual system are introduced in the same way as before. 

If we differentiate W7,({2}; €) with respect to €, the following equations are obtained 
from (1.2), (1.3), (1.4) and (1.5), in which U{V} is replaced by CN ee.) 


QW, ({2}s $)/8=94,({Als €)/08—A.4y(F)/ 0, (1.74) 
SAEs aie ae a fraGAb 3 Dag), 1.76 
Boe ih it Bol alant)O Pes sry LP) 
948) at SY (luli, Nel@> (ss YEOAU)- (1.76) 
a8 wes 


After integrating (1.7) with respect to &, and regarding BW,({A}; 1) =—Ingat{4}, 
BW,({a}; 0) =0, we have 


In Agy{4}=—BU{A}—Bo™ dt [utes Deed erat} Gi 


in which —B In A=A,(1)—A, (0), (1.9) 


or 


N=k>a 


—f In A=—o° “>! ge a) gal (2). Y); &)dd(¢)d(7). (1.10) 


N>j>iz1 
Alternative expressions for 4 obtained from the normalization condition of g,{A}, i. e 
(1.5), are as follows : Multiplying (1.8) by ga{4} and integrating with respect to {A}, 


we have the third expression for A: 


pin A=pro({f---f gaa} Ingal a} aia} 
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—(A+1) 
oe Ginw B ye) 
=p 1 


d 
NZ=k>r 


{fof agntay| © ay 5) gea(edia}. (1-11) 


Lr }3¢) 


The fourth expression for A: 


A=o-I{---| exp {—BUIa} Bor So \ u(p, R) (# PCED) 2 ©) ged (h) la A} 


(liz) 


is obtained by integrating the exponent of (1.8) with respect to {a}. 

According to the expression CIOs —B-'In A gives the free energy per A particles 
when Vs i. While the expression (1.10) is not so useful, the expressions (1.11) and 
(1.12) serve to give some insights into the physical situation. The former expression 
gives the expression of A in the form of free energy and the latter in the form of 


partition function. 


§ 2. Method of expansion 


In integral equation (1.8) we cannot see the explicit dependence of or({A} 3 &) on 
E directly, this fact offering a serious obstacle before us in solving this equation. In order 
to avoid this difficulty, giving up the closed form, we expand Srai({At 1} 5 2) ea. G4} §) 


in a Taylor series with respect to € at ¢=1 to obtain 
1 
5A oe 5) /ga Ga} s db Horutt+ i t/gata} 
+1/2-[0/05-Sr41{441} 5 E)/erC ats ©) deat 
41/6 -[8°/8S?+ ena At1} 5 §)/grG4ts ) kart (2.1) 
The right-hand side of this expression can be obtained from equations concerning the 
potential of average force of higher order than ike 


Let us find an expression of the second term of the right-hand side of (2.1). 
Making use of (1.7) and the equation for OWya1({441} 5 €)/0€, which is obtained in 


the same way as in (1.7), we have 


0 { Sr A+1} 5 §) a VK S Saze((A+1}, 2 3&) 
a g(a 38) J =| dy aca ;6 


Sr tl 5 Sana, O59) | 

_ _— > a(t). ore 
[gaCi4} 5 §)P RY Ge 

The first and second terms of the right-hand side of (2.1) correspond to the terms of 


the zero-th and first power to 2/w respectively, and we see that the 7-th term of the right- 
hand side of (2.1) is of the (~—1)-th power to 2/a. 


As a consequence, (1.8) is written as 


ASv 1 
N>l>A 
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In Ag {4} =—BU {i} ae Sf) b) Sasi( td}, 
Sr 


B= 
k>z 


(£)) 
a} d(f) 


$1/2-(Bo BS rf wu, Bue, D{ Sus O).) 


geek : (2.3) 


SSA 

Lee ( {4}, Bere? LE OD aed + 
[gata P 

The nature of the above expansion is just what one would get if the potential of 


average force was expanded in terms of the average potential and the corrective terms 
coming from the correlations among particles of higher order. 


§ 3. Simplification 


Generalizing Kirkwood’s idea, Mayer’ attempted to divide the potential of average 
force, ]V, {4}, in its component potentials, 1/7, {4}, as 


Wis =CS Us deltas (3.1) 
of which the inversion formula is given by 
w {b= (Sh) (— YOM} (3.2) 


where by {/}, we mean the set of / particles, all of which are members of the set {A}, 
and by (>}{/},) summation over all possible sets of subsets. We have generalized 
Kirkwood approximation after putting 7,0, whose gist consists in approximating the 
potential of average force, lV’, {A}, by the superposition of that of lower order. 

The most rough approximation is given by 


w,=0, bie ie Wit} = met Wade (2) (3.3@) 
which leads, regarding (1.4), to the Hartree-like approximation 
Evi} = Ig (3). (3.30) 
A more good approximation is given by 
4 w,=0, le 3; (3.4a) 
Writing 1, at the stage of this approximation, we have 
W((2), (7), (2) =W((4), (7) + Wd), ()) + WA), @) 
—W,a@)-W,()-M(), (3.46) 
which leads to the Kirkwood approximation 


e3((4), (7), =e @, Ms), 2s, @)/s1@ eisai). 


(3.4c) 


There exist however the intermediate approximations between these two ones. The one is 


| given by the further substitution in (3.40) : 
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w( (2), (2)) =0 (3.5@) 


assuming that the 7th and jth particles are close together and the k-th particle is close 
to the 7-th but not to the z-th, which reduces the approximation (3.4c) to 


o((), (*), (2) =e @, Gs), (2))/gs(7)- (3.56) 


Although the approximation (3.4) is used in the theory of liquid, in which there 
exists no long range order, we shall make use of the more rough approximations (3.3) 
and (3.5), since we have interest in the transition from the ordered state to the disordered 
and hence in the integral equation containing $1, where it seems to be difficult to solve 
these equations under the approximation (3.4). 

Let us take the approximation (3.3) first. Writing down (2.3) for A= 1) undes 
this approximation, we have the most simplified equation 

In A'g,)=—Bo SY | u@, Agia), (3.6) 


being the equation at the stage of Bragg- Williams’ approximation.” 
Secondly, on substitution of the approximation (3.56) for an arbitrary € in the right- 
hand side of (2.3) for A=1, the terms of higher powers of /w than zeto-th vanish, since 


this approximation results in 


a/a€- {go((), (7) 3®)/g1(@ 5 #)} =0 


by virtue of @i2) 0 a Thenswe have 


In Ag, (2) =—Bo" SY fu, dee(@, OA, (7) 


‘ 


£2 (@, (4)) = @, ())/si@)- (3.72) 
Thirdly, in simplifying (2.3) for 2=2, if we introduce the further approximation 


w,((k), (2) ;€) =0 between the third and fourth fixed particles, (3.8) 


we obtain 


=k =" 
k¥t,9 


al Aes). ()) =— Bulg) Fo SD | ws, Dee” @, @)) AB) 
se (3.9) 
by use of the approximations (3.4) and (3.5) in the same way as in (3.7). 

It should be noticed that the physical meaning of J changes at the stage of our 
approximation. For example, the value of —f-In A’ determined by (3.7) does not 
give the free energy per particle, but the free energy of a particle embedded in the oye 
which has too much energy of interaction. Neglecting the correlation of higher order 
yields a large error of the value of the integral in (1.8), but the integral equation remains 
although approximately, valid by the adjustment of the value of A; $ 

Clearly, the approximation (3.4@) with (3.5) and with (3.8) is not incompatible 
with (3.4) together with (3.5 a), and hence we see that (3.7) and (3.9) stand at 
the same stage of approximation. Then if we substitute (3.7) and the equation, which 
is obtained from replacing 7 by 7 in (3.7), into (3.9), the equation 
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In A’’g( (2), (7)) = —Bué, 7) +1n (A? 242). ¢,(7)] 
+8u™| uz, /)2((@), (7)) as) + Bo | u(f, 2) (C7), (2))a(é) (3.10) 


is obtained. 

The equation (3.10) leads to Bethe’s approximation in crystal statistics. Hence we 
see that the essential feature of Beth’s approximation consists in the assumption (3.4) 
together with (3.5) and with (3.8), which is exactly justified in the one dimensional 
case with the interactions between nearest neighbours only but by no means in the liquid 
or the face-centered lattice etc. where the direct interactions among nearest neigbours exist 
as is discussed by Ono and Murakami’. The correctness of (3.54) in one dimensional 


case may be proved by using the following identity : 
N 
\\--] I] exp[ —Bu(k, +1) ld {i—2} d{N—i-1} 
mat 
N 
J kal 


| i bee {a exp[ —Bu(&, &+1)]di—1} d{N—3} 


a arta SUN oh, 


where @{7—1} =d(1)---d(c—2) and d{N—i—1} =d(i+2)---d(NV) etc., and (3.5 b) 
for an arbitray ¢ is proved by the same way and further (3.8) too. 


§4. The general forms in Bethe’s approximation 


Let us consider the crystal lattice, in which only interactions with the nearest neigh- 
bours are taken into account. Let » be the number of nearest neighbours, assumed to be 


equivalent. In this case (3.7) reduces to 
In A’g,()=—Bew™*| uli, 7g." ((@), @))A@). (4.1) 
Then, for the two neighbouring particles, 7 and 7, the equation 
In dg. (i), (/)) =—BuG, 7) + @—-1)/2-lal og, @)} (4.2) 
J=AN/ (A) 26-Dl# (4.3) 


is obtained by substitution of (4.1) and the equation, which is obtained by replacing z 
by 7 in (4.1), into (3.10). Integrating the exponent of (4.1) with respect to (7) and 


‘regarding the normalization condition (1.5), we have 
[ KO, Mo Nay=EOV, (4.4) 


| ‘in which 


| K((@), (f)) = 07! exp(— Buz, J), es) 
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$i) =[,. 01” (4.6) 


gb is subject to the condition 


o(P@QPraO=I (4.7) 


in view of the normalization condition of g,. Integral equation (4.4) is now derived from 


the following variation principle : To make the expression 


Diel= [{ K@. MOH DAWA) —2E—V/2-4] HOR MO 
(4.8) 


stationary with respect to the variations of ¢. 


In the special one dimensional case the generally non-linear equation (4.4) reduces to 


the linear homogeneous equation 


KO, DI DED=#O- (4.9) 


This equation is in accordance with the fundamental equation of matrix method, including 
the fact that 2 gives the partition function per particle (cf. next. paragraph) and the 
eigenfunction ¢ is given by [1]. However it is impossible as it stands, to give a reason 
for selecting one of eigen-values obtained from this eigen-value problem. 

What is the physical meaning of 4? As was described in § 3, —f 'In A’ gives 
the free energy of a particle and then contains the entropy per particle and the average 
energy per % interaction bonds, accordingly —287' (z—1)/z-Ind’ containing the entropy 
per 2(z—1)/z particles and the average energy per 2(*—1) interaction bonds. Similarly 


—1 Vt > . 
we see that —8~'In A” contains the entropy per two particles and the average energy per 
¢—1 interaction bonds. Hence, from (4.3), 


8" In A= — Bn A" 4 284 (2-1) /z In’ (4.10) 


contains the entropy per 2/2 particles and the average energy per interaction bond. Finally 
o=1 . 3 R 

we conclude that —@~'In 2 gives the free energy per interaction bond, since the entropy 

per 2/z particles is equal to that per interaction bond. 


The free energy and the partition function per interaction bond are thus given. by 
=F 'int=pw [fl gC), (4) ng @, GAGA) 

+0 |l a Nal, Mad G)- BE 1/20" 

x {fe @, V)) alee @4(). (4.11) 


and 
=o" | K@, DYOPDEWAY) (4.12) 


from (4.2), by the same procedure as in (1.11) and (1.12) respectively. 


We can now understand the variational formula (4.8) clearly, which corresponds to 
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OA f]/db=0 ; (4.13) 
with the restricting condition (4.7). Since ¢ is a functional of £y and g,” would also 


be so (cf. (4.2)), (4.13) may then be rewritten 0A/dg, =0 under the normalization 
conditions. Therefore, using (4.3), we have an alternative variational formula 


alles” Vagy? =0 (4.14) 
with the normalization condition of ¢)%, in which 
Ag Ae Ae} ee, (4.15) 
A'te?\=o-| | exp | — Bu (i, )-ke—VYe" DY juG, ie.” (2), @))a@')} 
i=3,j 
a(z)a(J), (4.16) 


ATgs?]=or'| exp{—Peo™'| uli, 7) (CH), @))a@) 4), (4.17) 


where we used the expressions for 1’’ and A’ derived from the same procedure as in (1.12). 
We shall return to this formula in § 6. 


§ 5. Quasi-chemical method 


It will be shown that (4.2) leads to the quasi-chemical method by Fowler- 
Guggenheim”. 

Our formulation may be applied, mutatis mutandis, to the case of binary alloys. 
although we proceeded on as if the system was composed of identical particles. For this 
purpose we have only to re-define the index 7 so that 7 may denote the 7-th lattice point 
instead of the z-th particle, thus the concept of the state of a particle should be replaced by 

that of the state of a lattice point, which is determined by the kind of particle occupying it. 

If we consider the system composed of /V lattice points to be occupied by particles 
of the A and JZ types, supposing their numbers to be equal for simplicity, and divide 
these lattice points into two kinds of sites, referred to as the a and @ so that an a site 
may be surrounded by @ sites and. vice versa, then (4.2) remains valid for the 7-th and 
the 7-th lattice points, which are nearest neighbours with each other. 

Making use of Fowler-Guggenheim-Takagi’s notation, by [A/a] is denoted the proba- 
billity with which an A is found on an a@ site etc., by [| A/a-L/6]| the probability with 
‘which, concerning the both sites of the pair, an 4 on an @ site anda /' on a 6 site are 
found at the same time respectively etc., and by ~(A, 2)’s (z, 7)’s. For the convenience’ 
sake we shall put w=1. 

Equation (4.2) is then written 


Py Af |= PulA B) +2" n{{ 4].[2 || (5.1) 


and three similar equations for [A/a-A/6], |2/a-B/6] and [B/a-A/d}. 
Using equations (5.1), the fundamental equation in the quasi-chemical method 
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eed card eae) ard a v9 


follows at once, in which 
u(.A, A) +u(B, B)—2u(A, £) = 27. (5.3) 
Let us find an equation to determine the degree of long range order s defined by 
[4/a]=[4/4]= (1+5)/2, [B/a]=[4/4]= —s)/2- (5.4) 
Introducing a parameter 7 defined by 
[4/a-A/6\=[B/a-B/o)= 9 (5.5) 
we have 
[4A/a-B/o]=(1+s5—2y)/2; [B/a- A/b]= (1—s—2n)/2; (5.6) 


where in (5.5) the first term proves to be equal to the second term by using (5.4) and 
the normalization condition (A/a: A/6|+[A/a-B/ b|=[4/a] etc. We then substitute 
(5.5) and (5.6) into (5.2) to obtain 


n= (a—1) /2(exp 22¥—1), u=[1+ (1—S°) (exp 2By—1)]'”. (5.7) 
By substituting (5.5), (5.6) and (5.7) into equation 


Talerralbeepline see we 


derived from (5.1), we obtain 


(14s)/(1—s) =((a+5)/ (5) )™ (5.9) 


in agreement with Fowler-Guggenheim’s expression”. 


The free energy per interaction bond may be calculated from (4.11), whose result is as 
follows : 


—fO Ind=P'/z-[A+s)InQits)+ (1—s)In(1—s) —2 In 2] 


LAS OS eh Sy demas 
Bea = ln ih i 
6 ; =e , n(a+ ) + In 2+2(A, B) (5.10) 


in agreement with Fowler-Guggenheim’s expression again. 


We append Bragg-Williams’ formula” for determining the long range order herewith, 
which is derived from (4.1) as 


s=tanh (PV2s/2) (5.11) 
with the approximation «(B, B)—u(A, B)=u(A, A)—(A, B)=SV. 
§ 6. Bethe’s method in Bethe’s approximation” 


It will be interesting to see that our formulation embraces Bethe’s method. The 
equivalence of Bethe’s method to the quasi-chemical method. by Fowler-Guggenheim may be 
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understood clearly from our point of view. 

Let us rewrite (4.14) with (4.15), (4.16) and (4.17) in terms of the Ising model, by 
which it is meant that the state of a particle is specified by the scalar spin variable w= -+1 
and the interaction energy between two neighbouring particles is —//2 or //2 according 
as the mutual orientation is parallel or anti-parallel to each other and we put H=(//2. 
Expanding ¢,(, y’’) in terms of the orthogonal set {1, 4, p/’, mpl’} as 


£2 2’) =14+ ap" + dup", (6.1) 
and substituting this in (4.16) and (4.17), for (4°15) we have 
2 Sy exp [Weel + aH (z—1) (n+) ] 


me AEs oe 
4(a) ie Sy exp (eau) Fo sul H, (6.2) 
wst1 ‘ 


then, using the distribution function, ¢.(4, /), and (3.10), we find 
o= (pp!) p= (10 2/8") mans (6.3) 
5=1/2- (pt Hay =1/2- (B In A/LF (e—1) 4]) an (6.4) 


o giving the the short range order and s the long range order. The calculation of (6.2) 
gives 


i(a) es 2 en cosh 2H (z— l)at+e™] 


| (6.5) 
(cosh izay 


The variational formula (4.14) is now written 
d In A(a) /Aa=0, (6.6) 
or 


e™ sinh 2H (z—1)a 
e™ cosh 2(2—1)a+e™ 


=tanh Aza. (6.7) 


With the introduction of a parameter 0 defined by Ha=0, (6.7) becomes 
e—” — sinh(z—2) 0/20 ; H=H’," (6.8) 
that is Bethe’s expression, which determines the parameter @ in (6.5). 
The application of (6.3) to (6.5) gives 


__ cosh 2(g—1)d—e* 
cosh 2(z—1)0+4e°" 


thus, using (6.8), we have 


2 sinh (z—2)0 sige 0) 


1—o= 
if sinh (27 — 2)0-cosh zd 


in complete accordance with Bethe’s expression. Similarly, if we apply (6.4) i (65), with 
the help of (6.7), Bethe’s expression for determining the long range order s is obtained as 


s=tanh 2d. (6.10) 
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While Bethe derived (6.8) from the self-consistent condition, we found the same 
from the minimum condition of the free energy. It 1s, of course, possible to derive (6.8) 
from the self-consistent condition in the present formulation. To see this situation it may 
be noticed that the two expressions for the average value of /4, (w), derived from A’ and 
A" respectively should be equal to each other. Hence the self-consistent solution makes the 


free energy of the system minimum at a certain degree of approximation. 


§7. A metamorphosis of Bethe’s approximation and 


a generalization of Kramers-Wannier’s method 


Hitherto, our considerations are confined to the system whose potential energy is given 
by the mutual potential between particles. We may take off this restriction by replacing 
expression (1.1) for OLN} by 

UN = >) ur ass u(f, l). (71) 


NEk=1 NEk>1S1 


In this system a particle has the potential energy determined by its state itself, thus the 
object for our application is extended to the system under the external field on the one 
hand, and to that composed of identical units which contain a number of particles on 
the other. 

Now we have an interest in the latter case, then the particle may be more naturally 
called the molecule. Equation (4.1) and (3.10) are replaced by 


ta diz.) =— pulh) — B07 | u(h, Bex? ((B), (B) a2’), (7.2) 
In A’ g,( (2), (2)) =—B {u( 2) +, 2) +uZ)} 


—B(e-1)0? SY | ale, gv), @))AE) (7.3) 


k=k,1 
adapted to the present case, respectively. 
Equation (4.2) is replaced by 
In Ag.((£), (2) = —B{1/2-4(2) +u(&, 2) +1/2-u(Z) $+ @-1)/2-In[ si @)I- 
(7.4) 
The integral equation (4.4) remains valid if its kernel A((%), (Z)) is replaced by 
K((2), (2)) =o7! exp {—B(1/z-u(2) +u(4, 2) +1/2-u(2))}. (a3) 


Let us consider Bethe’s approximation of one linear chain surrounded by 2 linear chains 
in the case of the simple cubic lattice, where a linear chain contains 7 particles. We have 
now two kinds of means to attack this problem. The one is given by (4.4) with the 
kernel (7.5), in which a linear chain is taken as a molecule. The other, in which we have 


an interest now, is given by the variational formula (4.14), where (4.16) and (4.17) are © 


replaced by 
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Ags =| exp | Pw) tus, O44} 8-1) 
Say 
x fu 2a, DAH) fdHa), (76) 


Ags ={ exp | —Bu(2) Be | ult, MgB), HAH) |A® (7.7) 


from (7.3) and (7.1) respectively, where we put w=1 again. 

Let us write down (4.14) with (7.6) and with (7.7) in terms of the Ising model 
again. Since the state of a molecule £ is specified by the set of spin variables: /4,, /o)'** 
Pa=i{'i}, u(#) and uw(f, 7) are written 


u(k)=—J/2- >) pepe 2+1=1, 4(2,)=—//2- ys Lath, (7.8) 
t=1 


i=1 


{u;} being the set of state variables of the /th molecule. 

If one considers the translational symmetry and the normalization condition of g,”, 
go (4a, {vi }) may be expanded in the following series with respect to the orthogonal 
set {fifty + Pabler == yr f : 

So {ps} {oa} ) Hao ay Dh lb ae Dh Mag Hover (7.9) 


Then we expand as 


since 1 p,(%, does not spoil the translational symmetry of (719): 


t 
The variational formula (4.14) is now written in the form 


= Max A"( (5) )/LA leah) (7.11) 


where we expected the stationary value of / leading to the maximum and 


A" {bn} ) = DG > exp [AC fis? pa [iftd + 23 fe Pin) + 2H (z—1) b, 


{¥,j=el {H /}=t1 


+H(2—1)6 (3 Met 2s Ls) +H (2-1) 6.03 Piftint +, fila) ord, 


(7.12) 
A’ ({6n}) = 2 exp [HW Y) Gipint H2b,+ Heb, di fat Heb, 3d) ais t eae 
Vetia (7.23) 


It should be noticed that the variational formula (7.11) is subject to no restricting 
condition, since the normalization condition of g'" is satisfied automatically by the appropriate 
constant term in the expansion (7.9) and this term vanishes in (7.10). 

Our problem thus reduces to that for obtaining the analytical expressions of A’ and A”, 
which contain the set of variational parameters {4,}. Since it is prohibitively difficult to solve 
this problem, we neglect all parameters but bo, O, and 6, after Kramers-Wannier”, and obtain 
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Max shyicet aia 


T. Nakamura 


exp [7 > Li Peat (A/2+ (¢—1).A) (a Piftix +2 bd fear) 


i bees les exp {z(A ys Pafhiar ue x! Py a 
# i 


where 


at dee 5 
a (-—-) BC) fat pm Hi!) ] 


iif 


(7.14) 


H(i+2h)=2A, Hb,=B8. (7.15) 


The right-hand side of (7.14) may be obtained analytically, in which the numerator and 


the denominator are obtained from the partition function of two stripes and that of a linear 


chain respectively, as was adopted by Kramers-Wannier. In the case: 2=2, n-th root of 


(7.14) 


In 
and T. 


of course reduces to Kramers-Wannier’s formula.” 


conclusion the author wishes to express his sincere thanks to Assist. Profs. S. Ono 


Tanaka for their reading through the manuscripts. 
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On Yukawa’s Theory of Non-local Field, I 
—— Lhe Case.of free Freld —— 


Osamu HARA and Haruo SHIMAZU 


Institute of Theoretical Physics, Nagoya University 


(Received September 20, 1951) 


The relation of Yukawa’s non-local field theory") to the ordinary local field theory is investigated. 
In § 3, it is shown that the equations of motion and the commutation relations of the non-local field are 
derived from those of the local field by a canonical transformation, which means that both fields are 
equivalent at least in the case of no interaction. §4 is devoted to some remarks on the feature of the 
non-local field as a mixed field composed of those with various spins. The considerations in this paper 
are all restricted to the free field. 


§ 1. Introduction and summary 


Recently, Yukawa discussed a generalization of the field concept by introducing a 
non-local field, which is free from the restriction that a field is determined as a point 
function in the ordinary coordinate space. This attempt is noteworthy at present, when 
the difficulty to remove various divergences in the present field theory within the frame- 
work of the local field theory has become clearer, as giving a new scope to the future 
theories. In his theory a finite radius of the elementary particle can be introduced with- 
out contradiction to the condition of Lorentz-invariance. In view of this promising nature 
of the non-local field, it would be interesting to investigate to what extent the theory of 
the non-local field will succeed in resolving the difficulties of the present field theory and 
in elucidating the structure of the elementary particles. In trying such a generalization, 
however, we have no guiding principle generally acceptable, and the Yukawa theory which 
was proposed under the guiding principle of Lorentz-invariance and reciprocity, could not 
avoid to include some speculative nature. Then, in order to make the character of the 
non-local field clearer, it may be desirable to investigate its relation to the local field. 
This may also serve to give a preparation for a further development of the non-local field 
theory. . 

The first step toward this line was made by Fierz”. He anticipated the equivalence 
of the Yukawa model to the local field, at least in the case of no interaction, by pointing 
out that the Yukawa model could be regarded as a superposition of local fields of various 
spins. We investigate this situation furthermore by using the method of canonical trans- 
formation. In § 2, the equations of motion of the non-local field are derived by a canonical 
transformation from those of the local field. In the course of the procedure, a represent- 
ation, in which AK, D and -M in (2.3) are diagonal, is used to make the correspondence 
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clearer. A quantized non-local field is discussed in §3. In quantizing the field, we can 
start from any form of c-numher equations of motion which can be transformed one 
another by canonical transformations. The correspondence of the non-local field to the local 
field as a quantized system is then given with respect to this arbitariness in the c-number’ 
theory. A more detailed explanation concerning this point is given in the appendix. 
The commutation relations of the non-local field are also derived from those of the local 
field. In § 4, the internal freedom of the non-local field, which is explained as spin, is 
discussed. It is shown that the appearance of the higher spin part of the non-local field 
is related to whether the field is irreducible or not by the spatial rotation in the rest 
system of the center of mass, rather than whether the field is non-local or local. 

From these analyses, we may conclude that the non-local field is equivalent to the 
local field at least in the case of no interaction, in the sense that a irreducible non-local 
field just corresponds to a irreducible local field. But a different manner to describe a field 
may have a possibility to take in new types of interaction more naturally than to modify 
the interaction type in the local field. The investigation of the interaction between non- 
local fields will form the subject of the succeeding paper. 


§2. The relation of the non-local to the local field, I 


(The c-number theory) 


The equations of motion of the non-local scalar field* were given by Yukawa as 


follows**. 
(8°/AX,aX"*—x)U (Xy; ru) =9, 
(ryr?—*) GX is He O Aa OVO Ag xu (Xue) SD (2.1) 


Let us consider the field 7(XY,, 7), which satisfies the equations of motion to be obtained 
from (2.1) by annulating 4, as a local field. 


(8°/AX,aX"—2) V(Xu.r)=0, 
rg Xas tp 205 (2.2) 
POs O Ng V Apt) =O. 


We shall show that we can find a canonical transformation which transform (2.2) into 


(2.1). For this purpose it is convenient to transform (2.1) and (2.2) into a representa- 
tion, in which the following three operators are diagonal. 
K=0°/dX,0X", D=r,7"; M= (1/1)r,0/0X,. (2.3) 


KK, IL, and Wi are Lorentz invariant Hermite operators and are mutually commutative 
We write the simultaneous eigenfunction of KK, LL, and JM which belongs to the eigenvalues 


Kael, and. Was W(X.,; RN Gd BREAN AON eigenfunctions specified by A, LZ, 


‘ For simplicity, we consider only the scalar field; the situation is essentially the same in other cases 
Our notations are in accordance with those of Yukawa. 
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are in general degenerate, we need extra eigenvalues to remove the degeneracy. ...written, 
in W CG i gi i 
(Xu ru» K, L, WM...) means these eigenvalues). I) CX» fur, L, V,...) satishes 


the equations, 
KoA ar, Kel Mak Wier IL 
Te MeXerwe aM yal WL ry KL M...), (2.4) 
WW KL Ms MW(X..7., KL .), 
and the ortho-normalization condition and the completeness relation. 
| W* (Xa tus Ky Ly Moen) W(Xos Py KE" L!, M,...) (AX) (Gr) 
—3(K—K')3(L—L’)3(M—M’)..., (2.5) 
\ W*( Xu rus Ki Ly Ma...) W(X rn KL, M..)dRAL aM... | 
=0(X,,—Xy) 0%. —7,)- (2.6) 


The transformation to the new representation is readily performed with (X,,7,, 4, L, 
MM...) as a transformation function. If we expand U(X,,7,) and V(X,,7,) in 
WX tw K L, M,...) as 


ie \ HL, MW... OL, M,.. \dkdlaM..., (2.7) 


VXi, 7) = | u(K, L, M,..-) W(X Wu, KL, M,.-. )dKaALA MM... (2.8) 


u(K, L, M,..-) and v(K, L, MW...) appear as wave functions in the new representation, 
and (2.1) and (2.2) take the following forms respectively. 


(K—2)u(K, L, M...-) =0, 


(L—#)u(K, L, M....)=0, M-u(K, L, M,...)=0; (2.1’) 
(K—#)v( KLM...) =9, 
LCR, L,M,..:) =0, M.v( KLM...) =0. (2.27) 


The differential operator in K / WM... space 70/0L satisfies the commutation relations, 
[K, 20/aL]=0, [Z,2a/aZ]=—2z, [MM i0/aL]=0. (2.9) 


A Hermite operator™ 
P=[(0/0L) + (40/0L) *\/2 


where (20/AZ)* is the Hermite conjugate of (70/0Z), satisfies the same commutation 


* We must be careful in using (/0/0Z)*, since the domain of 7 depends on K and 4, and does not 
extend from —co to +c. For example, it runs from 0 to +co when A > 0 and W/=0, and 
(20/0Z)*=7(0/0L +0(L)). 
Singular character of 6(/) may cause difficulty in some cases, but we do not enter any detail here. We are 
grateful to Dr. Utiyama for his valuable discussion concerning this point. 
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relations as (2.9), ie., 
[K, P]=0, [Z, P]=—2, [M, P|=0. 
Therefore an operator 7 defined by 
1g dies (2.19) 
is unitary and satisfies 
[K, T]=0, DL \=A7, [M, T\=0. (2.12) 


. . . . . . , - 
Performing a canonical transformation with Z’ as a transformation function, (2.2’) is 


transformed into 


(K—#)0(K, L, M...-) =9, 
(L—2) 0G 1, M2) =0; (2.13) 
M.0(K, L, M,...) =0, 
where 
v=Tov. (2.14) 


(2.13) is of the same form as (2.1’ ), and @ can be regarded as as a non-local field. 
This fact shows that the equations of motion of the non-local field can be derived from 
those of the local field by a canonical transformation. Transforming back to the original 
representation, (2.14) gives 


V(X 1p) =| EXe Hh a) Vi Xi» 7.) (dX") (ar) =TV (Xu 7u)> (2.15) 


where 


V7 (L,,7.) =| B(K, Ly Ma) W(X tw Ky L, M,...) dKALdM..., (2.16) 


TXa AL re =| WAX tas Kol, Mon TE, L, My AK, LIP.) 
x W*( Xn, KL’, M"...) dKdLdM...dK'dl'aM..., (2.17) 
and 7(K, L, M,...|\K UL, ...), LD Must p| Migs My) ave the matrix element sche ie 


their respective representations. It is evident from (2.12) that the operator 7’ in the 
X,7, space defined by (2.17) is unitary and satisfies 


TH /AX,OX*T'=3°/dX,0X", 
17 lee a, (2.18) 
17,0/0X,1 =%,0/ Orne 


§ 3. The relation of the non-local to the local field, H 


(The g- number theory) | 


When the field is quantized according to the procedure of the second quantization, 
U(X,,7%,) and V(X,,7,) are regarded operators that satisfy, besides the equations of 
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motion (2.1) and (2.2), the commutation relations 


[UO (Xu re) CELL 7.) 
alley OM ight ENO AYO yur") Or, —71) eth (X* ee (dk), 


Ah Se oes andl 0. On a Bl | (3.2) 
al ia DRAPE EO (rye? —22)0 (by) 3 ry — rely MP -A") (de). 
Expanding the right hand of (3.1) in W(Xpru KL, M...) 
LU Xa ru), O* Xe ve) J 
={a (KL, MLK LM...) W (Xie KL, Mi) WHCXL 1, RL, Ml) 
x dKdLdM...dK'dl'dM..., (3) 


where 


Ret, SLOT FP P"....) 
aye 2 Oh, R* 42°) 0 (r,r*—F# POLE Oy 7, ax) 
x hea Behn dp Do's) W ee K', L', M',...) (dk) (dX) (d€X') (dr) (dr): 
In order to perform this integration, we first rewrite it in the form 


: aa 8(8°/AX,AX*—#) 0(r,r#—P *) a(r43/AX,)8 (innate x) 
4 
x W* (Xurtys KL, Me...) W(X, KL, M’,...) (ah) (aX) (AX) (ar) a’). 


Integrating by part and making use of (2.4), we have* 
b(K—-#)0(L—2) (aI ain jar te) 
x W*(Xys Hu, K, L, M...) WX, tH K", L', M",...) dk) (aX) (€X") (dr) (ar). 


S z * i; A 2 
The integration over £, gives (27) O(x%,—+;,), and we have after the integration over 


Xe. and ae 
(27)*3(K—2) a(L—#)3(M)| W* (Xa tus Ky Lo Mice.) W Xap Pus Kl, Llp M0) 
(aX) (dr). 


The last integral is nothing but (2.5), and we find finally 
(27) 10(K—#) 0(L—#)0(.M) 0 (K—K") 0 (L—L’) 0(M—M) sete: (3.4) 


* Here we dropped %,/|4,| in the integrand to simplify the calculation. This term is taken into account 


-/0X, 


ome : 
which is a invariant operator if ~, 0/0Xu isa 


1 
correctly if we supplement (2.3) with 6=—0/0%, / 
time like vector, and use the simultaneous eigenfunction of WW, L, M, and 0, W( Xp, ru, AL, M, 4,...) 
instead of W(Xuy, ~p, K, Z, MZ.-.)- 
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Using this result, (3.3) becomes, 
[U(X tn) O* (Xn) ] 
ia (2n)'{ W(X Pan ty B, On) WE (Kr 8, B, One doe (3.5) 
By exactly the same way, (3.2) is written in the form, 
[VX rn) V* (Xp) | 
= (2n)* W. (Xs Fes Hr Oy Opree) AL* (Ka ran By Oy 05>)» (3.6) 
Performing a canonical transformation (see the Appendix) 
V (Xu uy) = TV Xun): 
where 7 is given by (2.17). We obtain, after using (2.18), 
(0°/dX,0X *—x’) V(X fn) Hee 
(ryt —B)O (Xu ru) =0, 70/OX WV (Xp 7%) =05 (3.7) 
[7 (Xu tn), V(X 7) I 
= (2n)'( W (Xn Fps BB, Om.) WO (Xi, Py es Oya. aE 
(3.7) and (3.8) are the same forms as (2.1) and (3.5) respectively. V/(X,,7,) can 
then be regarded as a non-local field and it is concluded that, when the field is quantized, 


the equations of motion and the commutation relations of the non-local field can be derived 


from those of the local field by a canonical transformation. 


§4. The problem of higher spin 


In $2 and § 3 we verified the equivalence of the non-local field to the local field. 
But the non-local field have apparent new degrees of freedom 7,, and they were shown 
to correspond to various spin states. We consider in this section, what a counter part 
have these new degrees of freedom and higher spin states in the local field. The non- 
local scalar field with the momentum /, of the center of mass that satisfies (2.1) can 
be written, in the rest system of /,, in the following form 


O (Xu Pp )= 3 Aim Xp Fas % 4) PPO 9), (4.1) 
where 7 
Alm ( Xiar Vr %s 8) = Cid (yp —B) O(a), (4.2) 
Obviously .4,,, satisfies Klein-Gordon’s equation 
((LJ—2*) Ain (Xs “us % 4) =0, (4.3) 


and transforms as D, by the spatial rotation. This term can be interpreted, as first pointed 
out by Fierz, as a local field of mass x and spin /. 


From this analysis it is found that (omitting trivial propotional factors) the new degrees 


tha — 
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of freedom 4, y serve only to construct unit vectors Py"(0, gy) in the representation space 
of D;, and do not express the new degrees of the freedom of the field. 
As for the appearance of the higher spin field, we must notice that (4.1) is not irreducible 
by the spatial rotation. In general, the solution of Klein-Gordon equation with momentum 
ky, has the following form in the rest system of %, if the condition is not imposed that 
it should be irreducible by the spatial rotation. 

AX a) bs Ae (KX ur) Zim (4.4) 


(L4=2") Ain (Xp *) =0. (4.5) 


Here A;, transform as D,, and €im S ate unit vectors in the representation space of D,, 
which can be taken, to be P,"(6,¢). Aj, of (4.4) express the field of higher spin, 
exactly as 4,,, of (4.1). Conversely, if the field is irreducible by the spatial rotation, 
the terms other than the first, therefore the terms of higher spins vanishes in (4.4) and 
in (4.1). 

Therefore the appearance of higher spin parts in the non-local field is asctibed to the 
reducible character of the field. The characteristic feature of the non-local field should 
rather be found in having replaced the less intuitive representation space by the rotation 


of a rigid sphere. - 
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Appendix 


It is well known that in the quantized field equation such as 
(1-2?) U(ap) =0, (A.1) 


the expression of the field quantity U(+y) is not uniquely determined, but has a certain arbitrariness. This 


originates from an arbitariness in choosing the basic coordinate system to represent U/(.vu), and expressions 


which are transformed one another by unitary transformations are regarded as equivalent. There is, however, 
an another kind of arbitrariness. When we quantize the field, it is rather evident that we can start from any 
c-number equation which can be transformed one another by canonical transformations, and we can expect 
that this situation survives in the g-number theory. Roughly speaking, cnumber equation is a Schrodinger 
equation to determine the behaviour of a particle, the assembly of which is described by the g-number equation, 
and it is natural that the arbitrariness pertaining to the expression of the former reflects upon that of the latter. 

In order to make the situation clearer, we consider the Klein-Gordon equation (A.1) in more detail. 
Separating the time depending term as 

U (xp) =P (A) V (x, Xa, %3), 
we obtain 
T=—-EXT, (4—#)¥=—2°V. (A.2) 


Using the eigenfunction of (A.2), U(x) can be expanded as 


U (mu) = prenatal. (A3) 


262 O. Hara and H. Shimazu 


When the field is quantized, U(«p) is regarded an operator that satisfies the following commutation relation. 
(UC), O(n’) ] =D(xp—x«p’), 
which is equivalent, using (A.3), to [@ny @*n/]=On n’- 


Then V,,=an*ap has eigenvalues 0, 1, 2,.-., and the energy is given by 
1 
joe 5 toe PHM AT ee Case DU eras En{ ¥n+>) (A.4) 


Thus we can consider that U(\u) represents the assembly of quanta with energy He te=Oy Uy 2, ee) = 
On the other hand, we can start from an other c number equation which is transformed from (A.1) by 
an unitary transformation 
(JAS —x2—02/0t2) V=0, U=SU, (A.5) 
where ‘J! is an unitary operator independent of % Performing the same procedure described above, one obtains 
instead of (A.2) 


S(4=2)SAV SEV, | V= SV, (A.6) 


and the energy becomes 
ie em edie ; > f 1 
B= S110 ,5(—44 2) S904 0_S(— A+ 0) S90 dV = E{Mat>)> 


which is same as (A.4). 

Both (A.1) and (A.5) describes an assembly of scalar particles of energy “», and physically they are 
regarded as equivalent. Thus we can conclude that the g-number field equations have, besides the ordinary 
one, the following arbitrariness 


Us sag, G8 = Sa 8. (A.7) 


(A.7) is in marked contrast to the ordinary unitary transformation in that % operates upon the coordinate 


variable Yu of U(Xu), which are regarded in the g-number theory as a parameter to specify the degree of 
freedom of the field. 

In the case when the transformation function depends on time, the following equation appears instead 
of (A.5). 

[S(A—x2) SAS #2 /022S—-1] V=—E,2V. 

The eigenvalue /’,,/ does not in general agree with Z,. Although our 7 defined by (2.11) commutes with 
0/O1y, (Xw is the coordinate of the center of mass), if we try to annulate x (from (2.1)) in the same way, 
the transformation function becomes uncommutable with 0/0. Therefore x can not be annulated by a mere 
unitary transformation. This fact shows a different character of mass and radius in the non-local field theory. 
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Many interesting measurements of tre- 
sonance absorption in various kinds of ferrites 
have been reported, the magnetism of which 
was interpreted by Neel” with his theory of 
“ Ferrimagnetism.’ The magnetism in 
ferrimagnetic substances is caused by the 
partially compensated magnetic moments of 
ions on the two crystallographically different 
lattice sites, in such a way that the total 
magnetic moment of one sublattice is directed 
to the direction of external magnetic field 
whereas that of the other is directed anti- 
parallelly to the former, by the strong 
negative exchange interaction. In this 
communication, a theory concerning the 
resonance phenomena in a_ ferrimagnetic 
substance is proposed. 

We consider a ferrite of inversed spinel 
type Fe(MFe)O,, as an example of the 
ferrimagnetic substances, in this substance, 
the ferric ions Fe*** are considered to be 
situated on the lattice points both of sub- 
lattices f (tetrahedral) and c (octahedral), 
whereas other kinds of magnetic ions M** 
are on the sublattice c. The Hamiltonian 


of the system in this substance is given by 
= vaee Ls PH sat vay e3PHs.; 


+ >)° SP Ts.n+ Ly, Sait (S2 Sir) 
+ Sh Jy (Si 83) + DEY Tia Sis Me) 


Hes EN Tea (Si, Sp) 
HEIN, ered [mae 
— 37% (Si, Neer) (Sir, Nir) J+ 
+ SSP The | Mp $2) 
— 3756 (Sir Nin) (Sis Min) ] - (@) 


In this expression g; (=2.00) and g,. are 
the Landeé-factors corresponding to trivalent 


ions Fe*** 


(®S) and divalent magnetic ions 
M** respectively, /7 the external magnetic 
field, /? the Bohr magneton, /;; the exchange 
integral between 7-th and 7-th ions and 
SY means the summation over the sub- 
lattice of f, and >'° over both of sub- 
lattices f and c. In the above Hamiltonian, 
the subscripts ¢ and 7 mean the trivalent 
ions on the sublattices f and c¢ respectively, 
and £& the divalent ions on the sublattice 
c. The equations of motion of the total 
spin moment of ions of the same type on 


each sublattice become 
SOS a Spst; 
thS y= I Syy— Spb, 
ths = IO Sen— Serdb 5° 
thSoy= 46 Soy—Sv36, (2) 
where $= DV 8, S= LS; 
and pate yy Sa (3) 
In the following calculation, Bragg and 
Williams’ 


which some of the spin operators were re- 
Strictly 


approximation was used, in 
placed by their avarage values. 
speaking this treatment is not correct, but 
it is supposed that the approximation is 
not so wrong as in the case of antiferro- 


magnetic.” Putting /ic=/y, ; Sig =Sic=/ te 
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and Jj;=/ie=Jix=Jecs and assuming s,= 
tws, etc., where w being the circular 
frequency of the microwave, then the above 
equations were transformed into simultane- 
ous equations containing six unknowns Seas 


should be noted that the roots of the 


Syy11* Soy To solve these equations, it 


determinantal equation with the argument 
w, which give the resonance conditions, 
should not contain any exchange integral 
O(/)* but such terms O(g8H/cc//4e), 
since the energy differences between the 
levels containing exchange energies do not 
contribute to the microwave resonance ab- 
sorption and the probabilities of such 
transitions may be small. In this way, 
the following resonance condition is ob- 
tained : 


v=gB {H+ (N,—N.) M} x 
x {4+ (N,—N,)M3Y, (4) 


with I= e128 Sp.) + (Su)) +5264 Su): 
(5) 

From the above condition, it can be seen 

that the effect of the dipolar interaction is 

converted into the form of demagnetization 

fields, which coincides exactly with the 

The effective 


g-values, g, became approximately (/..//pe 
<1) 


usual ferromagnetic case.” 


&= (8 ,G,+.82Gs)/ (G+ Gs), 
eS) 
G.=(S..), (6) 
or exactly 


Gs= (Spe) + (Sc) + {( See) + (See) (( Spe) 
+ (Sex) +4 See)) (Spe) } (Sec Tye) 

Go=(See)LL+ (See) + (See) )/( Spe} 
x (Seel'Jye)] - (7) 


The physical meaning of the approximate 
Based 


on the above formula, the variation of g- 


formula obtained will be quite simple. 


valued in. the. solid, solution of, -ferrite 
and Ni-ferrite with the change of contents 
x of the former was calculated by the data 
proposed by E. W. Gorter” and by the 
interaction coefficient /,.//;- by C. Guil- 
laund,® and the result is given in Fig. 1. 


N 
ip 


CHOP, 
Ni,-2ZnzFesO, 


N 
S) 


N 
S) 


e 
(oc) 


iFe.O, 0.2 0.4 =e 
Fig. 1. 

gvalues of Ni-Zn-ferrite calculated by Eq. (5) 

(dotted line) and by Hq. (6) (full line) assuming 

g2=2.20, and those obtained experimentally. Circles 


Ze 4 


0.8 ZnFeO. 4 


EFFECTIVE LANDE FACTOR g () 


are referred to the case of 2mm in diameter and 
crossed to that of 4mm. 


The measured points by Beljers and Polder® 


are also given in the figure. From this 


figure, a quite satisfactory agreement of the 
theory with experiments will be seen, though 
there are other data showing some dis- 
crepancies’’’*, the reasons of which are not 
still made clear.’ 

The author wishes to express his thanks 


to Prof. T. Hirone for his valuable discus- 
sions. 


* O( ) means of the order of. 
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Transformation Function 
in Quantum Electrodynamics 


Y. Katayama 


Department of Physics, Kyoto University 
February 29, 1952 


» proposed the new 


Recently Schwinger’ 
treatment of the so-called Green function 
in quantumelectrodynamics. His method 
will afford the one way to the final solu- 
tion of quantumelectrodynamics. However 
there are many unclear points for us. It 
is desirable to be published his detailed 


theory as soon as possible. 
In this paper, we treat the transformation 


- function in the interaction representation 


from the similar but little different point 
of view and then obtain the same results. 
The transformation function in quantum- 


electrodynamics is given by 
U (4, 09) =Pexp [t\drj, Ay), 


P=eP* HP 3 (1) 
where P is the Dyson’s chronological 
operator. Hereafter, we drop this P-symbol 
and then understand the exponentials to 
obey the Feynman’s ordered calculus.” 

Following Wick we decompose this 
function to the “ well-ordered.” Here, it 
is convenient to introduce the following 


operators : 


7 ’ (Ai) |= op. (x, x’), 


265 
[2 flat te 
=S,(4, x’), (2) 
eo Wht (i) | =o 


and other commutators are zero. The symbol 
( ) means the well-ordered factor. 

Using these operators, we obtain the 
well-ordered forms of the transformation 


function. For instance, if we want the 


well-ordered form for photon field, we have 


(U9; 90) ) 
=e ifr io( (te) 12] 


=exp| «| dx 7,\ Ay) + vi x 
Z 


= We EIA DW OWS C224 iy Fr (x) 
: (3) 
This is the same result deduced by Glauber.” 
For electron field only, we obtain the fol- 
lowing well-ordered form after the elemental 


calculations : 


(O(a, 4) )a=exp| ia A, (($*) 
0 


+P )n(—-i5 5) 


==4"" exp [ iefitacy Kwan x 


o y —1 
x (1c der Al) 2) (9) | 
%o Oy! 
=e," exp| ie\dr(y* Nigh 


x (1 S74) ) |, (4) 


L=—S, log [1—e S,7, A, ] - (5) 
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This result agrees the one obtained by many 
authors.” 

Next, we try to obtain the well- ordered 
form for both the electron and the photon 
fields. For this purpose, we may start 
from (3) or (4) and then take the above 
mentioned operations for electron or photon 
fields respectively. In practice, it is un- 
interesting to obtain such complicated form. 
Then, we restrict the case of one electron 


system, that is, we take from (4) 


e 1 1 al 
RyC=—ifaels)L] AL = 
% 0 0 


x Lyf) (6) 


x exp| — Sy EA Gee ee iF 


whete 4=7, 4, and S,=Z)". 


the above procedures, we obtain 


(R, C)n=—i del g Ve ie ae 2 


Following 


x Lh) exp] —S, 


xlog(1te( (4) 77 G | | 
(7) 
G.= (Ly—e((A) 2-8/8). 


In this expression, the operation 0/dJ= 


where 


7.°0/0f, means to operate from left to 
right. For instance, the operator 0/dJ in 
the first G, operates not only to (A) in 
the same G,, but also to the ones in the 
following other G,’s. 

Considering this operation order, we 
calculate G, in the first bracket, i.e. the 
transition kernel of the single electron. 
Using Feynman’s ordered operator calculus, 


we have 


ie -exp| — S.(1 +e({A) i) 6.)] 


the Editor 


=|as prt fustost pie ft (casi 557) x 


x exp| — S,(1+e((4) #55 YG. )| 


es) s Ss 
—i\ds! fos! Al Is!C Als? 
=| |ae fa aa \ ee 


0 


x sie Lasrastt es (é fas! 55 — 1) x 
/ . OO 

x See ( A Si} 
exp| (1te((A) 8 


x G.) |e 


eka) s! 6 
ae 3! Lost sf ol ast! = 
=| fas esSberenSigtee CSbsdg) 


0) 


, fej 
x (<As?> +%e Ee D (4,2) 8, Ty @, @,2)) ent 


and consequently, 
fakes) Ss s 
G.= \ds e728) ast Los! oie lust (<As?+%¢ és! ux 
$ ) 
vo 


le} 
x [AnD Crp OS Ty G4 @.2)— a er in 
0 


pipe 
(8) 
If we introduce the new field variable a, 


by next definition 
/ au he 
(a, =(A,) + ie de'D, CG 
59 


x Sigs (Eas, x") ? (9) 
we have 


(oo s “ Ss 
—7i / — i SS 
Ga =\4s , ifas (Los! et 6a)>4 te gr Bz ) 


. (10) 


and 


/ =, 
(Ry) p= 


—ifae(y.)14| 2-—G. |Zaf9). 
petcy Ba 


From (9) and (10), we get Schwinger’s 
equations 


—Oa,) =f, +16 Sopa G@(t,2), 
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(L.—e Vw (Gp) + lery 2) GESt 
Cy, 
(12) 


and then 


(Rio=ilde ($*)| erean) Gy 


IN 


eet fs 
— ier = |Loio) (13) 


Bh 


In conclusions, the author thanks to Prof. 
M. Kobayasi and Prof. K. Husimi for 


their kind guidances and encouragements. 
He also wishes to express his gratitude for 
the financial aids from the Yukawa Follow- 


ship of Osaka University. 
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Errata 
Neutral-Meson Production by Gamma-Ray 
Shigeo MINAMI (Prog. Theor. Phys. 7 (1952), 69) 


p- 70, last line, for H(#) 

Baz line; for Sp(éy?/ LOT sith 
Pp. 2909 oline; for VY; 

pyx7 O16 line; for Gig 

ip to teresy, int Figs 45° forve/” 

p- 85, first line, for with 

p- 86, 6 line, for dyp(@) 

p- 88, footnote, (for vai.are\ equal. .: 

p: 89; Table 6, for (10" cm?/sterad. ) 


read H(xX) 

read So (29°/t) Pr sfutP 
read Y° 

read G'; 

read ef® 

read which 

read a, (a) 

read ...are not equal... 
read (10-* cm?*/sterad. ) 


Meson Reactions in Deuterium and Meson-Nucleon Scattering 
Yoshio YAMAGUCHI (Prog. Theor. Phys. 7 (1952), 93) 
The ordinates in Fig. 2 (p. 98) should be multiplied by 2. 
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Nuclear Cross Sections for Fast Neutrons and 
Interaction between High Energy Nucleons 
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Recent observation of proton-proton scattering shows that the agreement with existing phenome- 
nological theories based on static potential is rather poor, and considerations of velocity dependent forces 
are required. It will be shown, however, that the only familiar velocity dependent force, spin-orbit 
coupling introduced by Case and Pais, are not acceptable from the consideration of high energy 
neutron-nucleus scattering. 


§ 1. Introduction 


On scattering of fast neutrons by nuclei numerous experiments” have been performed 
about various nuclei. If only a ordinary finite interaction exists between nucleons, it is 
expected that the cross sections will decrease continuously with increasing energies of 
of incoming neutrons. Actually it is found, however, that the cross sections are constant 
at high energies, above 150 Mev. and that the drop to these high energy levels occurs 
very sharply at intermediate energies, between 90 Mev and 150 Mev. These remarkable 
results show the presence of a short range singular force between nucleons at high energies. 
It is already accepted that a certain singular interaction must be taken into consideration 
to explain the high energy proton-proton scattering.”*?- Christian and Noyes strongly 
deny the charge independence and introduce a singular tensor interaction, but on the 
other hand, preserving the assumption of the charge independence, Case and Pais explain 
the situation with spin-orbit coupling qualitatively and Jastrow with hard core model 
respectively. Recently newly observed results” on proton-proton scattering at high energies 
are published, and it is shown that agreement with existing phenomenological theories 
based on static potential is rather poor and considerations of velocity dependent forces ate 
desired. The only familiar velocity dependent force is spin-orbit coupling and it seems 
desirable to inquire into its detail. Under the assumption of the charge independence we 
have hard core model and spin-orbit interaction, and have not a decisive criterion between 
the two. In these situations about nucleon-nucleon interaction it is expected that anomaly 
of the cross sections of neutron-nucleus acattering may give a clear interpretation for these 
points. Already Jastrow” have shown that with his hard core model anomaly of neutron- 


nucleus cross section is explained to some extent. Although satisfactory agreement with 


experimental results is not attained, it is certain the very cause explaining proton-proton 


rey. 


scattering anomaly is also effective in this case. Contrary to this feature it will be found 
that in the velocity dependent spin-orbit interaction the vety cause which can explain the 
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g for the neutron-nucleus anomaly, and as 


proton-proton scattering prevents from accountin | 
ns another approach is required. 


to the velocity dependent force in high energy regio 


§2. Optical treatment in neutron-nucleus scattering 
To treat the scattering of high energy neutrons by nuclei it is aD peepee to a 
the problem based on the notion of transparent nucleus proposed by Serber,’’ According 
is described by specifying its refraction index 7 and 
Fernbach: et al’. calculated this refraction index 


replace the nuclear potential V 


to this assumption nuclear matter 
absorption coefacient A analogous to optics. 


n in the following way. They adopted Fermi gas model, : 
take the energies of neutron in the nucleus as EAV, E 


and determine the refraction index 7 (ot #2 


by Fermi energy plus 8 Mev, 


being the energy of incoming neutron, 
difference of wave vector of neutron in and outside the nucleus which is immediately 


related to 7) by taking the ratio of neutron energy in and outside the nucleus. It is, 
however, not a accurate recipe, because 7 depends on the incident energy of neutron, and 
further, to examine the effect of singular potential it seems meaningless to take nuclear 
potential as Fermi energy plus 8 Mev. We, then, compute the refraction index with the 


following formula ; 


21p{ Zinl 0) Am ZY}, ical 


ni 
fn A 
Oz 3AY : nucleon density (A; nuclear radius), 
4nk® 
A: mass number of nucleus, 


Z +: number of protons, 
Ph + wave number of incoming neutron. 


We investigate fun(0), fnp(0) only, forward scattering amplitude of neutron-neutron 
and neutron-proton in the laboratory system, as forward scattering alone contributes in the 
diffraction scattering. The forward scattering amplitudes are not uniquely determined by 
experiments even on the supposition of identical neutron-neutron and proton-proton forces, 
but must be computed for the particular interaction of the nucleon-nucleon system. 


Absorption coeficient is shown in the following expression : 


x ZOnp +(A-Z)a ee 


K= p 
A 


(2) 

Gn» is teplaced by the cross section for free neutron-proton scattering. Assuming the 
equality of neutron-neutron and proton-proton force, the observed proton-proton scattering 
ctoss section is inserted for Gy, The consideration of the’ effect of binding of target 
nucleons in the nucleus is desirable. For example, Goldberger” took into consideration it 
by multiplying Gppiree) by a factor 4/5. But as we need the comparison with Jastrow’s 
results and he does not regard the effect of nuclear binding, we neglect it here. Further, 
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is we wish to show the inadequacy of spin-orbit coupling, if it is shown that the dis- 
repancy obtained is so large as not to be remedied with introducing the nuclear binding, 
t may not be a serious error to assert the conclusion derived without considering it. 

The portion of the wave of incident neutron which strikes 
he nucleus described by a sphere at a distance ~ from a_ line 


hrough the center of the sphere emerges after traveling-a distance 


*t, with #?=R°—p. We neglect refraction at the surface of the 
phere, since it gives only a smaller correction. Its amplitude on 
‘merging is a=exp (—A+2i/,) where 4, is a difference of a Fig. 1. 


wave vector in and outside the nucleus, 
ke, + hy = ne). (3) 


dereafter the influence of refraction index w is represented through /;,. The absorption 


‘ross section @,, is 
R ; 
Og | ( ae |@|*) aV= 2n| Gl Set gio) pao 
0 
R 
=22/ (1—e°°*") tat. (4) 
0 


=7R{1—{1—(1+2KR)e*"} /2K* RI. 
Whe diffraction cross section can be derived from the consideration that behind the disk 
the wave differs from a plane wave by an amplitude 1—a@ which shows a scattered wave. 


he corresponding cross section is 


x= 1—al’dV= 2a 1 — ol- R280" addy 
=7R*1+ (1/2K°R) {1—-(14+2KR)e*"} 
— (1/(FKP+47)°R’) { GK hy’) (5) 
+e ®*(22,R(AK + 2°) + 2,K | sin 2,2 
0" FA (1K? —h2) + KR(AK? +h) J cos? h,R}]. 
Then, the total cross section of the neutron-nucleus scattering 7, is the, sum of these two 


7, a Ga ar Ou 
® 


$3. Features of spin-orbit interaction and hard core model 


We, here, review how the spin-orbit coupling and hard core model can explain the 


sehavior of the high energy proton-proton scattering. Examining the expression of the 


rtoss section for proton-proton scattering which is derived by partial wave method, we will 


and it readily that successive even Legendre polynomials alternate in sign at 90°, so le 
nterference terms having successive even angular momentum, e.g. S-D term, are negative 
it 90°, positive at 0°, and further the contributions from the states of the odd angular 
jromenta are zero at 90° and rise to maximum at 0°. Accordingly, in the case of the 
‘entral force the forward scattering predominates. In the hard core model, however, S 
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is more influenced by the core than the outer potential above the certain critica? 


Waves of higher angulan 


wave 
energy, and S phase shift changes from positive to negative. 
momenta are still influenced by the outer potential, and signs of phase shifts remain as 
in the cases of the lower energies. Then S—D interference term become positive at 90° 
and negative at 0°, so forward scattering is reduced, and a certain contribution at 90° iw 
assured. Namely, above a certain critical energy the effect which makes the contributiori 
at 90° is tightly related to the effect which reduces the forward scattering. Reduction ob 
the forward scattering have then the consequence that the refraction index is influencec 
by it and total cross section will be decreased. In the case of the spin-orbit interaction 
the situation has a different feature. 


Scattering amplitude in the center of gravity system reads as follows: 


Aly 2 3} |z/"exp (¢P'X) (uP, +) 4(2) x L-Sy,exp @PX)dX, (6) 


47 spin 
P,: exchange operator, 
é(x) : function which shows radial dependence of spin-orbit interaction, e.g. 


ge FU FJ 
Ax a(hx) dx’ 


g : coupling constant of spin-orbit interaction. 


singular function such as 


We consider here the neutron-proton case, for we wish to examine only the property o 
the matrix element. In the proton-proton collision we have only to antisymmetrize the 


wave function. Calculating this matrix element we obtain 


F(0) =— V2 9F? sin O[ul(M,) —BI(M)], 


LM\ 
(1) i 


[fs 


\r6 (7) [sin Mr— Mr cos Mr)dr, (7) 


ee M,=2Psin ae 
2 2 


@ : scattering angle. 


The limiting case $0 of /(@) gives the forward scattering amplitude. In thi 
limit /(J7) being finite, the matrix element becomes proportional to sin 4, so it vanishe 
entirely as 6-0. Conversely this behavior of sin assures the actual value of the cros 
section at 90°. Namely, the very effect which makes contribution to the cross section a 
90° have nothing to do with the forward scattering. It seems that with this property c 
spin-orbit coupling we can not understand the anomaly of neutron-nucleus scattering. A 
above mentioned, only the central force being effective in the forward direction, it i 
expected that the cross section will be decreased continuously with increasing energies ¢ 
incident neutron, which is clearly contradict with the observed sharp drop between th 
intermediate energies. Even in the case of proton-proton collision, we could expect th 
difference of the features of the forward scattering between these two potentials, whic 


can not actually be detected in experiments because of predominant Coulomb scattering. 
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§ 4. Numerical calculations and conclusion 


Now it will be shown in the following that the above mentioned argument is surely 
justified quantitatively. We neglect the tensor force, it scarcely contributing to the forward 


scattering. The forward scattering amplitudes for neutron-proton and proton-proton system 
read as follows in the laboratory system, 


Jny (0) a AGC, + C,) | ” ‘ccd 
4h 5 a P 


Fan We fp 0) Cat se |, (8) 


4h” 
mz : nucleon mass, 


teem 1:2.X 4057 cms, 


ky : wave number of incoming neutron, 
“5 —0.404, 4 =0.280. 
he he 

o (Barns) 


I Ours (spin-orbit interaction) 
2.0 4 II Christian Hart & Christian Noyes 
iI Jastrow 
Curve connected the observed 
value 


1.6 


Fig: 2. 


40 120 200 280 
Energies of incident neutron (in Mev) 


We will find it readily from these expressions that fy,(0)+ fin (0) diminish slowly with 
che increasing energies of incident neutron. With these and the expression (1) we can 
compute the refraction index. To acquire the absorption coefficient we use the observed 
cross sections of neutron-proton and proton-proton collision. For the free proton-proton 


1).10512 can be observed, since forward nuclear 


scattering only the differential cross sections 
scattering is masked by Coulomb scattering. So making the assumption of the isotropic 


cattering we take the total cross section as the differential multiplied by 47. As to the 


5 are, 
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energy dependence we assume the 1/Z law between 120 Mev and 30 Mev, which is 
supposed correct to some extent, and insert a constant value above 120 Mev. Equality of 
neutron-neutron and proton-proton forces is adopted again. With regard to the total cross 
section of neutron-proton scattering the observed values are obtained at 40 Mev," >” 
90 Mev,!?19 and 260 Mev."” It seems that we can’ assume 1/£ dependence also in 
this case within the experimental errors. With these observed values and expression (2) 
the absorption coefficient can be computed immediately. Using the refraction index and 
the absorption coefficient thus obtained we calculate the diffraction cross section d, and the 
absorption cross section 4, and finally attain the total cross section ¢, The calculation is 
performed for Al(Z=13, A=27). The results are plotted against incoming neutron 
energies. It seems evident that with spin-orbit interaction anomaly of neutron-nucleus 
scattering can not be understood satisfactorily as is expected. So that it will not be a 
grave error to assert that if we need a velocity dependent force between high energy 
nucleons another approach will be more desirable. 

In conclusion the present author expresses his heartiest thanks to Messrs. S. Tanti 


and Y. Fujimoto for their valuable discussions. 
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The theory of KH.PO, developed by Yomosa and the present writer can be applied to the upper 
phase of NH,H,PO, without any alteration. All the experimental data can be represented by the 
formulas of this theory. It is shown that this theory has a more general character than it appears as 
based upon Slater’s model of KH,PO,, and, when applied to Rochelle ‘salt, it is equivalent to Mueller’s 
interaction theory. Some discussions on the phase change in NH,H,PO, ate given. 


§ 1. Introduction 


The crystalline NH,H,PO, shows a phase transition at 148°K accompanied by a very 
sharp peak of the specific heat curve.” The narrowness of the ‘transition range seems to 
indicate that the transition is of the nature of the first kind, in spite of its apparent 
character of the ‘second kind. The nature of the transition has not yet been made clear. 

The properties of this substance are not very similar to those of KH,PO,. Its dielectric 
constant?) in the direction of the tetragonal axis, ¢,, does not show so pronounced an 
anomaly at the transition point as that of KH,PO,, and the dielectric constant perpendicular 
to the tetragonal axis, ¢,, has greater values than ¢,, contrary to the case of KH,PO,. 
The crystal, which breaks into ~pieces on passing the transition temperature from above, 
shows below it small values of the dielectric constants and low values of the dielectric loss’’, 
indicating that the lower modification probably does not have a ‘spontaneous polarization, 
unlike in KH,PO,. There are, however, similar properties between these substances, namely, 
that the piezoelectric constant @;, takes anomalously high values and the elastic compliance 
Sq, shows large temperature variations above the transition temperature.” 

The crystal structure of the upper phase was studied in detail by Ueda” in Japan, 
and also by Pepinsky and Fraser” in Pennsylvania. Their results show that the O-O dis- 


tance of the hydrogen bonds connecting the neighboring PO, groups is 2.49A (Ueda) or 


(2.51A (Fraser), smaller than the corresponding value for KH,PO,, 2.54A. Each nitrogen 


is surrounded by four oxygen atoms in a form of a flattened tetrahedron, and the N-O 


distance is 2.87A (Ueda) or 2.84A (Fraser). (The next nearest N-O distance is 3.09A). 
1 value of the N-O.distance that the formation of the 


“It was inferred from this smal 
It must 


-N-H.--O hydrogen bonds may play some important role for the phase transition. 


be noticed, however, that the sum of the ionic radii of NH,* and O77 is nearly equal 


to the observed N-O distance, namely, 1.48 +1.40=2.88A, and this indicates a relatively 


“unimportant role played by such bonds. Moreover, it will be shown in the following that 


Ti L we 


276 T. NAGAMIYA 


the anomalous properties of NH.H,PO, in its upper phase can be accounted for by the 
same theory as that of KH,PO, where K* 1s spherically symmetric. 

It is reported’ that the tetragonal modification of RbH,PO, has similar properties as 
KH.PO,. Since the ionic radius of Rb* is almost equal to that of NH,*, this fact 
implies that the ionic radius of the constituent cation is not a sole determinate factor, but 
that there are other factors which must be taken into consideration, such as the polariza- 
bility, the steric form of the cation, the electrostatic interaction among cations or between 
cations and anions (since the ammonium ion has a strong octapole moment), and so on. 
An interesting investigation was carried out by Merz® on the mixture of ammonium and 
thallium phosphates in search for the effect of the cation on the properties of the crystal. 
Kiriyama” also carried out an experiment with the mixture of ammonium and potassium 
salts. No satisfactory theoretical interpretation of their results is yet put forward. 

The present paper concerns mainly with the properties of NH,H,PO, in its upper 
modification. It will be shown that ¢,, 5, and sg are all consistently represented by the 
formulas of the theory developed by Yomosa and the present writer” for the case of 
KH,PO,. Some discussions about the phase transition will then be given, although no de- 
finite conclusion can be attained. Finally, the general character of our theory is explained 
and, on applying our theory to Rochelle salt, Mueller’s interaction theory 1s shown to be 


identical with ours. 


§2. Properties of NH,H,PO, above the transition point 


Extensive measurements of the dielectric, piezoelectric, and elastic properties of this 
substance have been carried out by Mason.* His results above the transition point can 
be summarized by the following formulas : 


a ani yee ee Oe re. 
T+17 fetal ; 
sath ants ee ; Ue O46 eae F 
. T+ 67 T +67 


303 
dy=(0.54+ 2 —) x 10° cgs. esu, 


(ds,—0.5 X 107)? 


Ye a; -i 
So 70a =1.47 x 10-"(1+0.00087) cgs. esu, 
(¢: degree in °C) 
oF 14g limi oe ee VP vy aay eee 
T+55 T+55 


Here the upper indices / and C of the dielectric constant ¢, and the susceptibility z. 
mean that the crystal is subjected to no ‘constraint (free) or it is not strained (clamped) 

>? 
respectively. These results are shown in Fig. 1 and 2. 
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Fig. 1. Measured points for (%.@ —0.46)—}, Fig. 2. Curves for sys, 1/1Va, and d@3,. The former 
(4.¥ —0.48) —! and (%,% —0.48) -1. two are measured in units of 10-11 cgs, and the 
latter in units of 10-° cgs. esu. 
Yomosa and the writer’ developed a theory for the quantities given above in the case 
of KH,PO, except for the dielectric constant in the direction of the axis a. They are 
expressible in the form 


F Nye” XZ Cr yo NE yy 
<0) a {io ae bg ee Aaa 
D—*/u oa! Na. ; 
lebiae Lisi i 
i” 4 DoF aa Ne: 
Seg = 1 & 1 esto. (dy3—€,/Na)? 


Wa N@&D—PFja  N, OF—%,—63/Nay 


where 


8 

DEAT (el? —1), pp O 

(eo ) anild Sle a ae 

Here p is the’ dipole moment of an H,PO, group directed to + or —c-axis, 9 the 

coupling constant between the strain x, and the dipolar polarization to the c-axis, u the 
v 

normal elastic constant per molecule, ¢, the energy parameter introduced by Slater (his ¢), 


and Z, and ¢, are constants. For temperatures higher than the transition temperature, D 
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can be written approximately as 


D=kT—2e,. 


Now, the direct comparison between these “empirical and theoretical formulas yields 


the following numerical relations : 


X,=0.46, S21 P= 0,02; 
Na 
8 —18 : C42 =15 
pl1.77X 107", p= 4.71 x10, x Tat OR ; 
LV. 
py 2tyys go = HE 55" 
RB ok 
@ By! 2 
Sisk 05% 00a Ef = 303. x 10-5 
Vy ak 
1 


=_=1.47 x 1077 (1 + 0.0008 ¢). 
Nu 

Here the elastic constant 1//Vu alone was obtained as temperature dependent but its 
temperature coefhicient is of quite a normal magnitude. Other constants may also be more 
ot less temperature dependent, but it is not possible to determine their dependencies in 
the present comparison, since they can be taken care of by adjusting numerical parameters 
in the empirical formulas. 

There are six independent parameters ©), /4, uv, 3, 44, C; in the above nine independent 
numerical relations. It can be shown that these relations are satisfied by taking a suitable 
set of values of the independent parameters, as follows. (1) From X-ray measurement we 


have for the number of molecules in one cubic centimeter 
W095 1x 10>. 

This value, combined with the value of 1/Vu at 0°C, yields 
GJ ore One. 


From this and the value for [°/us, we have §/u=0.031. On the other hand, combina- 
tion of the values for Bp'/uk and p! gives 3/4=0.024. The agreement is not perfect. 
However, if we take into consideration the temperature dependency of « in the formulas 
for dy, and ZF, a simple consideration will show that a value about 20% higher must be 
assigned to Py’ /uk and a value about 9% lower to /°/uk. We then have from the 


first combination 2/u=0.028 and from the second 8/u=0.029, in satisfactory agreement. 
We have therefore 


“y p/ G= 9,028, (B=0.2 x 10. 


(2) Next, from the values for €,/Vu and Mu we have 


ee 


pe mw 7 
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so 2 


€,=0.34 x 10°, from which -*1.=0.017. 
Nu. 

The last value is in agreement with that obtained by direct comparison, 0.02. But this 
agreement is rather apparent, because any small value of this order can be assigned to the 
latter by adjusting numerical values in the empirical formula for the clamped susceptibility 
without seriously affecting the agreement with observations. (3) Furthermore, from the 
values for £,//Vu and the value for /? obtained above, we have Ce Ni=0.1 x 10 ain 
agreement with the value obtained by direct comparison, 0.06 107'*. If we assumed a 
value 220 higher for ’, which seems a little outside the experimental errors, the agreement 
would be perfect. ' 

We may therefore conclude that the theory of KH,PO, is applicable to the ‘upper 
phase of NH,H,PO, without any alteration in its formalism. An essential difference in 
these two substances is that the ‘energy parameter ¢, is negative for the former while it 
is positive for the latter. This means that the dipolar groups H,PO, in NH,H,PO, have 
a lower energy when it is perpendicular to the c-axis than it is parallel, contrary to the 
case of KH,PQO,. 

Another interesting difference in these two substances is that 8/u of NH,H,PO, is 
3.7 times as large as that of KH,PO,. This quantity is the angle of spontaneous shearing 
strain x, which the crystal would undergo if it were polarized spontaneously to the direc- 
tion of c. It was calculated to be 26’ for KH,PO, (in agreement with Ubbelohde’s 
observation), and is thus 1°36’ for the crystal of NH,H,PO,. (/u is also the ratio 
between the shearing strain 1, and the degree of polarization for a free crystal at any 
temperature and at any field strength. 

In our previous paper, it was pointed out that a’phase transition occurs even if ¢, 
is negative, so long as (P/u > 2\e,|. In the present case, 8°/uk=41'K and 2|e)|/2=67°K 
(if the dependency of 7” upon temperature is neglected), so that the relation does not 
hold. In any event, it seems scarcely possible to account for the ‘transition in NH,H,PO, 


by the same* mechanism as that in KH,PO,. 


§ 3. Discussion about the phase transition 


Sugawara’? at Tohoku University observed nochange in the X-ray patterns in passing 
through the transition point. The ‘structural change would be therefore very minute, if 
it could exist. If the crystal were polarized along the c-axis, it would be strained through 
an angle of 1°36’ according to the calculation given above, and this would not He pahed 
from Sugawara’s observation. A possible atomic arrangement which Pe not’ give rise te 
spontanous polarization (but which can be ‘piezoelectric) is shown s Fig. 3. We saw in 
the foregoing paragraph that the energy parameter ¢) is negative, that is, the H,PO, “Groups 
are more stable when it is perpendicular to the c-axis than when it is parallel te it, and 
this is fealized by this arrangement. The figure is the projection of suscernine layers 
of H.PO, groups upon (001) plane. They are forming a net-work of hydrogen linkages 
conecting neighboring phosphate groups. Each pair of the nearest hydrogen bonds are 
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antiparallel, so that the electrostatic interactions among the hydrogen bonds take the lower 
value. (The same situation is realized when the crystal is polarized along the c-axis. ) 
Furthermore, the dipole moments of the PO, groups; induced by the two H store 
attached to them, form a lattice of antiparallel arrangement as shown in Fig. 4, which is 
also one of the most stable configurations with respect to its electrostatic energy. 
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' ' ! Fig. 4 
Fig. 3. The projection of a possible atomic arrangement in ‘the lower Fig. 4. The arrangement of the 
modification of NH,H,PO, on (001) plane. a and # are P induced dipolemoments of 
atoms, the attached figures are the heights of the corresponding PO, groups corresponding 
P atoms, and arrows connecting P and O are inclined to the to Fig. 3. 


plane of the paper with their tops directed upwards. 


Other structures, such as in which the acid protons lie midway between each” two 
oxygen atoms, can be ‘conceivable. In any case there must be a~regular arrangement of 
the protons in the low temperature modification of NH,H,PO,, because this shows no 
anomalous’ dielectric behavior. The change in entropy due to the disordering of the acid 


protons in passing through the transition_temperature from below is given by the formula 


S=—R[(1—»%) In 2(1—-%) + velnv], 

where 
y,=2[exp(e/kT) +2]* 
(see Eqs. (14) and (15) of the reference 10). Using the data obtained in the preceding 
paragraph, we have ¥,=0.715 and S=0.80 cal/deg. mole, while the observed value of 
the entropy change is 1.05 cal/deg. mole.” The difference must be ascribed to a certain 
configurational change in the system of ammonium radicals. 

The small value of this difference excludes the possibility of a ‘perfect disordering of 
the ammonium radicals in the upper modification. The free rotation of these radicals is 
also in disaccordance with the nuclear magnetic resonance experiment of Newman.’ But 


there must be a ‘partial disordering of these radicals in the upper _ modification which 


seine 
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increases with’ incteasing temperature, as one sees from the results of the ‘specific heat 
measurement. 

In this _ connection, it is “very interesting to observe a strong dependency of the 
transition temperature- upon the concentration of thallium phosphate in Merz’s experiment 
with the NH,H,PO,-TIH,PO, system.” The transition temperature decreases almost 
linearly with increasing Tl] concentration up to 20 atomic %, shows a minimum at 252% 


Tl, and then increases with increasing concentration. The writer would like to point out 
that the linearly decreasing portion can almost perfectly be represented by the equation 


; Le ed 4 \, 


where x is the concentration of Tl. This can be interpreted as" indicating the fact that 
the change in ‘energy at the transition arises from the interaction among ammonium radicals; 
while the change in entropy at the transition arises from the order-disorder change of the — 
acid proton arrangement: However, we have at present insufficient experimental data to 
infer to a concrete structural model. 


§4. Generalized formulation of the “electro-chemical 


properties of ferroelectric substances 


Let the free enargy of a ferroelectric crystal be of the form 
F=F,(vE+ Bx, T) +2 Nuat— ; LE? —CxE, (1) 


L Fi . . . . 
where £ is the strength of the electric field applied along a certain direction, x the 
corresponding ‘piezoelectric strain, and the greek Jetters are constants. Then the polariza- 
tion along the direction of the electric field, 7, and the stress component corresponding 


with x, X, are given respectively by 


5 oF of, Y : 
age “4+ E+, 4, (2) 
sis) CEA ees 
aVia pee ee OE Wee Erie. (3) 
Ox Ox 
Now 
Fy _ BAM) (4) 
Ot mor 
so that 
X = (P-U,E—C,4) —Nax+ GE. (5) 
pL 


For a free ctystal (X=0), we have from (5) 


Pa(E +e) +(t—- SE) a, “i 
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; 13) 
izati aller’ i chelle salt : 
This is a generalization of the well-known Muzeller’s equation for Rochell 


P= const:y. (7) 


, and ¢,, the constants corresponding to the normal 


which can be obtained by neglecting ye 
electric ‘susceptibility and the “normal piezoelectric coupling constant. 
In the temperature range, where there is no spontaneous polarization, 


—9l,/al: in powers of & and x. Retaining the linear_terms, we have 


we can expand 


P=H=hX ue (ZL etc ) AX E+Ot, , (8) 


X= Q Del) (E+ dl x)—Nox CL, (9) 
ie L 
where Z, is a certain function of 7. .From these we have 


—r1=s5-N- ad-F, P=—d-X+i-E, (10) 


where 
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eae CaS TIVE Fe Vad 
(2X oe (pe +e gp eee oN (12) 
a ( u ot 1) y ‘ “1 Wa ( 2 2 ) Na 


tat tye(Tb+6i)s 


mos \OP-2) e+ I) © 


Nu. U 


(tye (TZ), 413) are the equations given in G2 if we write Sor Ags UF for s; a'%, 
and put D=Np?/z,. The most essential assumption used there is the equation 
eee 
kT + const 


(14) 


which follows from Slater’s model of KH,PO,, but does not follow from Weiss molecular 
field model for which a factor 1/3 appears on the ‘right hand side. 
We can apply our formulas for the case of Rochelle salt. Neglecting the terms 


containing Z, and €,, as mentioned above, and writing y., VY, and /, in place of amis 


and P, we have from (8) and (9) 
ate Gack om 
a: 0 ( i ") 
v.28 4,.(24252)—Nop. 
ve pL 


Solving these equations with respect to Y, and E, one has 
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—V= Noy, eee (3/p)P, | Aes He 2) P., 
=—(8/p)y,+ Y%,) P, | =—fiI-+4%,P,. 


The expression on the right of the vertical bar is that due to Mueller. The essential 
points of his “interaction theory ” is the recognition of the “constancy of the quantities 
C4, and f,, as functions of temperature, while all the ‘anomalous properties of Rochelle salt 
have their origin in the anomalous behavior of %, (our 1 /%,). As one sees, this is rather 
a trivial consequence from our free energy expression. In seeking for the molecular theory 


of Rochelle salt, one can thus confine himself to a t camped. crystal for which the free 


energy is /,(u&, 7). 
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We make the following assumptions on the structure of heavy nuclei whose atomic weights 4 are 
greater than 110. The nuclear matter is nearly incompressible and their constituent neutrons have a ten- 
dency to cluster into closed shells, which are of a spherical shape and arranged concentrically in the spherical 
nucleus. Inner shells are bound more tightly than the outer ones. The proton density is determined 
only by the proper nuclear force and the Coulomb repulsion, and is given by the formula (7) =const. 
{1+1/6-(7/7.39)?,. A shell mixed with the protons is called a core. A core is destroyed if at least 
one of its constituent neutrons or protons is knocked out. The part thus destroyed is assumed to make 
a liquid-like behavior in the fissioning of heaviest nuclei, and the thermodynamical treatment is applied 
to this part only. Under these assumptions, (i) we obtain 7=1.32-10~" cm when 4 > 200, (ii) 
the shape of the fission yield curves of heaviest nuclei is explained, (iii) the released energy in the 
fission of US is about 195 Mev, (iv) the energy level spacing of heavy nuclei is greater than that 
obtained from the uniform liquid-drop model, and (v) the cross section of the neutron inelastic scattering 
by heavy nuclei is smaller, and the velocity of the scattered neutron is larger than those so far obtained. 
The introduction of the core explains the irregularity of the intensity of the fluorescent gamma-ray 
emitted from nuclei, and makes the specific heat of heavy nuclei smaller than that so far theoretically 


obtained. 


Introduction 


As the explanation of various properties of nuclei, by using the nuclear force acting 
between the constituent particles, is impossible, we explain them semi-classically, by using 
several models of nuclei. The liquid-drop model and the gas model are most useful. 
The former is a model devised on the assumption that the interaction between nucleons 
is large, and that of the latter, on the contrary, is small. In deducing various properties 
of heavy nuclei the liquid-drop model is more useful, in many respects, than the gas 
model. But it cannot be expected that all nuclear properties are deduced from a sole 
model, and some properties are, even in the region of heavy nuclei, explained by using 
the gas model. Especially, the idea of the magic number has thrown much light on the 
problems concerning the stability of nuclei and quadrupole moment etc. 

In the present paper, we propose a new nuclear model which is obtained by bringing 
the idea of the closed shell structure into the liquid-drop model so far used, and explain, 
by using this model, the experimental results which have not been made clear so far. The 
experimental facts to be examined in this paper follow. 

(1).. The shape of the fission yicld curves of heaviest nuclet. The fission yield curves 
produced by the neutron bombardment have two remarkable characteristics. One is the 
mass ratio of the fission products, i.e., the most probable mode of fission is when the 


* This paper was reported at Tokyo Meeting of the Phys. Soc. of Japan on October 5, 1951. 
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mass tatio of the two fragments is 3: 2. Thus the yield curve has two predominant 
peaks. The other is the breadth of each peak, ie., each peak has the breadth almost 
constant from top to bottom whose mass range is about 20. The range of the charge 
number in each peak is only 4 to 8. 

(2). The value of 1, Let the radius and the atomic weight of a nucleus be RK and 
A, respectively. Then X and A ace in. the? relation, R=A*rp the value of 7, depends 
upon the way it is determined. By using our new mode!, we conclude that 1.32: 107" cm 
is the most probable value of 7, when = 200. 

(3). The cross section of the inelastic neutron scattering. The experiment” in the 
measurement of the cross section of the inelastic neutron scattering, shows that the cross 
section increases with A linearly till A rises over about 100, after which it takes a rather 
downward trend with the increasing of A. 

(4). The intensity of the fluorescent gamma-ray emitted from a nucleus after the 
neutron bombardment. When a nucleus is bombarded by a neutron, the fluorescent 
gamma-rays are emitted. Lea”, Aoki”, and Wakatsuki & Sugimoto” measured the intensity 
of these gamma-tays from nuclei ranging over almost all elements, excluding the rare 
earths. The energies of bombarding neutrons were 3 to 14 Mev. According to them, 
the intensity of the gamma-rays increases with the atomic weight A when A < 100, not 
only increasing with but somewhat decreasing when A = 110. What have been ob- 
tained from the experiments are far from showing a definite regular curve. 

(5). The photo-fission threshold energies of heavy nuclei. Precise calculation of the 
fission threshold energies of heavy nuclei has been carried out by Frankel and Metropolis” 
by using the uniform liquid-drop model. On the other hand, Koch et al.” have made 
the measurement of the photo-fission threshold energies of U™, U™, Pu™, U??, and. 
Th" by using the betatron. Considerable discrepancies were found between these results. 
The threshold energies obtained by the experiment were all about 5 Mev, while the theore- 
tical values of them are 7.0, 6.1, 4.9, 5.7, and 8.3 in Mev. 

(6). The specific heats of heavy nuclei are not so large that the theory predicts”, and 
almost constant for varying A (= 110). 

Among these six questions, (3), (4), and (6) suggest the necessity of giving a 
certain restriction to the freedom of the internal motion of heavy nuclei. And they are 
easily explained by using our new model. The calculation of the fission threshold energies 
is a very difficult mathematical task, so that we have not been able to estimate them by 
using the new model. But the possibility of obtaining the coincidence between the ex- 
perimental and theoretical values has been semi-quantitatively proved in a separate paper” 
by the present writer and T. Yasaki, by using the new model. 


In the present paper, we first put forward the new model in the subsequent paragraph, 
and then treat the questions stated above. 


Sl. Modified liquid-drop model 


We assume that the nuclear matter is nearly incompressible and, when 4A =110, the 
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consituent neutrons have a tendency to cluster into closed shells, the number of whose 
consituent neuttons are20, 50, 82, and 126. And. these closed shells are assumed to be 
of a spherical shape and arranged concentrically in the spherical nucleus. 

Let the closed shell consisting of 20 neutrons be called 20-shell. The 50-shell 
embraces the 20-shell within it and the 82-shell, the 50-shell, etc.. The reason why we 
consider the shell structure in heavy nuclei whose atomic weights are greater than 110, 
is: Firstly, the theoretical lower limit of atomic weights of nuclei which are alpha-radio- 
active, is about 120. Secondly, the anomaly of the cross sections of the inelastic neutron 
scattering and of the intensities of the fluorescent gamma-rays begin to appear when the 
atomic weight rises over 110. 

_ The proton density is assumed to be determined only by the proper nuclear force 
and the Coulomb repulsion, and is given by the formula’ 


0 (v7) =const.{ 1+ 1/6- (7/7.47,)7}. 


A shell mixed with the protons is called a core. For the sake of the simplicity, we 
assume that the binding energy of a proton belonging to a core is equal to that of the 
neutron belonging to the same core. The nuclei in the region A = 200 contain 20-, 
50-, 82-, and 126-core, the nuclei in the region 150 < A < 200 contain 20-, 50-, and 
82-core, and the nuclei in the region 110 < A < 150 contain 20-, and 50-core. Table 


1 gives the proton numbers and the magnitudes of the cores. 


Atomic weight 20 core 50-core 82-core 126-core 
110 SAS 150 14 34 
(0.66) (0-89) 
150 — A<S 200 12 32 54 
(0.59) (0.80) (0.95) 
200 <A 12 30 50 80 
(0.51) (0.70) (0.82) (0.95) 


Table 1. Proton number in each of the cores. The number in 


the parentheses=radius of the core/nuclear radius. 


“It can be understood from the theories” and experiment” that the outermost core 
contained in any heavy nucleus can be destroyed when one or two of its members are 
knocked out, and the energy necessary for this ejection is 2 to 4 Mev. The inner core 
just beneath it contained in the outermost one is destroyed when one or two of its 
members are knocked out, the energy necessary for this ejection is 2 to 4 Mev. But in 
the case when the second core is destroyed by this amount of energy, the outermost and 
the other smaller ones remain unaffected. If one or two members of the second core are 
knocked outside the outmost core, by getting 4 to 8 Mev, both the outermost and the 
second are destroyed. In the same manner, when the energy is 2 to 4 Mev, the third 
core only can be destroyed. When 4 to 8 Mev, the second may be destroyed together 
with the third. When 6 to 12 Mev, the third including the second and the outermost 


cores may be destroyed ; and so on. 
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Accordingly, a neutron may heat only the part outside of the outermost core by 
impinging into a nucleus. In some cases, it destroys the outermost core and heat the 
whole part outside of the second core. In another case, it destroys both the outermost 
and the second cores and heat the whole part outside of the third core. But it generally 
cannot destroy three cores simultaneously when the velocity of the neutron is small. 

We regard the part thus degenerated as liquid, and apply the idea of the fissioning 
of heaviest nuclei and the thermodynamical treatment to this liquid part only. 

In the region 110 < A < 150, all the cores are destroyed simultaneously by a particle 
or a photon having the energy of about 8 Mev, including the binding energy. In the 
region 150 < A < 200, all the cores can be destroyed simultaneously by a particle or a 
photon having the energy of more than about 12 Mev. In the segion,.200 S A, an 
energy of more than about 16 Mev is necessary to destroy all of the cores simultaneously. 

These properties of heavy nuclei clearly explain the experimental facts that when the 
bombarding neutron is not fast, the heaviest nuclei split themselves in asymmetric manner ; 
when the incident energy amounts to more than ten Mev, the symmetric fission begins 
to occur; and when the incident energy reaches to several tens of Mev, the symmetric 
fission probability becomes predominant compared with the asymmetric one. Taking it the 
other way round, a precise measurement of the amount of energy at which the symmetric 


fission probability increases suddenly, will determine the rigidity of the cores. 


§ 2. Alpha-disintegration ; value of 7, 


The nuclear radius R can be put as R=A'r,, where A is the atomic weight of 
the nucleus. T. Yasaki and the present writer’? determined the value of 7, to be equal 
to 1.32-107™ cm, in the course of the calculation determining the fission threshold 
energy of uranium, by using our model. In this paragraph, the value of 7, is determined, 
by applying the o-disintegration phenomena to the same model. We adopt the one-body 
model, i.e., assume that an u-particle already exists before it is emitted. The difference 
between our treatment and Gamow’s is: In our model, the «u-particle moves only in the 
part outside of the 50-core, which is considered to be loosely bound. Thus the motion 
of the particle has a natrower range than the whole nucleus. Accordingly, by the un- 
certainty principle, the kinetic energy of the particle will become larger than that in the 
case of Gamow. On the other hand, if we take the nuclear radius K to be equal to 
that of Gamow, the Coulomb barrier is unaltered, so that the penetrability of the particle 
becomes larger than that of Gamow, and the helf-life of the nucleus will become shorter 
than that given by the experiment. 

Thus, in order to make the half-life fit into the experimental data, the Coulomb 
barrier must be higher than that of Gamow. Thus the nuclear radius 2, consequently 
also ,, will have to be made smaller than that of Gamow. 


The quantitative result is obtained by using the method given in Bethe’s paper!) pp.161-166. 


‘ Instead 
of the rectangular potential well, we use a potential, such as 


e. 


Pegs an 
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Here =co means that the a-particle does not penetrate into the 50 core, 87 is the radius of the 50-core 
and 8=0.7 when 4 z=, 200, and Z is the atomic number of the residual nucleus. 


Let the wave function of the a-particle be ¢, and g=/7, then the Schrédinger equation becomes as 
aw!’ +2M/h?(E—V)u=0, 


where AZ and / are the mass and the kinetic energy at infinity of the a particle, respectively. In solving this 
equation, the boundary condition 


u=0 for r=BR 


is used. The number of the a-particles emitted {rom the nucleus in a unit time is A=4z7/2v|¢|2, in which 
v is the velocity of the a-particle. The halflife of the disintegration is t= (log 2)/A._ The calculation comes to 


T=1977C ( 1—f)8 


with 
$ _ _ 42e" 1 1 1 
To =3.3-10-*! sec, C=—~ [are cos x2 —x2 (1—x)?], 
ky 
x=ER2Z2. 
Let the quantities , x, C, and r in the case of Gamow be denoted as 7’ , «7, C’, and 1’, respectively. < 


must be adjusted to fit into the experimental data, hence =r’, which in turn is 
e2C/ = 2C (1—B)3. 
Putting the value 8=0.7 in this relation, we obtain the relation between « and x’. We put as 1/—x=9, 
expand the above relation into a power series of 6 and adopt the term of the first degree of 8, then we obtain 
6=1.806 40/2Ze2{1/V x/( 1—3/) +V (1—2’)/ x7 —V x/](1—27)}- up 
We use in this formula, the relation “= .1/22/2, and adopt the experimental values of and Gamow’s values 


of A’ (Bethe, p. 166). Then the values of 6 are determined for every element, so that the values of A”—J’, 
consequently also the values of o/—7), are obtained. Tere, 7’ given by Gamow is 1.46-10-° cm. 


The values of 7,’—y, are approximately constant for all heavy nuclei and equal to 
0.14-10°'*cm on the average. Thus we obtain 7,=1.32-10 “cm. 
If the wave function of the a-particle is allowed to penetrate into the 50-core, the 


value of 7, will become larger than the above one. 


§ 3. Shape of the fission yield curve 


The fission yield curve of U™, which has been obtained by using the uranium pile, 
has two remarkable peaks. The height of the valley lying between these two peaks is 
only one-several hundredth of that of one of the peaks. This valley corresponds to the 
symmetric fission and will perhaps be brought about by the fast neutrons in the pile. 
So that the asymmetric fission only is considered to occur when a heaviest nucleus is 
bombarded by a neutron of 1 ~ 2 Mev. 

Each peak has a breadth almost constant from top to bottom, which is about 20 
in nucleon number. This fluctuation of the nucleon number in each fragment is due 
mostly to that of the neutrons, while the fluctuation of the proton number is about 4 to 
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8. The mass tatio of the fission products lying on each top of two peaks is 322. Lae 


most probable mode of fission is 
U4 n° > 20° +Te™ + Tie (3.1) 


Here 27° on the right hand side are the spontaneous neutrons. Te’? and Zr” emit 
particles three or five times and are settléd to the stable isotopes Ba" and Mo”, respectively. 

In order to explain the above experimental facts after our new nuclear model, we 
take U?* as an example. | 

When a U**-nucleus is bombarded by a neutron of about 2 Mev, a compound 
nucleus U2 is formed and generally 126- and 82-core are destroyed. The part thus 
destroyed does the fissioning like liquid and the nucleus splits into two fragments, the 
larger containing the old 50-sheil. 

The compound nucleus contains 147 neutrons in all, two of which are emitted 
spontaneously, 82 of them remaining in the larger fragment, and 50 of them being trans- 
ferred into the smaller one, thus 147— (2 + 82+50)=13 neutrons remaining unsettled. 
These neutrons are suitably divided into two parts, the one remains in the larger fragment, 
and the other is transferred into the smaller one. Accordingly, each fragment has a 
fluctuation of 13 in neutron number. On the other hand, the proton density in the 
exterior of the 50-core is about 2/5, so that the fluctuation of neutron number causes 
that of proton number 8 or 9. Thus the total fluctuation of nucleon number in each 
fragment is about 21 or 22. This number corresponds just to the breadth of each peak 
of the yield curve. 

However, the 82-shell in the larger fragment and the 50-shell in the smaller one 
are not necessarily formed completely, i.e., if we do not take into consideration the binding 
energies, about 2 to 4 Mev, of the last one or two neutrons of the 82-shell, the larger 
fragment may contain 81 or 80 neutrons. By the same reason, the smaller fragment 
may contain 48 or 49 neutrons. In these cases, the fluctuation of the nucleon number 
becomes larger than that obtained above, 21 or 22. These cases occur when the incident 
energy is larger than the fission threshold energy, but the probabilities of their occurrence 
are relatively small. The fact that the bottom of the fission yield curve widen slightly, 
is thus explained. 

We should not, however, determine the shape of the yield curve only by using the 
tendency of neutrons to cluster into the closed shells. The released energy in fission must 
be taken into account and it must be ascertained whether one of the partitions considered 


above actually releases the maximum energy. 


The compound nucleus excited by a neutron splits into several fragments making maximum the energy 
difference AM@=(M—S1M;)c2. Here M7 and M;,’s are the rest masses of the compound nucleus and the 
fission products, respectively. In this Einstein relation the energies released by the (-disintegrations which occur 
after the fission, are not included. As is known, the number of the fission products is two when the incident 
energy is not high. 

Let the atomic weight of a nucleus whose neutron number, proton number and atomic weight are res- 
pectively V, Z, and 4(=N+Z), be M(Z, A). Then the binding energy of this nucleus is given by 


E=NM,+ZMp—M(Z, A). (3.2) 
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Here 47, and M,-ate the masses of the neutron and the proton, respectively. 


Simplifying the fission mechanism of U*8, we dismiss the incident and the spontaneous neutrons as 
U8 (Z)4 4+ (92 —Z) 28-4 (3:3) 


and estimate the released energy. Here (Z)4 and (92—Z)*8—4 are the larger and the smaller fragment, 
respectively. The atomic weight of the larger fragment falls within the region 110 < AZ 150, and that of 
the smaller fragment falls within the region 4 < 100. For the simplicity of ee ease. we make the 
following assumptions about the proton distribution in nuclei. In the region .1 < 110, the proton density is 
uniform. In the region 110 <4 < 150, 14 protons are distributed uniformly in favthé 20 core, and the remain- 
ing ones in the outer part of ti the 20-core. In the region 200 < 1, 30 protons are distributed uniformly in 
the 50 core, the remaining ones in the outer part of the 50-core. 

We shall give here the empirical mass formula of nuclei having a core whose prcton density difers from 
that of its exterior. Let the radii of the nucleus and the core be J’ and S, respectively. The core contains 
V, neutrons and Zs protons, and its exterior contains MV) neutrons and “5 protons. And let 4,= Ni+2;, 
Alg= N+ 29, d= A,+ As, and S/R=8. Then the binding energy of the nucleus is given by the Tollowiag 
formula : 

(M~4)" (Ma Za)" 


Z 
$ 


= ad — Po Sa OA: 
EL=aA {6% 3 Po a f Ano" 
Mf 3 Cyeye 3 Zee of Zee a) BZ 
sak ban + ae Cae pire per cen Cee 3.4 
ae a t2i-p\ gs ip JOO) + SGM ®) 2 ( #)} ree 


Here O is the surface tension, a, 8; and > are undetermined constants which are to be determined so that 
the formula (3.4) fits into the packing fraction curve as well as possible. And the last term on the tight 
hand side is the Coulomb energy. 

For a given value of -/, there would be a value 74 corresponding to the most stable isobar. 74 is not 
necessarily an integer, Eut it would be near a stable isobar. Consider the odd nuclei, and assume that the 
formula (3.4) holds good in the region considered, then 74 can be found by setting the derivative of equation 
(3.4) equal to zero: 


M(Z, A (3.5 
77 14, 4-0. ) 


MZ, A) will vary parabolically with Z in the neighbourhood of 74: 
us ery. 3 y 
MZ, A)—-M(Za, pide Ba(Z—Z,4)? (3.6) 


with 


By={ eM A}, b (3.7) 
Z4 
Eliminating PB. from Eqs. (3.5), (3.7), we obtain the explicit form of By as: 


Z 


3 NV,e* AY 4—A,3 7 3 e A. Ay) % 
Byz= a SO eae erg hos , *. (3.8) 
A=224—(N— 24) 79 Ag 3 7% Ao 
When 4 Se 110, as there is no core, 
2 “) 
M,,—Mp = A7§\., (39) 
B a= Za 57 ,{~ Mn Mo) + 5a 


+ Now Z, lies between two values, 7 and Z+-1, one or both of which is the stable nucleus of number 
A, so that 74 is at most 1/2 unit from a stable isotope. We use this property of 74 to estimate it directly. 
We use a smooth line through the table of stable, odd isotopes and use this line to define 7s. Similarly, 
the most stable mass, 47(74, 4) may be obtained directly from the average value, /4, of the packing fraction 
over a small region at atomic weight -/. 

MZ 4, A)=A(1+/4). (3.10) 


In averaging f4, both even and odd isotopes are included, because then the positive term 1/2-84(7—Z4)? is 
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largely cancelled by the negative —8,4 of the even isotopes, where d4 is the odd-even term and equal to 0.5 
Mev. Then we have 


1 bi 9 
M(Z, A)=A(1+fa) +5 BaZ—Za 40 ( A odd 
—Oy4 A even Z even }. (Sa) 


+64 \ -4 even Z odd 


By using these formulas, we estimate the value of the mass difference 
M(92, 238)—-(M(Z, 4) + M(92—Z, 238—A)) (3.12) 


for every partition of U". Here we neglect the rigidity of the core and use only the 
assumptions on the proton density stated above. 

The maximum released energy is then obtained when the larger fragment is tee 
and the smaller is "Zr. The energy released im this fission is equal to 200 Mev when 
7,=1.48:10°"%cm. If 7y=1.32-10 cm, the maximum released energy is also obtained 
at the same partition as above and is equal to 195 Mev. 

Generally, the smailer the value of 7, is, the smaller is the released energy. We 
shall now compare the two values of the released energy obtained above with the experi- 
mental result. Measurement’ of the ionization produced by the fission products gives 
about 163 Mev. This is just the translational kinetic energy of the fragments. 


We now consider, for example, the mode of fission : 


U8 + 9 — 2n°+ Tel 4+ Zr”. 

And let the incident neutron energy and the kinetic energy of each of the spontaneous 
neutrons be 2 and 3 Mev respectively, and the binding and dissociation energy of a 
neutron be 6 Mev. ‘Then the total kinetic energy of the two fragments is 185 or 190 
Mev, according as 1.32-10°" cm or 1.48-107-™cm is adopted as the value of 7. The 
distortion of the nucleus immediately before splitting is so large that the product nuclei 
themselves have a large excitation energy aside from that due to their high neutron-proton 
ratios. This is probably of the order of 10 or 15 Mev and it will not be detected in 
the ionization chamber. Subtracting this energy from those obtained above, the total trans- 
lational kinetic energy is 170 to 175 Mev or 175 to 180 Mev. 

The mean released energy is lower than the maximum one by about 8 Mev. So 
that the mean total translational kinetic energy is 162 to 167 Mev or 167 to 172 Mev. 


These values are to be compared with the experimental value 163 Mev. Hence 7,=1.32 
-107"% cm is more suitable than 7) =1.48-10°" cm. 


§ 4. En rgy level spacing 


In this paragraph, we adopt the thermodynamical method of Bethe (Bethe, pp. 79 
—90) to our model, and deduce the energy level spacing formula of heavy nuclei. The 
comparison of the result with experiments will be made in the next paragraph. 

In the first place, we introduce some notations, and relations between them necessary 


to the calculations. As to the details of the formulas (4.1) to (4.5) given below, refer 
to Bethe’s paper. . 


a ee eu 


i ca amelie a 
24 : 
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The average spacing of the nuclear levels D(U)=1]0(U), where o(UjaU is the number of levels with 
energy between U and U/+ dU. 


Let t be an arbitrary parameter, and /(r) a certain function of T, satisfying 
the expression 


{ (LA )je2rdh=eKFlt, (4.1) 


provided that the levels are very dense. When the system contains sufficiently many particles, the main con- 


tribution to the integral (4.1) will come from the energy levels “ near //. Thus we may write instead of 
(4.1) 


eFit=9(C je-Ul=/Q(0), (4.2) 


where A(/7) is a quantity of the dimensions of an energy which is to be calculated by evaluating the integral 
in (4.1). It is a slowly varying function of the excitation energy U as compared with the rapidly varying 
fur.ctions «~#"'t, e~U/*, and p(U). We introduce the entropy (U—/)/r=S. 

Then we obtain the following relations between the quantities defined above: 


ardaU 
=| PDP (4.3) 
4 (dU % 
1(U) =(2n)*e{7-) a (4.4) 
D(U)=A(O je. (4.5) 


In applying these formulas to our nuclear model, we use its following properties. 

A particle impinging into a nucleus may be deflected elastically or amalganized with 
the nucleus. The life time of the compound state is long enough to forget how it was 
formed. 

When the energy is rapidly communicated to all particles in the part outside of the 
outermost core, before one of its member is knocked out, the thermal agitation occurs in 
that place only. In some cases, the outermost core is destroyed, and the thermal agitation 
occurs in the exterior part of the second core. In general, a particle or a photon having 
an energy of about the binding energy of neutron, 6 to 8 Mev, can destroy the two 
outermost cores, but not the third. High energy particles or photons can, however, 
destroy all cores, and, in this case, the nucleus behaves like a uniform liquid-droplet. 

Under certain circumstances, even a high energy particle or photon can not destroy 
these cores. In some cases, an inner core is destroyed but the outer core might remain 
undesttoyed. But the: probability of such occurrence is very small. Thus, generally, the 
incident particles or photons having 6 to 8 Mev of energy, including the binding energy, 
destroy all cores of nuclei lying in the region 110 < As 150; all but the innermost 
core when 150 <— A < 200; 126-, and 82-core but not 50-, and 20-core when 200 < A. 

We apply the thermodynamical calculations to such a degenerated part in a nucleus, 
regarding it as liquid. 

Let the nuclear radius be K and the radius of the greatest core remaining undestroyed 


be BR. The surface and volume waves are considered to occur in the degenerated part 


of the nucleus. 


1. The surface waves. Bethe has assumed that the depth of the liquid is infinite. But this assumption is 
not suitable to our treatment. So we assume that the depth of the liquid is finite and put it as 7. The 
increase in the potential and kinetic energy due to the occurrence of the surface waves are respectively 
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1 9 
v= a Ga? cos? wl- k'(e%k + ehh)? 


et ed : 
ad T= pso-Or Sin wt: k(ethk —e2hk ) , 
4 
which correspond to the formulas (310) and (310a) in Bethe’s paper, respectively. Here G is the total surface 
energy of the liquid in equilibrium, 5 the total surface area, p the density of the liquid, the frequency of 
the wave, & the wave number, and @ an arbitrary constant. If the sum of potential and kinetic energy 1s to 


be constant, we must put as 


ey ‘ 
h® coth-Ak= : wo. (4.6) 


When 400, coth 24=1, and the above relation is reduced to Bethe’s. When the undestroyed core 

is large, or the wave length is large, we cannot put coth.4% as 1. If, however, we leave the factor coth 7% 
as it is, it is difficult to represent “ as an explicit function of o. So that, in place of coth , we use an 
approximate function of .x which is equal to 1/x when Ox <1 and to 1 when 1< x < 00. Then the 
relation (4.6) becomes as 

SG whk, OSFS My 

a = (4.7) 
p5/G-w*, a = k a OO, 


where 4 ‘9=1. On the one hand, the number of normal vibrations with wave numbers between / and £+dé is 


e 
p(k)dk= ( coy Inkdh. (4.8) 


Using the relation (4.7), the formula (4.8) is written as 


i Sy hi 
5 hode, 0a a 
T 
p(o)do= ae (4.9) 
ASD GISENGE 2 
$2( 08) sien, os 
T 


whete wo is a fixed constant satisfying the equation 
iS) 
bji= Ewe? tanh 1. (4.10) 


For a spherical nucleus, the surface area ‘S' is equal to 477?, and the density is 3AM/4rR3. The surface 
energy G can be put as G=[A7% and we adopt the value 
T=13.3 Mev, (4.11) 
which has been given by Feenberg. 
If we introduce, instead of w, the quantum energy €=%@, (4.9) may be written as 


6(A/m) (IP) A%ede, OL ES Eo 


Aslede= | i pity nosed (4.12) 
4-3-Y4(I'P)—3A%se de, Ege < ™, 
here P=h?|Mr?, =p (4.13) 
and when 7=1.4-107!%8cm 
P=21 Mev, €o=11.14(1—B) ~14—-*4 Mev. (4.14) 
By using these numerical values, we obtain Table 2 of values of €o- 
Atomic weight 20-core 50-core 82-core 126-core 
120 6.643 20.52 
160 5.004 10.26 41.11 (4.15) 
232 3.776 6.041 10.66 45.28 


a a 
Table 2. Values of €) in Mev. 7)=1.4:10-)% cm, ['=13.3 Mev. 
The cores in the first row are those remained undestroyed. 
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From (4.12), it is seen that, for a heavy nucleus (4=200), /’s(e) gives about 1.3 normal modes of 
surface vibration with quantum energies below 1 Mey. 


2. Lhe volume wavs. An ideal liquid will admit only longitudinal volume waves. The number of normal 
modes is 


Ae 2 
O(2n)*ank2dh=—_ R(1— BS) w2deo ia, (4.16) 
7 


where 2% is the velocity of sound and is represented as 


aed a2 
ug =— 
0 MAy de? (4.17) 


where 4, /o and o are the nucleon number, the energy and the density of the exterior of the core, respec- 
tively. Then ¢=34/4)/4xK°(1—6%). Put R—BR as Xo, then, from the condition ¢/')/¢y)=0 and (4.17), 
we obtain 

7 R2 ako 


10 OMA dR, (4.18) 


dE o/¢dRy may be estimated from the statistical formula for the energy as a function of the radius. Here we 
must use the formulas (158) and (159a) in Bethe’s paper!>), where VV and Z are interpreted as the neutron 
and proton number in the part outside of the core, respectively. Then 

L£o=T+V (4.19) 
where 7 and J are respectively the total sums of kinetic and potential energies of the total nucleons in the 
part outside of the core, and 


4 (V+ Z)5% a” (4.20) 
V=—B(N+Z)x-%0,; 


34 N%4- 758 1 
3 3 = 5 (W4Z) 5+255 
with 
1 E. 9 Leas 
Q=x-4 {(2—/4*)exp{ — if s%y_2) a (2=p-+*)exp(— 4 *142) 


“1 Cg 
+ nis { at e)-2sn=D8 05 v-*)} 5 


‘where the constants 2, a and the potential _/(7) between two nucleons are in the relations 


J(r)=— Bexp(—“>), a=—, m= RAS, 


and pr=i+n'8(2—n)' + (2—2)%, J4=n'b+ (2—n)'8, 

7 p-=N%—1'' 2—n)'8+ (2—2)%, g-=n ’—(2—n)’%, 

; 2N Sage Ve SLL ee he FADS 

2 » OS WZ’ s=5(5) 7,7 T= @/Ala?, Oe)=7—\ ¢ widy, 

“Using the formula (4.20), (4.19) is written as 

ie B4 _8Z 

"4 LE 334 nH in f oa ) Ss OB Ley; 

é = 2 114+ ( —_) “== 9-0. (4.21) 
et AL 5 te { dra 2—n Ty 

Ke is approximately proportional to @, therefore to x. So that we obtain 

‘ gVEo ay 2 VLo Shea) = go 4.22 
: Say toed dR aT a a a (4.22) 


he value of x«2-d2Z/dx2 is obtained from (4.21). 

We take U8 as an example, and adopt the values «=2.82-10~"* cm, 7)=1.36-10~ ™ cm and B=50 Mev. 
hen : 
Pes 


srt ios (1—B)—2- 35-49 Mev, (4.23) 
r } 


R 


lh Bente ete aes 
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irrespective of whether we adopt the 50-core or the 20-core as the undestroyed one. Therefore, according a 
(4.18), 


Re a*ky a 1—f)-2—~4( 1—p)-2 Mev. (4.24) 


K=Mue= =~ 
eal 9A dR 9 


Substituting (4.24) in (4.16), we obtain the number of longitudinal waves of frequency between w and! 


wo+do: 
2 eA 8) wed 
Li(o)do= (MK ) “R3(1—*) w%c We 
3x 
Or, using the quantum energy €=74w, 
2 RE ES 
Pile i ea AE )) 38 Inerdeé. 
3a 
The number of volume waves of energy between € and €+d€ is then given by 3/;(€)d€, Le., 
2 ar 5 
Pr(€)de= (KP) 8 Ayerde. z (4.25) 
t 
3. Thermal properties of the nucleus. The total number of normal modes of quantum | 


energy between € and €+de is p(e)de=(P,(€)+f,(€))de. The energy at the: 


temperature t is then, according to Planck’s formula, 


a =| MOE St ABF aby 8ANg (€,, c) +750 Ao» (4.26) 


0 e tv chy 
where 


h, 7 24, wy ? _ 3, 
n=6U/r)TP), 4 ATP, y= (KP)-*C, 


(eo 2 Fb ‘co 44 Oo 28.7-. 
I (Eo: T) =i) ers & (Eo: 7) =, sae a=| aoe = 6.50, 
Co 


= 
ete —1 0¢°— 1 


and when 7,=1.4-10-' cm and /'=13.3 Mev 
7,=0.02148 (1—f) A’, 


72= 0.06497, (4.27) 
7g= 0.005375 (18)*. 


From (4.26), (4.27), (4.3), (4.4), and (4.5), the values of U, S(C) aad DUG 
for any value of < are calculated. The curve of D(l/) vs. U is given in Fig. 1. 

From (4.27), it is seen that the contribution of the volume wave to U is very small 
compared with that of the surface wave. In fact, when S=0.7 or 0.5, the critical energy 
at which the volume wave equally contributes to (/ as the surface wave, is several tens of 
Mev. The contribution of surface waves is thus predominant. On the other hand, the 
existence of the core restricts the occurrence of the surface waves, especially the long waves. 
So that the level spacing D(U/’) obtained above will be somewhat larger than /)((7) 
deduced from the uniform liquid-drop model, by taking into account the surface waves 
only. We shall examine this difference in the following. 

According to Bethe, when the depth of the liquid is infinite, we obtain, by taking 


into account the surface waves only, 


On the Structure of Heavy Nuclei 207. 


No Atomic Greatest 
Curve Weight undestroyed Core 
1 120 20 
2 120 50 
. 3 16 
108 0 20 
4 160 50 
5 160 82 
6 232 20 
a 7 232 50 
= 8 232, 82 
~ 10! 
A © 232 126 
bd Y 
£ S3 120) Surface waves only are taken 
E : 
go YS 160} into account in the uniform 
n 
= af 3! liquid drop model. 
10° 
eh A © (4.28) 
with 
102 46 3G y, ( iP) ‘s 74 One 1.694, 
Higa gia (4.29) 
: which corresponds to (4.26). The 
ENERGY (Mev) a values 7,=1.4-10 “cm and /°=13.3 
“it ee Mev give £=0.11. & decreases when 
Doar ig 9 1214" 6 vcs Be a ait : 
ae 
Fig. 1. ‘The energy level spacings of Sal”, Gdi®, 7, decreases ot I" increases. From 
and Th®*?, 7)=1.4-10-1% cm. [=13.3 Mev. (4.28), we obtain 
D(U)=aA “0% exp(—bA%U*%), (4.30) 
where 
147\4 7 
a=( : ) h-Ha, b= — h™. 
3 4 


The graphs of D(U/)’s are given in Fig. 1. When U is fixed and 7, decreases 
D(U) increases. 

In the scope of our unsettled knowledge of the level spacing, it may be said that 
the two results deduced from (4.26) and (4.30) well coincide with each other when the 


undestroyed core is small. 


oe 


ae 


§ 5. Inelastic scattering of neutrons by heavy nuclei 


In this paragraph, we treat the questions (3), (4), and (6) stated in the introduc- 


tion, by using our new model. 
As a preliminary, we shall qualitatively examine what influences are exerted by the 


| 
existence of the core on the cross sections of inelastic neutron scattering, the velocities of 


the inelastically scattered neutrons, the temperature of an excited nucleus, and the intensity 
> . : : 
of the fluorescent gamma-ray emitted after the nucleus is excited by a neutron. 


lint 
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We consider the process 


A+n—>C->B+2, (541) 


where A, C, and B are the initial, the compound, and the residual nucleus, respectively. 
n is the incident neutron, and x an emitted neutron or a photon. 

When the incident neutron energy is fixed, the fewer is the number of the nucleons 
which participate in the thermal agitation, the higher is the nuclear temperature. So that, 
when a core is remained undestroyed in the compound nucleus C, the temperature is higher 
than that in the case of the uniform model. Accordingly, when bombarded by neutrons 
of a constant energy, the nuclear temperature does not decrease monotonically with the 
inctease of the atomic weight. This explains the experimental results of Gugelot and 
Stelson 8& Goodman. 

When the nuclear temperature is higher, the probability that a part of the excited 
energy accumulates on a certain neutron to make it evaporate, turns out larger. So that, 
the larger the undestroyed core is, the larger is the probability that a neutron escapes 
from the nucleus, i.e., /", (large core) > /’,(small core). Especially, [%, (core) > [’,, (uniform). 
And at the same time, the higher the nuclear temperature is, the larger is the energy 
which accumulates on a neutron to make it evaporate. So that we obtain 7, (large core ) 
~ (small core), where 7, is the emitted neutron velocity. Especially, 7, (core) > Up Cuni- 
form). This explains the experimental result of Dunlap and Little™, ie., the energy of 
the neutrons emitted from Pb bombarded by 2.5 Mev neutrons, is in the intermediate 
of those of the elastic and inelastic scattering. The same result was obtained when Hg 
was bombarded by 2 Mev neutrons. 

Thus, when a large core remains undestroyed, a large quantity of energy is carried 
out by the emitted neutron, and the residual nucleus 4 is remained at a low excited state, 
so that the intensity of the fluorescent gamma-ray is faint. On the contrary, when the 
undestroyed core is small or does not exist, the intensity is strong. This explains the 
experimental results of Aoki, Lea, and Wakatsuki & Sugimoto (Fig. 2): 

The nucleus is considered to be a Fermi gas of nearly 0°. So that, the incident 
neutron can penetrate into the nucleus without being greatly interrupted by the nuclear 
matter. The amplitude of the wave function “‘ dies out’’ exponentially inside the nucleus. 
When the undestroyed core is there, a part of the incident neutron wave is reflected on 
the surface of the core, and the elastic scattering probability of the incident neutron be- 
comes larger, ie., the sticking probability ¢ becomes smaller. When the undestroyed core 
is large, ¢ is small. Thus we obtain &(large core) < €(small core). When the undestroyed 
core is small, ¢(core) (uniform). On the other hand, the neutron capturing cross 
section is very small compared with the inelastic cross section, so that we obtain o(w, 7‘) 
large core <a(n,n') small core S o(n,n') uniform. This may explain the experimental 
result of Grahame and Seaborg. 

In order to treat some of the above results more’ quantitatively, in the next place, 
we modify Weisskopf’s evaporation theory™, by using our model. 


Let us examine the state of a heavy nucleus C when it is excited to an energy Ee 
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which we suppose to be greater than the binding energy of a neutron. This excitation 
may be produced by the process (5.1), in which ~ means a neutron or a hard gamma- 
ray. Before the collision the colliding particle must have a kinetic energy rae Ei 
being its kinetic energy when bound to the nucleus C. When the wavelet Be eit 
incident particle is smaller than the radius R of the nucleus, the collision can be described 
classically and the cross section for the inelastic scattering is equal to é7K’. When 
Lig— Lf, = 3 Mev, this condition is satisfied. 

We now consider the emission of a neutron by the excited nucleus C(Z,). Accord- 
ing to Weisskopf, the probability per unit time of the nucleus C, excited to the energy 
fe, emitting a neutron with kinetic energy between € and €+de, and thus transforming 
itself into a nucleus 4 with an excitation energy “,=E,—H,—€«, is given by 

W,(e)de=o( Keo, €) 2M eaten), (5.2) 

ke pe Eo) 

where o(/;, €) is the cross section for the collision of a neutron with energy € with a 
nucleus /)(/,,) producing a compound nucleus C(Z¢), Pce(#)dE and p,(Z)dEé are the 
numbers of levels of the nuclei C and /, respectively, between / and 1 +dE, the energy 
-eing measured from the ground state of the particular nucleus under consideration. AZ 
is the mass of the neutron. Using the relation p(/) =exp(S(Z))/A(£) and the fact 
that A(/) is a slowly varying function of /, we express the above formula in terms of 
the entropy S. Then we obtain, by using the relations o(£, €)=S2k", S,(Lo—LZ,—€) 
= S,,(Ee— Ey) —€/tn(Lo— &) — fe), and f(€) =1/2-d?/de S,(Eo—Ey— ©): =o 


W,,(€)de =const. F¢ exp (— ¢/7,(Ze—E") —f(«<)) de. (6.3) 


If f(€) is negligible, the formula (5.3) gives the Maxwellian distribution. In order to 
examine whether /(€) is negligible or not, we adopt the formula (4.30) deduced by using 


the surface waves only, and estimate the order of the ratio: 
= : 3 / P * 
f (€)/€/te(Be— £0) = Se 4A Ho—He)”™, (34) 


where # is the constant given in (4.28). This ratio is equal to 0.1 when A=150 and 


— Eo—E,=5 Mev. When the distribution (5.3) is Maxwellian, the mean value € of € 


_ is equal to 2 t,(£), E being the incident neutron energy. The values of (/, which are 
obtained from the formula (4.26), are given in Table 3. The mean value € is to be 
calculated by using the formula (4.26) or Table 3. 


The mean energy loss of the inelastically scattered neutron is /—e. For example, 


when the incident neutron energy / is equal to 5 Mev, the energy loss is: 


Fer Re ee OY 


2.30 Mev when (A, core) = (120,20) 2.98 Mev when (A, core) = (232,20) 
[open + bow. 4.5 = (120,50) 27 Gas bitten sieeve = (232,50) 
A eee ailbecte oe = (160,20) PAIGE «SX wll modes Be = (232,82) 
Zest man oe ee A901 ge am aR = (232,126) 
0: 700M. &. a ypstenae “ea 160,82) 
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0.2 0.017 0.006 0.027 0.013 0.003 0.046 0.029 0.016 0.004 
0.4 0.135 0.044 0.218 0.106 0.026 | 0.370 ~ 0.230 0.130 0.031 
0.6 0.456 0.148 | 0.733 0.356 0.089 1.22 0.776 0.439 0.103 
0.8 1.08 0.350 | 1.71 0.845 0.211 2.76 183 1.04 0.245 
1.0 2.08 0.683 352. #1.65...0-412, | 297. | 251, 203.) O48 
7) 3.59 1.18 530 284 0711 | 791 35.90 3.51 0.827 
1.4 S42 188 (9780 (4 AS LIN | aS DY ee 
1.6 ¥.85%22.80. | 111 66501169 | 160 aes PPS20" “Lee 
Le Mieio6, 3.09 | 14.8 P eoeseeno 212 204 116 279 
20 | 14.0 5.48 19:10 ive 329, | 72227 B15 3.83 


a eee 
Table 3. The values of U, which are obtained numerically from the formula (4.26). 
The intensity 7 of the fluorescent gamma-ray per atom is a product of the energy 


loss H—€ and the neutron inelastic scattering cross section” : 
I=const. § A%*( E—€). (5.5) 
The exact calculation of the sticking probability € is not easy. It is known only that 
when a nucleus is near by a closed shell nucleus, the ¢-value is small. 
Thus the curve of the intensity / is not simple, but has several branches (Fig. 3). 
According to the ambiguity of the ¢-value, the positions of these branches can not be 


settled exactly. 


& Acki 
gt K Lea 
@ Wakatsuki-Sugimoto 


Relative gamma ray intensity per atom 
(Arbitrary scale) 


ay 
fg J ATOMIC WEIGHT 
| 


J) | 
50 100 150 200 


Fig. 2. The fluorescent gamma ray intensity per atom. Curves 1, 2, 3, and 4 are the 
intensities obtained when the 20-, 50, 82-, and 126 core are remained undestroyed, respectively. 
The sticking probability € is assumed to be constant, so that the positions of the branches 
are not exact. The true positions of the branches will perhaps be lower than those given in 
the figure. Curve 1 has been adjusted at 4=120. The incident neutron enetgy is 5 Mey. 
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§ 7. Conclusion and acknowledgement 


The necessities of the existence of cores in heavy nuclei have been discussed from 
two sides. One is the fission process, and the other is the inelastic scattering of neutrons. 
The remarkable feature of the asymmetric fission which has been explained in § 3 by 
using our model, will not adequately be explained by using the uniform liquid-drop model. 
And the uniform liquid-drop model is not strong enough to explain the experimental fact 
that the photo-fission threshold energies of heaviest nuclei are all almost equal to 5 Mev. 
The new model, having the core, has the possibility to explain this experimental result. 

The experimental facts that when A > 110, the inelastic neutron scattering cross 
section does not increase with A as the old theory predicts, the fluorescent gamma-ray 
per atom does not increase with A, and the nuclear specific heat does not increase with 
A, can all be explained by using the level densities of heavy nuclei (A > 110) thinner 
than those given by the old theories. And, in fact, the level density can be made thinner 
when the freedom of internal motion of the nucleus is restricted. At one time, Grahame 
proposed the idea of local heating (hot spot) of the nucleus. The introduction of the 
core indeed restricts the freedom of the internal motion and leads one to Grahame’s idea. 
And the conclusions of Grahame are also obtainable from our model. - If, however, the 
heat conduction in the nucleus is very rapid, the idea of the local heating will not be so 
easily acceptable. 

The present writer is much indebted to Dr. J. Itoh, Messrs. Y. Oda, Y. Yoshizawa, 
Y. Nambu and K. Sugimoto for their valuable discussions on this paper, and to Mr. T. 
Wakatsuki for the suggestion to apply our model to the problem of neutron scattering. 
He also acknowledges Dr. T. Asada’s kindness in affording various facilities for him in 


bringing this paper to completion. 


302 O. Miyatake 


References 


1) Grahame and Seaborg, Phys. Rev. 53 (1938), 795. 

2) Lea, Proc. Roy. Soc. 150 (1935), 637. 

3) Aoki, Proc. Phys. Math. Soc. Japan 19 (1937), 369. 

4) Wakatsuki and Sugimoto, Journ. Phys. Soc. Japan (in press). 

5) S. Frankel and N. Metropolis, Phys. Rev. 72 (1947), 914. 

6) H.N. Koch, J. Mcelhinney and E. L. Gasteiger, Phys. Rev. 77 (1950), 327. 
7) P.H. Stelson and C. Goodman, Phys. Rev. 82 (1951), 69. 

8) P. C. Gugelot, Phys. Rev. 81 (1951), 51. 

9) O. Miyatake and T. Yasaki, Journ. Inst. Polytech. Osaka City Univ. Ser B, (1951), 23. 
10) H. Steinwedel and M. Danos, Phys. Rev. 79 (1950), 1019. 

11) T. Yasaki and O. Miyatake, Phys. Rev. 79 (1950), 740. 

12) K. Way, Phys. Rev. 75 (1949), 1448. 

13) Harvay, Phys. Rev. 81 (1951), 353. 

14) TT. Yasaki and O. Miyatake, Phys. Rev. 79 (1950), 15. 

15) H. A. Bethe, Rev. Mod. Phys. 8 (1937), 71. 

16) S. S. Friedland, Phys. Rev. 84 (1951), 75. 

17) Dunlap and Little, Phys. Rev. 60 (1941), 693. 

18) V. F. Weisskopf, Phys. Rev. 52 (1937), 295 


303 


Progress of Theoretical Physics, Vol. 7, No. 3, March 1952 


The Mass Variation with Velocity in Bopp’s Unitary Field Theory, I 
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In the case of free motion of constant velocity, the total energy and total momentum of self-field 
produced by a point particle was calculated starting from the energy-momentum tensor derived by Bopp 
and Heisenberg for the Bopp-type non-local field theory. The correct velocity variation of energy and 
momentum required by relativistic mechanics is not guaranteed from the beginning for the above energy- 
momentum tensor. From the detailed calculations in this paper, however, the correct variation upon 
velocity is attainable if the characteristic function ¢(.) satisfies a certain condition. As this condition 
is very flexible, there remain possibilities of the presence of some appropriate form of e¢(.«) which 
guarantees the finiteness of the self energy of a point particle and the correct velocity variation of 
energy and momentum of the self-field. The examination of the energy-momentum tensor itself causes 
some doubt about the correctness of the energy-momentum tensor derived by Bopp and Heisenberg. 


§ 1. Introduction 


Among various attempts which aim at solving many deep underlying difficulties in the 
‘present field theory of elementary particles is the unitary field theoretical contemplation of 
the properties of elementary particles. This unitary field theoretical standpoint is, as far 
as the following investigations are concerned, based on the understanding of the physical 
world, according to which matter and field in ordinary sense are not considered as indepen- 
dent entities in opposition to the usual dualistic standpoint. Particles have no mechanical 
mass at all. The inertia, which we observe as mass, should be entirely due to the inertia 
of the field which is produced by the particle around it and has a certain amount of energy 
and momentum and therefore also a certain inertia. Thus it is necessary for the above 
unitary standpoint to be acceptable that the total energy and momentum of the self-produced 
field of the particle show a correct variation upon velocity required by the relativistic mechanics. 
As is well known, current field theory does not satisfy the above requirement. F. Bopp” 
investigated the modification of Maxwell’s electromagnetic field theory by introducing higher 
derivatives into the Lagrangian and succeeded in obtainning the correct behavior of the total 
energy and momentum of the self-field. As this theory, however, has been proved to be 
equivalent to a mere mixed field theory and has a difficulty of negative energy, Bopp” 
considered later, as a further generalization, a modified electromagnetic field having non-local 
character. With respect to the above theory, the corresponding problem has not yet been 
investigated. It is the purpose of this paper to see whether it is possible to establish the 
correct velocity variation of the total energy and momentum of the self-field of a point 
particle and at the same time the finiteness of the total energy of the self-field of a point 


_ particle in the Bopp’s new non-local unitary theory. 


aan | Pree e 2 
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§ 2. Old Bopp’s theory 


In the old Bopp’s unitary theory for electromagnetic field”, originally developed by 
Mie and subsequently by Born, Infeld and Bopp, one replaces the usual Lagrangian 


L=— : geaeteaem (1) 
167 C 
by 
pues | fa ee a ofan) | a Sas: (2) 
167 X OA c 
where Jas = 9p /OXa— Oa/ OX ey 


oo= (4A, 70), Sa= (4, icp) 
and x is some constant having a dimension of reciprocal length and other notations have 
their usual meanings. The addition of higher derivatives of field quantities into Lagrangian 
has been proved to be equivalent to mixing neutral vector meson field in addition to Maxwell 


field. The energy-momentum tensor, which satisfies the conservation law 


OT xs 1 
ree ke 2 
V5 
takes the form 
1 Bogen es (4) 


where 7% and 7,4, are the usual energy-momentum tensor for Maxwell field and neutral 
vector meson field respectively. The total energy / and the total momentum P of the 
field can be calculated from the formula 


yi —\ Ta, P= =a Tae (5) 
(a 


For a uniform and rectilinear motion of a point source electron, the contributions of Maxwell 
and meson fields to total energy, ” and £”, have the following values. 


1 bese ily 
fe Fah ar ra i (6) 


a 1 iL 
iF = 7=(4 te aH 2 vi 
Wi fez 0 ate 3 & 0 > 


where the suffix 0 means the corresponding quantities for @=0. 


Accordingly total energy 
E is given by 


E=E"— FY=—1__(E¥_Es) === 


Vine : pe (7) 


Quite similar results are obtained for total momentum P: 


pr! ee =F) 
- 2 V1—-@ 0 ap 3 0 > 
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Bain Von be Ue 
2 WIRE +5 Ey ‘) (8) 
and 
Pa ph Dy biaV Shc (9) 
eit ae 


From equations (6)—(9), it is readily seen that the total energy and the total momentum 
show the correct variation with velocity and it is permitted to consider the energy and 
momentum of the electron to be stored in the surrounding field which is produced by the 
electron and the unitary standpoint can be admitted. It must be noted, however, that the 
separate field does not behave correctly in the above sense but their combination alone shows 
permissible dependence upon velocity. This form of Bopp’s unitary field theory, though 
satisfactory in the above point, is nothing but a mixed field theory and has an unconquerable 
difficult point; the non-positive definite character of the Hamiltonian. 


§ 3. New Bopp’s theory 


Later Bopp” proposed a non-local modification of electromagnetic field. If we introduce 
€(x), which is a function of — 72 alone, 


J 


a Lorentz invariant “ ferniwirkungs-funktion ’ 


the modified Lagrange function is given 


Eas \ falr)e(2—2') f(x dvdr! +2 | eeSaut (10) 
7 c 


If we choose delta function as ¢(+), the above Lagrangian reduces to the usual one. The 


Lagrangian defined in (10) means that a source function localized at some point determines 


not only the field quantities at that point but the ones at the surrounding points: e (+) 


is a measure of nonlocality of the field. The above assignment, however, turns out to be 
equivalent to introducing infinitely many higher derivatives of field quantities, namely the 
generalization of the former expression (2). The problem of constructing the energy 


momentum tensor which satisfies the conservation law (3) in this case* was pursued by 


. Bopp” and Heisenberg? and the following expression was obtained : 


z 1 (k—k!)°e(k—h!) — he (h') 
2) = —— hg—2k' V2 — 2 5 
Tap (2) xl ) ( 8 3) (k—#)?— 2? 


ey ee) i =n We = 
x G, (2) @, (k—-#) ak! — ne (%, (2) S,(k-2) dh! 


327 


Vv 


asa 
+1 [PU S(C—W dl, (11) 


* Recently Y. Ono (Prog. Theor. Phys. 6 (1951), 898) took up this problem and solved quite satisfac- 


‘torily without having many difficulties concerning the expression obtained by Bopp and Heisenberg which will 


< 
' 

* 
3 


a 


» 


- 


be discussed in the following. 
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wheres ete). e(2), G.(k), Sa(k) are the Fourier coeficients of 7i,(#), 8(%). Pelaas 
S,(#) and they are connected by the equation of the type 


5 1 a th yt, 4, 
Ply anya Zo0(e dh, 
Tus (2) =|r. et ae, | (12) 


where dt and d& means drdydzdt and dh ,dk,dk,dw respectively. 

The above form of energy-momentum tensor has many inadmissible defects: the most 
important one is that equation (11) does not tend to the usual form of energy momentum 
tensor for Maxwell field when one puts specially (7) =0(+7) or in momentum space 
e(&) =const=1.** The corresponding limiting form is quite different from the usual one. 
Furthermore the expression (11) does not have the properties of gauge invariance and 
symmetric tensor. As regards the symmetric property, we can show it can be thought as 
symmetric when the equations of motion ate used, as far as we consider the total energy 
and momentum of the field, as shown in the following section. Judging from these points, 
we can hardly believe that the above form of energy momentum tensor has been derived 
correctly. As the following calculations and discussions are entirely based upon the form 
(11), it might be more probable that the conclusions deduced from the following calcula- 
tions must not be considered as the criticisms concerning the Bopp’s nonlocal field theory 
itself. It might also be possible that we can only to say decisively that the energy momentum 
tensor (11) has not been derived correctly. 


§ 4. Calculations and discussions 


Now we consider a case of point electron which has a constant velocity WV and was 
situated at the origin at time ¢=0. The four current S,(7) then takes the form 


S.= (6; 1ce) 
and 
p(s, J, 2, 2) =cd(x—v,2) 0(y—4,t)0(z—2,2), 
U Cc; SAL t) =eVo (z a 7) 0(y—2,t) (2 ee Vet) > (13) 
which satisfy the continuity equation 0S,/d1+,=0 or dp/d¢+divé=0. If we integrate 
both sides of Equation (3) over the whole field, we obtain 


Tote ~ 
|22a pau =| far Sud Vv (14) 
Cc. 


OX, 
or 


dE /at= —¢- E, 


aP/at=— (p+ [tx H)), (14)! 


*K ; 
The most important purpose of the researchment of Y. Ono was to improve this point of defect 
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where £ and P are total energy and momentum of the field and are given by equation 
(5) and Hf and Hf are derived from field quantities ,—= (A, 74) by the equation H=rotA 


; 1 
and H eae ae 0A/d¢. Thus so that total enetgy and momentum may be con- 


served, the total Lorentz force acting on the point electron or the right hand side of equa- 
; ; : : 

tion. (14) or (14)’ must vanish. In order to see this, we must first construct the solu- 
tions of the field equations 


a) , pera! 
ke fee=x)figl "ae =2S(2) (15) 


or using the Lorentz condition d9,(x)/dx,=0, 


rp 


Ce —2") 0 (2) de! = =S. (x). (16) 


Transforming into momentum tepresentation, one obtains from (16) 


oT Pe 47 a 
Ase (h) Galt) =~ —Sa(h), (17) 
from which it follows 
i 4m S.(k) 
Og ie ee 18 
ad ae EE(é) (18) 


which satisfies Lorentz condition 0¢,(x)/d7%,=0 or kaP.(“%) =0 owing to the continuity 
equation 0S,(7)/d7,=0 or &,S,(4)=0. The Fourier coefficients for the four current 
Sa(#) can be calculated as follows : 


Foe { Lig eee g ic) |0(X— Vee axa, 


= (e( V, ic) { fBV— Oly —2ne(V, ic)d(KV—w) 


=27e u,0(K-V—w), (19) 


where w, is V for u=1, 2, 3 and tc for u=4. It is here to be noted that every 2,(%), 


_ therefore every S,(/), contains delta function 0(-V—w). Because of the relation 


|Ta@av= Cami 2 Oe dea = [7K ede, (20) 
7 


(27) 


only the Fourier coefficients at ACO contribute to the volume integral. The Fourier 


coefficients of the integrand of right hand side of (14) are 


ey ie ORF BK me ‘ 


thu 


WN phe 


(Fars) (2) =| fo (2)S,(a)e 


ess aa ifn (2') Ss (£'’) e. oe ee Ie yy 
27 
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oe | Fn YS. # dll 


=f (Hid G0) +h GoH)) SE-B) ae (21) 
(on)'J 

Owing to the solutions (18), the right hand sides of (21) and (11) have the form 

SCRA BY) Sa (2) S3(2—2#’), where C,,(/, 4’) are certain functions of #,, and £’,, and 


tele have the factor 0(KV—w)0(K'V—o’), which can be said readily from (19). 
Combining these delta functions with the one in equation (20), we then obtain the factor 
0(K)d(w) ot o(%). Accordingly, to the volume integral of Lorentz force density 1/c 
faxS, and energy momentum density 7y,, which are the only interesting quantities in this 
paper, contributes only the Fourier coefficient at /,=0. It follows firstly that in order to 
calculate the total Lorentz force acting on the electron or the right hand side of (14) of 
(14’) we may put #,=0 in equation (21). Because of the even character of e(x) and 
the continuity equation £,S,(4)=0, the second term of right hand side of (21) vanishes. 
Concerning to the first term, we have only to remark that it is a odd function of £'. 
Thus it has been proved that the total Lorentz force acting on the electron vanishes and 
so the total energy and momentum of the field are conserved for the case of free motion 
of -constant velocity. Secondly the statement with respect to the symmetry property of 
energy-momentum tensor mentioned in § 3 can be qualified. In order to investigate the 
symmetry property of energy-momentum tensor we have only to consider the last term of 
(11). Here again we may put 4,=0, as far as we consider the volume integral of the 
energy-momentum of the field. Again remarking the even character of Sy (£) and replacing 
the G,(2') in the last term of (11) by the right hand side of (18), we can see that 
T43(%) has the following limited symmetry property : 


(Dan (1) dV =§ Trax) dV. (22) 


In order to see the meaning of this limited symmetry property we define as usual an angular 
momentum density : 


Masr=%el sx— Xp Ls (23) 


whose divergence according to (3) becomes : 


) a il 
ee as Del eee a CHA eS 


T OLY 


If we integrate both sides over the total volume, the first two terms cancel owing to (22) 
and the third and the fourth term vanish respectively because the factor +, and +, can be 
replaced by numerical constants owing to the delta function 0(.X — V7) contained in Slee) 
and the total Lorentz force acting on the electron vanishes as was proven before in this 
section. From this it follows that the tensor {@//AZ,,, is constant in time. In particular, 
the components of the angular momentum are constant : 


ik 
ue [a Mars=\( re : Typ Te) AV, (24) 
z 


16 16 1C 
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mpesen@, min fram 1.to 3. It is here to be recognized that the above energy moméntum 
tensor does not satisfy the usual conservation law for energy and momentum : 


OL a5/04,=0, (25) 


and only the volume integral of Lorentz force 1 /¢ fag-S¢ vanishes, which alone was sufficient 
to the conservation of total energy and momentum of the field and the constancy of angular 
momentum of the field. But in order that the total energy and momentum of the field 
may form a 4-vector, the integral of Lorentz force 1/c JapS Over some 4-dimensional space 
must vanish”. The vanishment of integral over a flat surface ¢=covst. alone would not 
be sufficient. Therefore the total energy and momentum of the field do not in general show 


a correct behavior upon velocity of the singular point. It is the main purpose of this paper 


_ to see whether the total energy and momentum of the field do have correct dependence 


upon velocity and if it is the case to find the condition for e(x) which makes it sure to 
have correct behavior. This will be done below. 

First of all we calculate the third term of 7 ai(#) or the right hand side of equation 
(11) for 7=4. If we substitute the solutions (18) and (19) into field potentials ¢(4), 
we obtain 

1 
16n'¢ 


i (2) §,(2—B) ae! 


me SSA 
aGay hé(R') 
2 eas — 0!) 0( (K— BK") V—-(o— o')) TK? 


ao! 


Be 5 (2) 


2re 


MEIV—-0') aaa? 
—w"/2é(k, w! /c) 


= 1 pit BV—0) |, 


° 
To 


= (26) 


5 
ec > pe 

= u,0 (KV— w){ 
7° 


where @ is the angle between K’ and V and /’/=|K'| and P=v/c. If we remember 


é 


» 
Y 


BEA PRE, Geen ae & ma SN 


. arti 8 ; 
that @(£) is a function of only #{=40°—a"/c’ and introduce new integration variable 


K=k' /1—'cos*d instead of k’, we obtain further 


2 K°dK sin Odtde 
(B I) — 
(26) =F hit EV = 0) \ ras) =F cod 
2e7 Fae maa 4 a dz =a (27) 
mee oleae ait i= pe 


The last factor can be integrated as follows : 


\- et SA ieee aa a0 va eee (28) 
“a Vi pe) o( VW1— 2") 


Thus we obtain 
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2 [ea(e) See 
ies 


4e ak (29) 
— V= t ie 3 S 
- Ug? OK wo) Sele (K) 


i ini i c i ential for 
In order to see the meaning of remaining integral, we calculate the static pot 


a point charge at the origin : 


g4(4) =ip)(4) = (any mat (A)e  " *dk 


CE bees —o w/e Je CK, w/c) 


0 3(w) _e Tt KX— ob fied 


— Cy ol easily 1 ae Mir EH 


Ke ee) 
aay sin er aK (30) 
or Ky @(K)- 


whete we used (18) and (19) putting V=0 and r==|X), Therefore, remembering #,=7c, 


we obtain as the static potential at the origin 


2¢e PRE 
0) Sil 
(0) =| say” G1) 
which is just the integral appeared in the equation (29) and diverges in the usual Maxwell 
theory where €(£)=1. Substituting g(0) for the integral appearing in (29), we get 
finally 


1 id Ai 
~—|\¢,(#') S,(k—#) dk! 
2 [Pe S—#) 
27é 


oe t,0(KV—w) 9 (0) /VW1— &. (32) 


Thus we obtain as the total energy and momentum of the field arising from the third term 


of Tey liso (a,=—7e and» UV, 


peu \ Poul ae: (h) c"8 IK) dKdw (33) 
=¢9(0)/V1—-# 
and 
P= ANT dV=eVo(0)/ev1—P, (34) 


which show correct dependence upon velocity of the particle. 
Next we calculate the second term only : 


£ 
4 


: 
' 
rs 
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: ee 
Sonics) PrP) Sek 2) dl! 


327 

= 9, [SME O2) yy 
(27)*-* hl, e(k') 

= tC 0) | OE aly aR is 
27 (K”"— 0" /c?)é(K', o!/c) 


4 e IN OY D r UK sin Addd 
=~ 0,,(1—f)8(KV— \3 te 
Qn ( B ya( w) é(K) (V¥1—& cae d)* 


° aK 
0€(K) 
=7004,V1— f°0(KV—w)¢(0), | (35) 


= 229... F)(KV—0) | 
1 = = 


where use was made of (28) and (31). Thus we get as the total energy and, momentum 
of the field arising from the second term of 7 nae) 


£9 =—(Ty(#)d¥=—1 eg (0) VIF (G6) 
and 
PO =o. (37) 


The contrikutions due to this term, therefore, do not give correct velocity dependence. 
Finally we calculate the first term of 7,,(/). This time we must remember that the 
contributions to the total energy and momentum of the field arises only from the Fourier 


coefhcient 7,,(£) at £,=0 and we must take an appropriate limiting process before per- 
forming calculations because this term contains a factor whose denominator and numerator 


both approach zero when #, approach zero. If we expand ¢(/—2’) in Taylor series 
e(k—#) = 0 (Uh) = (h'2— 2h aha + he) 
= f(h2) —2hehl af (Ma) Bee , 
=6 (AY S28 Ef (RY) bee (38) 


where f(#3) is a function of £; and is equal to €(%) which is a function of |F2| and 


3 : ° 2 : : 9 . 
_ f'(&z) is the derivative of /(/,) with respect to its argument /,, we obtain 


(b— Bl) (hh!) — BE (KR) 


7 
too (L-#)?— kh? 
_ Beh) —2h hk af! (2) — hah ao (BY) + — BEM) 
== lbh ST é 
kyo Be 2k Ratio res 
=e(h) +22 f (2%). (39) 


Putting the above limiting value into the respective term, we can calculate the first term 


as follows : 
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ae ay |e 28.) (ey — 2) {ECR + HEF (22) Gx BPR PVE 


me" é(#’) 4 Re ef (ho) y ry / ! 
=e 40,0 ( KV—0 »)| ae 3(K'V—o!) 42 kdl, (40) 
(2m)?c? * (Haye)? 

where we have put £,==0 and used similar manipulations as before. We shall consider the 


case u=4 and u=1, 2, 3 separately. In the former case, one gets 


e 2\ 9 e(h! yee (ea) ae 7 q 1 
=*(1—")0(KV—wa ,o K' V—o0')dK'da! 
(40) =" PAV 0) [FOALED Sad V—o) 


ou’, k' Beos)) + 2" *(1— eos"O) f! (A "(1 — f¥cos"G)) 
(#/2(1—f?cos"0) )? (E(K’, 2’ Reost) )* 


x k?B cos’ OP dk’ sin Odd. (41) 


= 6 (1 PAV —0) |* 


Again introducing the new integration variable K=/! V 1—/¥ cos § instead of #’, above 


formula becomes 


gical e(K)+K° AOE S) Fs Geo cos 4 sin bdidedK 
ms 


KA(EGS))* (VM1—--2 cos’ )* 
=227(1—6)d(KV—o i, e(K +e EGS, dK |" ede 42 
The last integral will be calculated separately : 
(3 dz e 2 fen sin @ cos 0d _ 2 ae sim’O 79 
CAC ee cos’ BJo — cos'@ 
rare Gsin DL ee 2 1 
21 6 a ae 
BB 3 | oe 0 re Le pare et Cy 
Introducing a new abbreviation 
oo 2 (" e(K )+K"/' CK?) dK, 
nde (@(K YY? Se. 
one obtains 
27¢ 
aa Hoes 0(KV—o)é. (45) 


Thus the contribution to the total energy of the field arising from the first term of 7,,(/) 
becomes - 
jobs —\72) ave -2_ |i (2) c™0(K)dKdo 
(27) 
é ip 


For the case u=1, 2, 3 we can readily see that only the component parallel to V does 
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remain. Choosing specially the direction of V as the third axis u=3, one gets for u=3 


Moe Ge CIC oy ea (Da apes one 
( me jdt oF (22)2E ED)? 0(K'V— 0) k'cos 6 Ee 


=—2i88(1—)8(KV—w)( CAV FATS (AY (stds 
\ (E(K))? \Wegeso, 
ee 2ime B 


Z ae) —w)s, (47) 


where we have introduced. the same variable change and used quite the same manipulations 
and abbreviation as before. Thus the contribution to the total momentum of the field arising 
from the first term of 7,,(%) becomes 


Pe | ia )aV = 
7c c 


1c (27) 


ee (2) ed KK) adhd 


Sait re 
RR. mma, ~ 


Therefore we get as the total energy and momentum, adding (33), (36), (46) and (34), 
(37), (48), 


B=-, {0 t— 1 vinP 9(0) + ves ) 


= 57g t ev + ee ea) (49) 


and 


= eV eV 
J tes Fret ae rere Aue (50) 


We can see readily from (49) and (50) that if the following relation holds between ¢(0) 


and €, the energy / and momentum FP show correct behavior upon velocity : 


and 


enh ye eet 


2§=3¢9(0) 
or 
é(XK) A PAK) gp set aK 5 
2\" (e(X ))? ty (RY) ey 
in which case the energy and momentum are given 
E= 5 e9(0) /Vi-F (52) 
P= —V9(0)/2v1=F. (53) 


If we identify the total energy of the field for a point particle at rest with its rest energy, 
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we must put 


E,=1¢¢(0) =mc". (54) 
2 
Substituting the rest mass 7 into (52) and (53 ), we obtain the correct expression for 


energy and momentum of a moving particle required by relativistic mechanics : 
E=mce/v i 

and 
P=mV/V1i_--€. (55) 


The condition (51) for the fulfilment of the requirement of the unitary field theory is 
only a very weak condition upon the functional form of ¢(/) or €(%), so that an unique 
conclusion cannot be drawn from (51). 

In the usual Maxwell theory, where e(v)=0(%) or €(/)=1, the condition (51) 
cannot be satisfied because €=~(0)= co. In order to satisfy the condition (51), we may, 
for example, equal the integrands of both sides of (51): 


e(K )ke f (e*) 23 1 
(e(K))* 2 e(K) 


(56) 
2K2 fl (K°) =e(K). (57) 


Remembering €(K )==f(K*) and f’(K*)=df(K*)/dK* and writing K°z=x for sim- 
plicity, we obtain the following differential equation for f(x) : 


2x f'(x)=f(*), 
which can be satisfied by 


4 
fiz) =Gonst. 


or 
f(K’) =Const. VK (58) 
or 
€(K’) =Const. K. (59) 
This solution gives an infinite value to ¢(0) : 
AON 2e (i 2 (aE 500 (60) 
T JOE UK ) Je Ie 


according to (31), thus tending rest mass 72 to infinity. This assignment for €(%), which 
cannot give a finite energy of self field or a finite rest mass and a correct velocity variation 
of energy and momentum of the field at the same time, is easily be shown to have many 
other unsatisfactory points. We have now examined, however, only a special example which 
satisfies the condition (51) and there is not yet excluded the possibility of the presence of 


some more general assignment for €(/) which gives a finite rest mass and a correct mass 


The Mass Variation with Velocity in Bopp’s Unitary Field T, heory, LS esis 


variatio i i i i i 
n with velocity. In order to examine further this point we now consider another 


familiar assignment for €(/) or €(%) which reduces the general Bopp’s Lagrangian (10) to 
old one (2). This has the form 


; ive ~ : 
e(2) =(1— a(x) (61) 
a) 
of in monentum apace 
€(2) Sfe(yettrtt dr= 14 (42/2). (62) 


For this form of €(/), the condition (51) becomes 


ayaiss are) BELGE Er 5] go hace (63) 
0 (14+ (42/2) )? ee CK in) 


which can be verified by elementary calculations. The static potential, then, becomes accord- 
ing to (30) 

playa 2 [ake aK 

De ake eK.) 

prez |: sin Ay Sch 

F RRP OIE CICA x*) 


=ex(1—2-7!") /r, (64) 


which is finite at the origin and approaches Coulomb potential as 7 becomes large. The- 
refore the assignment (62) is a very satisfactory one from the standpoints interested in this 
paper. If we abandon the old assignment (62) from other reasons, there occurs naturally 
the problem if there is any other selection which is free from those defects. The answer 
to this problem has not yet been given, but in view of the flexibility of the condition (51) 
we are sure that there are some other appropriate forms of €(/) or (a) which satisfy (51) 
and give a finite energy of self field. i 


§ 5. Conclusions 


Two important points which must be satisfied in unitary field theory, the finiteness 

of the total energy of self field produced by a point particle and the correct velocity varia- 
tion of total energy and total momentum of self field produced by a free point particle 

_ moving with constant velocity, was examined in detail with respect to Bopp-type non-local 
unitary field theory. The calculations are entirely besed on the energy-momentum tensor 
given by Bopp. As the Lorentz force acting on the particle by the self field does not 
vanish in general, the correct behavior upon velocity of total energy and momentum of the 
_ surrounding field is not always guaranteed from the beginning. Asa result of the calcula- 
“tions performed in this paper, the correct variation is assured if the characteristic “ fern- 
_wirkung sfunktion”’ €(x) does satisfy a certain relation (51). According to this condition, 
it is easily shown that usual Maxwell theory does not satisfy the above mentioned two 


2 
r 
? 
¢. 
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requirements and old Bopp’s modification of electromagnetic field which introduces derivatives 
into the Lagrangian does satisfy both requirements. Because that condition is a very general 
one including integrals, it is not easy to find its general solutions. However, in view of 
a gteat flexibility of the condition, there is some hope of the presence of some other assign- 
ments of ¢(1) which satisfy the above mentioned two requirements. As remarked at the 
end of section 3, the above calulations and discussions starts from the expression (11) for 
the energy-momentum tensor derived by Bopp and Heisenberg and there are many unsatisfac- 
tory points concerning the form (11) for the energy-momentum tensor. Therefore it 
becomes also a very important problem to construct a energy-momentum tensor free from 
those. difficult points for the Bopp-type non-local field theory. At any rate it is concluded 
that it might be possible to choose an appropriate functional form for the characteristic 
function ¢() which guarantees the correct variation upon velocity of the total energy and 
total momentum of the field produced by a point particle moving with constant velocity 
and ‘the finiteness of the energy of the self field of a point particle. 
The author is indebted to Mr. Y. Ono for his many instructive discussions. 
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The Rb*? beta-spectrum of the third forbidden transition is well explained by the combination of 
two matrix elements Q3(8[¢xr], r) and O3(fa, r). Complex gamma-functions are calculated according 
to Martin. Screening correction is taken into account. 


$I. Introduction 


Recently it was pointed out that radiative? and mesonic” corrections did not affect 

Konopinski’s forbidden theory of beta-decay that is, the shape of spectrum as well as the 
selection rules expected from Konopinski’s forbidden theory. Since this conclusion about 
Mesonic correction is obtained through the consideration of rotational property only, this 
can be applied to the case of any interaction between nucleons. These facts make us be- 
lieve firmly the success of Konopinski’s forbidden theory in highly forbidden cases. Recently 
several investigators have been succeeded to explain some beta-spectra in the first and second 
forbidden transitions by the combinations of two matrix elements Q,(8[o0xr], r) and 
Q,(Ba,r).” Then it is very interesting to confirm the success in explaining the beta- 
spectra in the third forbidden case by the combinations of these two matrix elements. 
: Recently Rb*’ beta-spectrum was measured by Curran, Dixon and Wilson? and is 
found to be of quite different shape from allowed ones. Since the known spin and 
‘magnetic moment suggest that the configurations of Rb” and Sr” seems to be ( fy2)7' 
and (£52) ~* respectively, Rb*’ beta-decay is expected to be the third forbidden one with 
three spin change. In the following we will try to explain Rb beta-spectrum by the 
combination of two matrix elements Q,(8[0x%7],7”) and Q,(fa,r). 


§ 2. Procedure, results and discussion 


The NT spectrum involves contributions from two matrix elements Q,,(8[¢ xr], r) 
and Q,,(8a,¥) and also from the matrix element @,,,(80,1r), but a rough estimate 
shows that the contribution from matrix element Q,,,(86, 2”) is comparatively small. 
Therefore we take into account the contributions from the matix elements Q,(B[0 xr], r) 
‘and Q,(8a,r) only. They are, in the terminology of Greuling”, 


Cop=| >) Qige(BLO x4], ¥)?/n! 24) —[ 3S Q 5e(Blo x], v) /n! 
\= 4,g,k %,j,% 
| x Di54(Ba, ¥)/ai tec] gw) +| d Qi5x(Ba, vr) /m!|"2(w) 


Tae Boal 
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Sg Te a pe (An POM, = 2PM, 


+ [Pay Buy/ FI] @ PL) +| SE Dia (Bou 2) (tS AasgZ) 
459, “4 


Q:4x.(Ble xr], r)/n! Q5,(Ba, vr) /n! +c.c] pa (Zaye Ta; 


ales ipa 
Os te) Be. 


whete 2=3 and 


Qi; (a r)={ de Vela xx —1/sd0ar fee tas Age 5) 1G 
@ 5% Gj ®) 
(a—v)2r™ (2v+1)! pe 22 (2v-d)l 
™  (Qn—2+ 1101)? 


ere (2n—2v)! 1)" 
_ (m—v)2"- ™(2e+1)1 a2” hv a tT) (2v)t 


a Day = = 
sor (2n—2¥+1)!(v!)? (2n—2¥ +1)! (v!)? 


yv+1+S, 
La =alohda) ce eae? amy po 


Bhs Boe Qvtly! i Qt 2 / OZ, 
M,= (F/P)( oe y+14+S, dA rar qi! 


we QyF 1) CaZyrw gZ\ MOF1)( S278, 4S,+3 ee 
(25) a meena )+ Ser (- SCS: pay a a 


+14 PREG oe Hee =) 


N= CIP ei?) gah alk evans a Ww 


FW, Z) =(P* DY (2 9p) 0-0 exp (ay) |P(S, + 7) '/PA4 25), 


S=[+1)?—(4Z)*2, y=aZW/p. 
It was shown by Longmire and Messish® that the ratio 
eX" = Q y(Bla xr], r)4"'/Q (Ba, vr)" 
is independent of AZ, M1’ 7 7 and &, and is real. And consequently 
Cop= Y | Q(B [oxr],r)/n!|*{ f(@w)—2p9 (w) + oh(w) }. 
09, 
To obtain /,, 7, /, and /; we must calculate the complex /“function, and we 
calculate the latter according to Martin” (appendix). The results are shown in Fig. I. 
With the following ratio of the matrix elements 


p=4.2, 


a) eS ARPES ve 


‘tensor interaction, in which the screening correc- 
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we obtain a good fit for Cy, to the experimental spectrum from about 100 kev to the 
ppc limit of 275 kev (Fig. 2). In the region of energy below 100 kev, we took 
into account the screening correction according to Longmire and Brown. The values of 
Pig. Tas Fig. 1. b. 
4 
F,/%o 


12; 


f(w) 


3 4 
| 
/| 
} il 
| 
| 
2 ic) 
| Fi(w, z) 
i 
’ ne 15 
| 
1 | 
i F\/Fy 
Ay F./Fy 
: | 09 ! 
i Fs Fo, 
P21 1.4s 15 


08 | 


Table I. The screening correction. 


W me? it 2 
Fo(W—Dp) |Fo(W) 1.04 1.01 
F,(W—D))|F(W) 1.05 1.02 
Fy(W—Dy) |F(W) 1.06 1.02 

F(W—Dp) |F(W) 1.06 1.02 


F(W—D,)/FC(W) are shown in Table I. 
The result is shown in Fig. 2. The slight shift 
in 50 kev energy seems to be within the un- 
certainty caused by the experimental difficulty. 
However, it is to be noted that the shift may 
be due to the I. B. electron.” The calculation 


Ht Tie We as Rs UB Se Is 2 ay 7 


Fig. 2. Curve I is Fermi prot of Rb®’ beta- 
spectrum. 
Curve II is the one corrected by the one by only one small term B, in the termi- 


third forbidden correction function Cor for the nology of Greuling. As the contribution from 


of the I. B. electron correction is now in progress. 
The C,, spectrum is different from the C,,, 


ee. ‘ B,, is so small, we obtain a good fit for C,,- to 
tion is taken into account. 

Curve III is the corrected one in which 
the screening correction is not taken into account. hand, all other matrix elements in first, second 


the experimental spectrum too. On the other 
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and third forbidden cases fail to expain the Rb spectrum. 
We calculate the f#value and obtain f¢=4.2 x 10 where =6X10y and /-value 
is obtained by the graphical integration, ; 


t= (27°/G?)log’/| 2) Ql Blo a T|, r) /n!°. 


Appendix 


Since 


In '(x +iy) =In Re“ =In R- +76 


the modulus of the complex gamma-function can be obtained by the real part of In/” (4+7y). 
We obtain the following series by making use of the Taylor expansion, 


inpatient) 4 as, maneee iy)} — 3 aa e re+iy)} +- 


=In [’(2) +e —2s sy (yi ACA hoe 


where f(x), f’(4%),.--0+ are polygamma-functions which are real and have been tabulated. 
Then 


in k= UL Gy ty 
n In ['(4) 5a (2) Sm yee 


This series may be made to converge more rapidly by increasing the argument 1%. 


Thus 
2 4 
In R=In I(x +1) —F ear) + oi at 1) ists: — lee ae 
! ! Zz 
since by the property of the gamma-function 


In P'(%) =In(@+1) —Inz 


and 
Rlln(xt+iy)]=— in (24)’). 


This process may be repeated until the argument become so large that series converge 
sufficiently to give the accuracy desired. Thus 


In R= In ret 2 9 (etn)+e co en) — 


=n (2 +9) [Ca $1)? 49°]... [(et+2—1)247"]. 


Thus, for Z=38 and +=s,=0.9608, 
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log, | /"(S,+2y) | =1.35463 — 0.04848 y° + 0.00040)! 
aH log (0.92314 +9") (3.84474 + y”) (8.76634 +y”) (15.6879 +9"), 
2 


where y= (uZW/p)*= (uZ)?(4 €)*/{ (1+ €)*—1}~0.077/2e (e<1) 
and for 50 kev, y?=0.44, 

for 20 kev, y? ~ 1, 

for 10 kev y? ~ 2. 


i Bak aes 
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Recently several investigators have succeeded in explaining beta-spectra in the highly 
forbidden transitions by the matrix element Q..+:(8¢, r)” or by the combinations of two 
matrix elements (Q,(8[oxr], r) and Q, (Ba, r) or Q,(r, r) and Q,(a, r).?” These 
results are shown in Table I. 

First Konopinski and Uhlenbeck”:” roughly estimated these matrix elements as follows 

|Qo(r, r) |? ~ (4/3) Ri, \Q.(Blo xr], nr)? ~ (4/3) RB, 

|Q.(4, r)|" ~ |Q,(Pa, r) |’ ~ (20/9) (v/eyR’, — |Q,(Bo, r) |? (56/5) RY 

|Q, (Bo, = |° ow, (3456/35) B®. 


However, in Table I, Q,,,(86,1) is not so large compared with Q,(B[O xr], r) and 
Q,,(8a,r), so this estimate seems to be wrong. On the other hand, it was attempted 
to make a sharper estimate of these matrix elements by making use of the symmetrical 
nuclear hamiltonian. It was pointed out by Konopinski and Uhlenbeck that if one 
neglects the difference in Coulomb energy in the initial and final nuclei, one can derive 


for example relations like 
Q,(a,r) ~ Q.(Ba, r) =i(W,/2) Qn, P). 


But it is soon understood that in Table I such relation did not hold good in experimental 


* results. 


Therefore, it is very difficult to estimate these matrix elements accurately ; it seems, 
however, to us that the fact that Q,(8a,1) is several times greater than Q,(B[o xr], r) 
and Q,,:(86,r) may show that w/c is several times greater than r. 

Then, in the case of the first forbidden transitions similar relations is expected, that 
is, the matrix element {a@ is several times greater than the other ones {o-r, Joxr and 
B,;°. Recently, Takebe, Nakamura and one of the writers have been succeeded to explain 
Tm'” beta-spectrum of the first forbidden transition by the combination of two matrix 
elements fa and {oxr or Ja@ and {o-r. The result are shown in Table II and the 
ratio of these two matrix elements suggests this fact mentioned above. Therefore it is 
soon expected that /fi-value of beta-decay of spin change 1 and parity change yes must be 
several powers of ten smaller than that of beta-decay of spin change 2 and parity change 


‘yes and lie on the region about 10°. 
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It was first pointed out by Davidson, Nakamura and one of the writers” that f¢-values 
of beta-decay due to matrix element B;; fall into distinct range of 10° to 10°. On 
the other hand ffvalues of allowed transitions fall into the range of 10° to 10°, ex 
cepting a few special cases. And it has been noticed by several investigators” that beside 
above groups there are several elements where parity change are expected from Mayer’s 
shell model and févalues are 10° to 10’ and these have not-been explained satisfactorily. 
We call another’s attention to the fact that these are well explained by above mentioned 
fact, that is to say, beta-decay of the elements of Table III are possibly the first forbidden 
transitions of J/=1. 

In the case of the transitions due to matrix elements [Oxr or jr the shapes of 
energy spectra are allowed ones when Z is large, but is considerably different from allowed 
ones when Z is small; when main contribution to spectrum is, however, that from ja, 


above mentioned beta-decay are probably much the same shape as allowed one. 


Table I. The highly forbidden transitions. 


Element Wo me t ft= (2n5/G?) log 2/|SQn+i (Ba, ¥) /7!|* n 
Be! 2.1 2.7x108 y 2.1 x 10" j : 2 
K* 3.6 Qe) GO any, 2.1 x 1015 3 


f ate calculated by the formula given by R. E. Marshak, Phys. Rev. 61 (1942), 435. 


Element > mc? t QO,(8a,r)/Q,(Bloxr],r) f= (22°/G?)log 2/|3On( Ble xr],r)/al? ~ 
cis 2.4 44x 10° y V 25.73 or V18 0.7 to 2.3 10! 2 
Rb*? 1.54 6 x10 y 4.2 4.2 x 1016* 3 
Tc9 Sy 2.1x 10° y va 2.7 to 8.0x 104 2 
Sb!24 5.49 60 d 13 0.8 to 1.2x 101 z 


F are calculated by multipling allowed one by the maximam or minimum value of C,7. 
*F of Rb is exactly calculated by graphical integration. : 


Qn(@,¥r)/Qn(x, r) is much the same as Q,(B @,r)/Q,( Blo xr],r). 


Table III. Elements which decay across the closed shell 40 and into the ground state of the final nuclei directly © 
and have /¢-values of order of about 10° to 10’. 


Element Gav Ge SI BB Be Br’ Br Za 


Log /¢* 5.96 5.00 4.88 5.69 5.49 5.13 5.06 6.26 


Similar elements will be easily seen about closed shell 82 and 126. 
* A. M. Feingold, Rev. Mod. Phys. 25 (1951), 10. 


Table II. The first forbidden transition. 


Fleneat Wane 7 QB @, n/a Ble xrlx) fa2el@ lg IEOu Ble xr nih 


Tml0 2.94 1.09107 s 10.3 


1.7 x 10° 


e 


f is calculated by the graphycal integration. 


Qn(B @r)/Q,(r, 4) and f*=273/G? log 2/|S3O, (x, r) [212 i uch the same as 
xr],X) and f/=2n5/G? log 2/|Qn(B lo xr],x)/x!)2. Ta Ties aukaie Gane an 


ry Meteo HE: 


Note on the Forbidden Transitions in Beta-Decay 
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“ Weisskopf-Wigner Method ” 
in S—Matrix Formalism 


IDE Ae 


Physics Institute, Tokyo Bunrika University 


Match 29, 1952 


As is well known, Weisskopf-Wigner’s 
method” has been successfully applied to 
analysis of such problems as the natural line 
breadth of spectral lines, resonance scattering 
phenomena and so on. In these problems, 
the time-decrease of initial-state amplitude 
plays an essential role, and have to be pro- 
petly taken into account. According to 
Weisskopf and Wigner, the Schrodinger 
equations describing transitions of a system 
from its state A to states 4’s 


thbg= SN A\H |B), 
B 


ihbn= (B|H|A)b, (1) 


ate solved with the initial condition ; 7-0, 
Bate b,->0, which properly describes 
the exponential decrease of initial state 4 
in its start of time-developments, in contrast 
to ordinarily chosen one: ¢~0, 6,=1, dz 
=0. As the solution involves the damping 
factor 7 in its energy denominator in the 
form of half value breadth, the state am- 
plitude %, remains finite even in its reso- 
nance-points. 

In the Dyson-Feynman’s S-matrix for- 
malism of quantum field theory, the effect 
of decrease of state amplitudes can not 
manifestly be expressed on account of its 
power seties expansion with respect to the 
coupling constant. And this gives rise to 
.the terms which diverge at the resonance- 
points, leading to the appearance of the 
displaced poles, infra-red catastrophe and 
so on. 


-element is independent of time. 


In this note, we demonstrate that the 
effects of the time-decrease in state amplitudes 
are also taken into account explicitly by 
rearranging the terms of power series ex- 
pansion of S-matrix, especially, Weisskopf- 
Wigner’s results are obtained by approximate 
calculation of the higher order terms of S- 
matrix. 

Let us begin with the transformation 


function 


o rey OB. t 
Ue y= (=) Vaal ate 
; n=0\ & 0 0 
| deuld (HT (@) ae H(t). (2) 
0 
The diagonal element of which is 
/ uf e ss 
(A\O(4, 0)|A) =— 4. dt.) dt, 


x (A|/T (4) H (4) | A) 


t t ty t 
+7) at,\ 'ds\ cal “dt, 
AJ 0 0 0 0 


x (A|H (t) A (4) (4) (@)|A) 4° : 
(3) 


The second order term can be written as 
= i 
—(Al# | #@)ae\4). 4) 
5? 0 


This involves the fact that the diagonal 
The am- 
plitude increases linearly with time and tends 
to co as ¢-»0o, in the second approxima- 
tion. This is a characteristic feature of 
dampingless resonance (“‘ resonance catast- 
rophe”’), and is intimately connected with 
the divergence due to vanishing energy de- 
nominators in its momentum space repre- 
sentation. 

From the third term of (3), decom- 
posing the (A|/1(4,) 1 (4,) A (4) A (4,)| 
A) into (A|H (2,) 1 (4) H|A) (AZ (4) 
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Af (#)|A)+ 0 (A|A (4) A (tm) |B) (B\T 
(4) 1 (4,)|A) and picking up the first 


term, we can extract the term 


=i, at, A|H (4) drt (t,) |.A) 


x [ari (4) 7 (t)d6\A), (3) 


A)'\" de a 
(4 zi |, Z@ae|)), (6) 


where we extended the upper limit 7, of é; 


and transform it into 


JAA ON A Dae 


integration to 7, without any justification. 
This approximation constitutes an essential 
manipulation for the derivation of Weisskopf- 
Wigner’s results. The physical implication 
of this approximation will be discussed in 
the next paper in connection with the S- 
matrix form of Heitler’s damping theory. 

In the same way, the 2v-th term is 
also transformed into 


(SHAH | He) ai!\Ay) 


t t 
| dt,\ ‘dty-{" ae 6 = (I 
0 0 mi 
= Pe Pe \n 
x (Az Of iT (tye! |AY) 
0 
Introducing these results into (2), we can 
extract the following approximate result 
— aio |” H(t) )dt!|Art -e 
e pale 
(8) 
This corresponds to the Weisskopf-Wigner’s 


description of time-decrease of initial state 


(A|U (4, 0)|A)= 


amplitude. 
| Next, we consider the off-diagonal 
elements of the matrix U. 


(BOG 1Ay=(—)f ae Biz @)| 


4 
f 


, —21\P(# yy to 
A) +( = ) { a dt.) ris 


x (BIH (4) (4) 1 (G)|A) +--+ (9) 


From the second term we can pick up the 
term of form (A|/7 (¢,)|A)(A|H (%)H 
(¢;)|A) and from the third term, a term 
of form (3|A(4)|A)(A|A (4) A (2) | 
A)(A|H (t,) H (t,)|A), ete. Estimating 


those integrals by same approximate calcula- 


tions, we can obtain 


(BIU (t, 0)|A) =(=*)\. de (B\iT (2!) | 
A\(1— FAO) dt" HT (t!") A)= 
+ (AlT() [ Cia ED [Ayo + -) 


=(— ‘Yall. dt (ter® (10) | 


It is readily seen that this result corresponds 


to Weisskopf-Wigner’s one, if we observe 

its Fourier transform. 

From above consideration, we may con- 
clude : 

1) Weisskopf-Wigner’s results are contained 
implicitly in S-matrix formalism, mixing 
up each other in its higher order appro- 
ximations. 

2) By extracting them and summing up, 
we can get the same results as Weisskopf 
and Wigner’s one entirely within the 
framework of Feynman-Dyson’s S-matrix 
formalism. 

Detailed accounts will be published in near 

future. 

Author expresses his cordial tae to 
Prof. S. Tomonaga and Dr. T. Miyazima, 
for their suggestion on this problem and con- 
tinual guidance. 


1) V. Weisskopf and E. Wigner, ZS. f. Phys. 65 
(1930), 54; ibid.465 (1930), 18. c.f. W. Heitler, 
Quantum Theory of Radiation, p. 110. 
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On the Green-Functions of the 
Quantum Electrodynamics 


R. Utiyama, S. Sunakawa and T. Imamura 


Department of Physics, Osaka University 
March 29, 1952 


Recently Schwinger’ has proposed a 
new theory of Green’s function by using his 
own formalism of the quantized fields. The 
physical meanings of some quantities intro- 
duced in his theory, however, seem some- 
what ambiguous, though his new theory is 
quite attractive. Accordingly it is worth- 
while to re-formulate his formalism by 
making use of the well-known theory of 
Tomonaga and Schwinger and to clarify the 
ambiguous points mentioned above. The 
results thus obtained are the following : 

Schwinger’s G and © correspond to 
Dyson’s S;, and D%, in the theory of S- 
matrix II.” The operators 1“, M-m and 
P,, cottespond to the proper vertex part, 
the proper self-energy part of an electron 
and the proper self-energy part of a photon 
respecively. The relation between the Green’s 
function G and the S-matrix is given by 


G=i(vac|T(¢, $, S)|vac)'/(vac|S\vac). 
Similarly the relation between G and S is 
given by 
Gy, =2(vac| T(A,A,S)vac)'/(vae|S|vac), 
where 7” denotes the chronological opetator 
given by Wick,” and ( )’ means that 
A, and A, are connected in Feynman graph. 
In order to remove the divergences 
arising in G, @ etc, it is necessary to 
modify the fundamental equations for G and 


(S. The modified equations are given as 
follows, 


(—77"0,+m+K)G=1, 
K= (4-1) (—77"0, +m) — Zoey" (AS 
+ >}*— Z,0m, 


AS ve +f( GL I=O,05) }|G,, 


=—dy, 
‘=1— Zs 
= ey" I’ Oyus 


S— eA”, 


u 


= 14, OFAGL'"G): 
(1—/)L1(A,) = —/—te, 7 (7G), 
[ea { AM (4,— th Fi & Pe 
The proof of the assertion that the quan- 
tities G, G etc., thus modified are free from 
divergences can be easily given by using the 
mathematical induction. 

Ward’s identity” is essential, as Dyson? 
has pointed out, for the success of the 
This identity 


can be derived quite easily from the fact 


) 


removal of the divergences. 


that the whole system of equations written 
above covariant under the gauge transforma- 
tion. The detailed explanation will be 
published in this journal in the near future. 


1) J. Schwinger, Proc. N. A. S. 57 (1951), 452. 

2) F. J. Dyson, Phys. Rev. 75 (1949), 1736. 

3) G. C. Wick, Phys. Rev. 80 (1950), 268. 

4) J. C. Ward, Phys. Rev. 78 (1950), 182, (L). 

5) F. J. Dyson, Phys. Rev. 83 (1951), 608. 

6) M..M. Gellman and F. Low, Phys. Rev. 84 
(1951), 350. 


Note on the Physical Connection 
between Electron’s Electro- 
Magnetic Mass and its Charge 


K. Baba 


Department of Physics, Nara Women’s University 
March 30, 1952 


It is well-known that the so-called 
“ultra-violet” divergences appearing in 
quantum electrodynamics can be isolated in 
such unobservable renormalization factors as 
electron’s electro-magnetic mass its additional 
charge except ambiguous photon self-energy 


_ small charges in the electron. 
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by Tomonaga-Schwinger theory and _ the 
remaining finite effects of the field reactions 
show very good accordance with experiments. 

Now in this letter we shall indicate a 
little interesting point of view relating to 
the connection between electron’s electro- 
magnetic mass and its charge without con- 
sideration about the additional charge due 
to field reactions. 

First we take notice of the following 
two points about electron’s electro-magnetic 
mass (or self-energy) though both of them 
seem to be more or less trivial. (1) Unless 
the experimental mass of the electron consists 
of its electro-magnetic mass only, it is essen- 
tially impossible to observe electron’s electro- 
magnetic mass and its intrinsic mass separately 
at least in the frame of the current field 
theory. Or in other words electron’s electro- 
magnetic mass is essentially “ unobservable ” 
quantity. (2) Coulomb self-energy which 
forms a part of electron’s electro-magnetic self- 
energy appears on the score of summing up 
Coulomb interaction energy between infinitely 
Unless elect- 
ron’s volume is able to vary or electron 
decays into small fragments which have 


smaller charge than electron’s one, such 


energy is one which we can not use practi- 
cally even if it is finite. Since we have 


been not yet encountered such phenomena, 


it seems to be quite doubtful whether the 


Coulomb self-energy of the electron has a 


physical meaning as ‘‘ energy” or not. Of 


course, if we suppose that electron’s electro- 


magnetic self-energy and positron’s one are 
transmuted into created photon’s energy 
together with the energy due to its intrinsic 


mass in the case of electron-positron annihila- 


to electron’s 


aa | ~ & eate 


tion, we can give enough physical meaning 
self-energy 
But 


electro-magnetic 
which contains Coulomb self-energy. 
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the remarkable fact “‘ one” real electron (or 
one real positron) does not decay “ spon- 
taneously” in vacuum seems to show us 
again the possibility that we may consider 
the electron’s electro-magnetic self-energy to 
be meaningless physically. 

Next we pay our attention to the 
electron’s charge corresponding to these two 
points about its electro-magnetic mass (or 
self-energy). (1) Of course electron’s charge 
is “observable”? quantity and this is in 
striking contrast to the unobservability of 
(2) The 


experimental value of electron’s charge is 


electron’s electro-magnetic mass. 


always constant and this fact is connected 
closely with the doubt for the physical 
meaning of the Coulomb self-energy in the 
sense metioned already. 

From these contrast between electron’s 


electro-magnetic mass and its charge 
mainly from the point (1) ——— we may 
say that electron’s electro-magnetic mass and 
its charge are connected each other in a sort 
of relation which is slightly analogous to 
the so-called complementarity-relation ; name- 
ly our new relation is not same as the 
ordinary quantum mechanical one which is 
called “‘uncertainty-relation”’, but so to 


4 


speak 


‘well-known and knownothing rela- 


tion’ because electron’s charge is always 
observable precisely with a constant value, 
while its electro-magnetic mass is always 
unobservable and furthermore between elect- 
ron’s charge and a part of its electro-mag- 
netic self-energy there is such physical con- 
nection as mentioned above. 

The author hopes that such point of 
the 


electron’s charge and its self-energy give a 


view concerning connection between 


new spotlight on the problem of electron’s 
electro-magnetic self-energy. 
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The General Discussion of 
the Self-Stress 


Y. Takahashi and H. Umezawa 


Institute of Theoretical Physics, Nagoya University 
March 30, 1952 


The relativistic covariance of the present 
quantum theory of field is guaranteed only 
on the basis of the point model of the 
elementary particle. In connection with the 
problem of the self-stress, Pais-Epstein” and 
Yukawa-Umezawa” clarified these circum- 
stances in the second order approximation 
of the perturbation calculation for the systems 
of the electron-photon and the electron- 
scalar meson. 

In such a system (with the interaction 
of the second kind) that the infinite number 
of the counter terms are required by the 
renormalization”, one may expect that the 
elementary particle has, as it were, the finite 
extension, and so it becomes an important 
problem to examine such system the stand 
point of the relativistic covariance. 

It is proved in this paper that, as 
long as the present field theory is con- 
cerned, the vanishing self-stress of an 
arbitrary elementary particle is also 
obtained by the point model (in any order 
of perturbation approximation). 

We start, for example, from the fol- 
lowing general Lagrangian : 


L=£+442L 

Le = haa 5 XG On Onn Gi x VisQsQz) p) 

L=— P(X Gin + us)» 

tg! =10,07,0,0, +9$;,09$;Qous” 
where ¢/; and Q, are the field quantities, 
the subscript #4, » stands for the derivatives 
with respect to x, and Y, I’, X, Y and 


O are the dimensionless constants indepen- 
dent of the field quantities and the masses. 
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Thus we obtain 
BEIT, Be) Bet I +x'Y,,0;,0. 
—f¥ 0% ¢;Q.+2 
with 
Q=Xi On Qa. t*® Vas0sQe- 
Let us denote the peo pao thoes functions of 


the fields Q, and VF, by Aya, and Spij 


respectively, we have, just then, 
BL Z Si} a oe Ss in| Sra (4—7") 
Ov 
x da! TiS fe =a! )s 
1? (2) =— in| Sea (#—2") 
Oy 
x daly ,(2"), 
2 das (4-2) = 2itt| Arex (4—2") 
x 


x ax! Vig doeplx't —x') ° 


From above relations the expectation values 
for one fermion at rest become, in any order 
of approximation, 


(1 oly adv) = pO +p, 
Ov 


(| Yu20,0.dv) =e 


x 
rm Oa wae = 00" 
(—f\ ¥;0%,8 ,Q.dv) + (\ Qdv) = —g—, 
: - Og 
where 0/4 means the self-energy of fermion 


due to the boson field. Thus we can 
generalize the Pais’ formula” as follows : 


0 IN) 
‘| Tyyctv = Olt 4 9H 299 4 
Ov Ox re) 


=3S(0)+4(0) 


where S(0) and 4(0) mean the self-stress 
and the self-energy of the fermion in the 
rest system. As we have the quantities 
[4 J=[4J=Z"', [.¢]=Z with the dimension 
of mass in this system, the self-energy must 
have the form 


ania) se bdmeeininiae 
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OU=3} aig ™yin®® 


with z+ 7'—2=1 and dimensionless constants 
@;. We have, therefore, 


ee eee 
5) (19-422. -g91)opeo 
( ) 3 Ae aie S55 Ou 


The same is true for the system with 
more complex interaction. For example, if 


hOpQ” is added in the interaction, we 
have 


<| See fap Cs s x a. 
) 
(m—1) i) Sp +n 
and 
Op= dy ag ipa! 
with 
—/—(m—1)n+i+j=1. 


Thus we have always the vanishing self- 
stress as long as we stand on the point 
model of the elementary particle. Detailed 
discussion will appear elsewhere. 

We thank Prof. S. Sakata and Mr. 
S. Kamefuchi for their valuable discussions 
and pertinent criticisms. 


1) A. Pais and S. T. Epstein, 
21 (1949), 445. 

2) J. Yukawa and H. Umezawa, 
Phys. 6 (1951), 112. 

3) S. Sakata, H. Umezawa and S. Kamefuchi, 
Prog. Theor. Phys. 7 (1952), No. 4. 


*) We use the natural unit i. e., 2—c—1. 
+) 
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Prog. Theor. 


If we use the self-energy including any cut off 
momentum 79 1. e. 


im n ere 
On= eee rptxI folk 


with t+j—n+hk=1, and £0, 
the non-vanishing self-stress is obtained. 


“yt 


tin iad Pubs 
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Orthogonal Functions in the Complex Domain 


Giiti IWATA 


Physical Institute, University of Tokyo 
(Received February 15, 1952) 


Eigenfunctions associated to an operator in the complex domain constitute a system of orthogonal 
functions along the path of integration in the complex plane. There are orthogonal functions free from 


operators, examples of which are given. At the end of this paper are collected some transformation 
functions constructed with orthogonal. functions. 


$1. Orthogonal functions in the complex plane 


The relations” 


Cee, 2 =0, (ins 26) =0, Cys Zn) =m) an (1) 


that are satisfied by the eigenfunctions associated to an operator in the complex domain 
remind us of the relations that are satisfied by a system of basis vecters in the euclidian 


space of even dimensions. Instead of the usual form of the innerproduct 


2 s / / 
(9,2 = di¢' Bs p=1, Bea's Mig Ves 5 


of the two vectors (9°), (/") in the 2w-dimensional euclidian space, here will be used 


the innerproduct of the form 
(4,97) = DVI +2") =I por’, (2) 
(aa ain eS ROU 
where the vectors (2°), (”) may be regarded as those obtained by the change of variables 
PHT +ig’)\/(V 2, a" =(F—ig)/V2, 
V=(PHPY/V2, "= (P-i9")/¥ 2 
from the vectors (9°), (f’). 


There exists then a system of basis vectors ¢, that satisfies the orthogonality relations 


= 4 3! =0, 5) ’s =g 

(4,5 es) 0, (en es ) (< c ) (3) 
or (cs C0) =Jpo « 

The relations (1) and (3) are identical except that while the innerproduct of two 

vectors is defined by (2) the innerproduct of two functions is defined to be the complex 

integral of the product of the two functions divided by 277 and taken along a certain 


closed curve C in the complex plane, viz. 
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A,)= : | S(2)9 (2) a. 
274) C 


Hence the eigenfunctions associated to the operators may be called orthogonal functions 


along the curve C. 
There are infinitely many systems of orthogonal functions on the same curve. For 


simplicity, let C be the unit circle with its center at the origin, then 
Le ee, y¥=0, 1,2," 


Pai 


constitute a system of orthogonal functions. 
Let f, be another system of orthogonal functions on the same curve C, there must 


be then the orthogonality relations 
(SpFo) =Joo- 
Since f, is a linear combination of ¢,, there is a linear transformation A such that 
fp=erA",, 


the sign of summation with respect to A being omitted. The orthogonality relations require 
the linear transformation to be orthogonal, viz. 


ae ce hg (4) 


With regard to the orthogonal transformations the suffices may be raised or lowered 


with the aid of the fundamental tensors 7,, and y’° which is inverse to it. 


§ 2. Decomposable systems of orthogonal functions 


If 7, are regular inside the curve C, 7, regular outside C, the linear transformation 
Al decomposes into the direct sum of a non-singular matrix and its transposed inverse 
matrix, since A must be of the form 


EN 
4=(93) 
where the elements of @ and @ are labeled with the indices 7, 7’ respectively, and that 
the orthogonality relation (4), requires that 


01\ /a*0\/01\/a0 
= J=(6 le ales 3) 
(*: transposition) or Goals. 
i.e. Gala )* Saas 
For simplicity, (¢,), (7) shall be denoted by ¢, f, (e+), (fu) by e’, fm "he 


relations between ¢, ¢’ and f, /’ will be then represented by 


A Se ia 


Hence 


fle)f"* (2) =e(z)aan'e*(s!) =0(2)e* (2!) = (ele) =1/(e'—2). 


Rey 
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In case f are regular inside ( while J are not regular inside as well as outside C, 
the linear transformation A takes the form 


dA ssr) 


so that the orthogonality relations requite 
ees ac* +ca*=0 
or (ac*)*=—ac*, 
One gets then 
(2) f'* (2) =e (2) a(e(2")e +e! (2")b)* 
=e(z)a(c*e* (2) +5*e'*(2')) 
=¢ (g)acke*(2') + e(2)e'*(e’). 


Since ac* is skew symmetric, the first term in the right member will vanish when 2/=2. 


Here is an example. The Bessel’s equation 


ad 9 ay 9 
re met), 
Fae ee 
has 
eigenvalues ,esulat1), H= 0, 1,)2,°-+ 
eigenfunctions Inf SZ) =(e|z) =23 nth (2), 


n 1 —. 
Jaks) = (az) =) (n+ . Vz a7 x4 (2). 
The orthogonality conditions are satisfied, but one gets 


gl tig 
(z|7) (x|2’) = cos(2’—2) 


og! 
which is one of the addition theorems of Bessel functions. One sees 


E (2/—2) | =0. 


a! gy a! a 
oe a oe a 


iz 


In the worst case when there exist no basis vectors regular inside or outside the 
curve C, the sum /(z)/’*(2’) takes no definite form other than the 0-function. 


When /(2)/’* (2’) has a definite form, Laurent’s expansion of any function will be 


readily given. 


§ 3. The change of variable 


When the correspondence between the variables 7 and w=/(z) is required to be 
one-to-one, /(2’) must be of the form (v7+/)(y7+0)™". 
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(x\zv) shall be given here for the 


The transformation rule for eigenfunctions (qww|7), 


transformation 7 — 2. 


Let 
(2|n) = A(z) (w(?) \7), 


(n|2) =B(2) (nleo(e)), 
then the orthogonality conditions 
1) Gl) lz’) =4A@) ZC) Gos) |) (n|20(2")) 
= A(z)B(2') (w(2')—w(2))~ 
= A(z) B(2!) (re +0) (yt +8) (48 By) 7-2)» 


a re Sy Te dw ( 
A(z) =B(e) = (8—By) "(72 + 9) oe re: 


3 : ! ag 
2) (n\z) (2|2') =B(Z)AC) (| (2)) (eo (e) |) =B(e) A (2) (|) (zo|72 dg 


AG) BO) =e 


het 


This condition is already satisfied by (5). 


Hence one gets 


(elm) = @o(=) 10) 4/22, 
(2\2) = (2|e(2) ee 


$4, The equation f[(uz+/) (72+9)“J=/fe) 


As an application of the change of variable, we take the equation 
oz+B 
(#4 )=17@). 
ay) 
The transformation ¢ — (a+) (y2+0)~ leaves fixed the two points 2, 2, 


a Ua O+ VD pe ee) D= (u—0)? +4 fy, 


o's Naeem ead Ix Sane eee ee 


Diy Zit 


which are the two roots of the equation s=(us+/)(yz+0)7". 
The two cases are distinguished. 
1) D#0. If (¢—2,)(¢—2.)7' is denoted by w, the transformation will be re- 


presented in terms of zw as 
7 —> kw 


where & is the ratio of the two characteristic roots of the transformation, viz. 


iMac agit 
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B= a+o— Vv D 
apot VD 


For simplicity it is assumed that £"541 (s=1, 2,:--). If we put 


F(z) =9 @w) 
the equation will be changed into the equation 
9 (kv) =Ly(w) 
which has 
eigenvalues [iis IOs, Bacrce 
eigenfunctions (zv|7) =z”, Gaze) =e" 


or 


ele @ ae ciege Fy Le ee eC ize 2—2, == 
(2|\7)= > (7)\2 = z ¥ 


a ave 
~9 2 “9 r) 2) 


2) D=0. If c denotes (4+0)/27, w does c(z—2,)~’, the transformation will be 
changed into the transformation 


woew+ti. 
So the equation for g(w)=f(s) will be 
g(w+1)=lg(w). 


A continuous spectrum appears in this case in which are made three assumptions ; 
1) the path of integration is the imaginary axis or a straight line parallel to the 
imaginary axis, 
2) (wla)—-0 a woo, 
3) (alw) -0 a wo. 
One gets then 


eigenvalues [=e a>o, 
eigenfunctions (zw|a)=c*", (alw) =e, 
the orthogonality relations : 


-to 


(a\ze) la’) = |e -awtalw oy — §(a—a’) =(ala’), 
72 a 
(v}a) (a|z’) = p=! da=1/ (ww! —w) = (o|2’), 


Real part of w’—zw > 0. 


Returning to the old variable we have 


(z|a) =exp(—“—)(—9) "8-2 
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ae =exp( se =() (= 2) ae 


a Ped 
rt 4 


An easy generalization of the preceding functional equation may be the equation 
Fay 2+ By) +f (U22 + Ba) +27 + Gn? + Bm) =FE) (6) 
to which corresponds the operator Z with its matrix element 


1 1 
(Ae) ee Se 


A - — =e 
042 — 2s a — 0,2 — Bm 


So the equation adjoint to (6) will be 
1 2—P, i (eae —/0 z) 
L2G ail Baal ey | ee he 
Al Uy ) ane. aed ie ) a 


Eigenvalues and eigenfunctions are as follows ; 
eigenvalues [= O24 Og 4+? 1G, Us 1, 2527" 
eigenfunctions (z|7): polynomial of degree x in 2, 


(x|z) : ascending power series in z~' starting at 7 


—n—1 


A special case is of a little interest. The equation 


Tie ae aren alae 


eigenvalues L,=00 2 Ora 2 


eigenfunctions (2|7)=/,(¢), Bernoulli’s polynomial, 


the path of integration being taken to be a circle of radius >1 with its center at the 
origin. The result 


B(=)+8(°* )4 cn +Baf 2M + )=m'-"B, (2) 
m m m 


is known as the multiplication theorem for Bernoulli’s polynomials.” 


§ 5. Free orthogonal functions 


So far the orthogonal functions have been considered as those associated to their 
operators. However, as was seen in § 2, a system of orthogonal functions can be generated 


with the aid of a non-singular matrix and transposed matrix inverse to it. If we can 
expand (s|2’) in the series 


pp TAD) FAO le!) +o tage!) 


Oe eo me eS a 
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where 7,(z) are regular in a domain of the complex plane confined by a closed curve 


while 7,,(z) are regular in the other domain of the complex plane, f, (2), Jn(z) constitute 
a system of orthogonal functions, viz. 


In{2)=(2|2), .  9n(e) = (alz). 
Here are a few examples. 


1) Appell’s series.» P. Appell expanded (2/—<)~! in the series 


1 We) ¢ AY), ale) 


de eget a SI 
a2 P,(2’) PAe) ae ee 


where F,() is given polynomial of degree 7 having all its zeros inside the unit circle. 


Q,(2) is a polynomial of degree 7 uniquely determined by the orthogonality conditions. 
2) Neumann’s series.” 


(z|nz)={ hn % 2) } Jr(Z): Bessel function, 


(2|z) =Neumann’s polynomial 2,,( ~~ 2 ) multiplied by ¢,, 


1 2 4 2 16 64 
(oljz)=—, 21 Lo het maar a9 Oe Re amas Seat 


° 
CJ 


3) Sonine’s series.” Let ¢(w) be any function of w regular in the neighbourhood 
of w=0; and, if ¢(w)=-, let w=¢(%) so that # is the function inverse tod. We 
have then 


1 0+) A © 
(z|z) = aa eee (|) =3\ e*w"dx, 
271 w*? a! Jo 


e.g. w= (4) =r+ 2’, Aap (Ww) iad +47 —1) 


=7y—w" + 27% — 5wi+---, 


(210) ==1; (0|z ssa 

1 2 
(3 Lye, (Lie )ieceact 3 

1 6 60 
(el2) =s*—2¢, Clee area 


é Hf ' 
(3/3) =2=62 +122, 9 (3|2) =— + fk OE BOTS 
The orthogonality conditions are satisfied. 
4) General interpolation series.” 


eee ie a Ets) Br Oa) 
#—2 £-a, («—4,)(4—2;) (%—a,) (4— ay) (4a) 
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(z|2) =(¢—-a)-:-(2—4n); 
(nl) =1/(2—4@) -°* (@—@n41)- 
The path of integration shall encircle all the points a, @, @s,"** in the positive sense. 


There are three special cases. 
4’) Newton’s interpolation series. 
1 is sola ete g(z—1) 
L=2 4° 2G=1)) 2e@—l G2) 
4'’)  Everett’s interpolation series. 
1 € g 


> 


(C+1)(C=1) 1 (e+ 1)2(@—1) 


1 
eae ieee ae ee lee 1) 
(C=1=2, F=1—7). 
4"") Stirling’s interpolation series. 


1 1 g s Se Si (eal 
casas oh a ae = ( ae = Cis ) = BAe 
j a(¢—1) “(eH Lyiea2) seit 2) 


The orthogonality relations are easily verified. 


§ 6. Some transformation functions 


When there are two decomposable systems of orthogonal functions c,, f,; ¢, f being 
regular inside the curve C, ¢’, f’ regular outside the curve C, we can denote e(<)/’* (2) 
by (2/2), f()e’*(z) by (lz). In place of the conditions for (2|/), (Z|z) in the 
preceding paper”, (2| 7) is conditioned to te regular qua function of a inside the path 
of integration, regular qua function of y outside the path of integration. One sees then 


ee" 2) =e(2) 7") = (4), 
f)e* (=f. Dee) = (ls), 
by virtue of the relations 
(z|d) (dle") =e (2) Dfel™* 8") =e(a)e* (2') = (ele), 
(ls) lL) =O e* Delf Q=fOF*@) = EL), 
(e* (z)e(2) =f"*()f(L) =1). 


The fundamental system of orthogonal functions is the system 


(2) =2", en(z)=e"(e) =o! 
which is modified to the system 
LAV="/6, fo @=fe)=ce™ 
We have then 


PRP 1 ey LO he 


1) 


2) 


3) 


4) 
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(2/2) = ot 7=0, vy es, hee 
eee 
ZiQ= x maa 
Here are some examples. 
Dott tow ae 1 
oi )= - =f = ; 
ei) tat — 
_ nlp Sd 1 
(Z\2 fe, ta game ne 
' Lae SF Z 
zil)j= +—+4+—+4.. a ; 
( J ) Z L? P (J—7z)? 

Z ve 1 2 
1\7)=—+—~+ = | 5 
(Z|z) : - sai a 

1 CMa ee hs Pe Wake 
2\2)=— + + pee es 
(214) | eS ay ay SO a (/—z)*? 

5 2 reo py? 1 . 
Heys 4+ + = arc sin, / © 
| at aah oe L(z—L) Me 

ee rag 52° tag 
21) =— + + te 
el) Pp se (J—z)°* 

Ae: L a ve 
Zz)= ae eee =Geyi arc tanh - 
1 a2 ,a(a+i) # me 
= + es Fe awe = _ —, 
I (Z—z)* 
+ Cree. LaF ==F(1, 1; 2, =) 
az? a(a+i1) # ey. z 


OD GE WOOF) Bg es F(a, ieee), 
me 1-2-c(c+1) £ Z l 


= oi ft + 1-2-c(¢+1) es ==F(a, ‘Neer Boe b, a 
ab 2 al(at+1)b(4+1) Zz Z 
Les 1 Z 5 =—zil 
A ae ee ai 
OY es Oe l 
Pe, eae pee |<), 
3 i x 
2 1 2h 
s(t) =— TOF ee ad 
% EG 
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ae aoe hee 1 Ge 
o = = a —— D: ? 
GD rereerer “SA 24f =) 
Pe Nid ean, rae els 2 
CDS? sue = 
Lee 
aya 
a x 
The cases pertaining to well-known polynomials : 
ft) ) 4. 24502) 5P(2) a pa 
9) (s gE) 2 eNO es eee Fh 
peas ik y® (22 ‘<9 fo ut ye" 
1 gl! 
s)= g if oF [2 io see = = th ae Se ee 
(Z| 2) =Q,(2) +40,(2) +O) + (Poae+ 1) accor a ee 
P,(z), On(e)+ Legendre’s functions. 
De ie by 4-2! (t—-3) 
to) GAA BOAO... oe? 
LP i /—1 
2 1 -//—1 
(|e) =I) +/M,(2) +P Me) + => 4(—), 
L,(z) +: Laguerre’s polynomial, . 


M.,(2) = (—)” >. nu} (es) ee 5 = YL; Wit is 4458 


1) Ge) = Me) ED 4. ele), 
(ID =K) + KG@)FEKG) ++ =ie(e—il), 


Hf,,(2) : Hermite’s polynomial, 


a = 1 FECL SP Mara), (2+ 1) (%+2) 43) (+4) | 
TOS n+l Def) Ds 4. gnts mi 


4 


e(x)=| exp a dt= : a ets oe eee, 


a ge ye xa 
B P is : 2 foo) glz—l 
12) (ey) =) +7) Pl) 4 Eas 
P 13 Oo Tl 
(W)=CQE) ALC +ECG) + slog =—*, 
B= 


22), Bernoulli’s polynomial, 
CG. (zg ) fae ne as oe) lo 
( re 
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The relation between (7) and (10) is obviously observed. The change of variables will 
engender various systems of orthogonal functions. 


Postscriptum To fill up the vacant space two remarks may be inserted here. 

1) The path of integration considered so far is a closed curve without any 
to infinity at most. If the path of integration encircles each of the singular points of a differential equation 
a number of times in any sense, there appears the need of Riemann surfaces with topological 
The treatment of the case shall be reserved for a later occasion elsewhere. 

2) Many examples of the system of ortho 
the complex domain. 


nede or a straight line extending 


considerations. 


gonal functions are known in the real domain as well as in 

We don’t know any system of symplectic functions in the proper sense. 
y sy ymp prop 

functions (fq, fas-**5 faty Sarg s-* ) may be called symplectic when it satisfies the conditions 


if Fsl=0, ees Vatl—=0, lies li == yrs) fs Ones 
where [/, g] is defined as 


A system of 


LA sl=| 4 oer, 


2 


(Ff, g) being a function bilinear and alternate in /, g, C an appropriate curve. 
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1) 
2) 
3) 
4) 
5) 
6) 
7) 


G. Iwata 
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Electronic states of ethyiene molecules are discussed according to the LCAO method of molecular 
orbitals. The moiecule is regarded as a system which consists of two 2/z-electrons in a field of a 
skeleton. It is assumed that effective charges for 2/z orbitals are not the same as those for orbitals in 
the skeleton. Values of the effective charge are determined so as to minimize the energy of each - 
electronic state. The result for excited electronic energy is compared with experiment, and their agree- 
ment is found though the observed values are very ambiguous. A relation between LCAO and valence 
bond metheds is discussed. 


Iniroduction 


The nature of double bonds was discussed by many authors on the basis of quantum 
mechanics”. It was found that the double bonds between carbons, oxygens, and nitro- 
gens consist of a o-bond and a z-bond, and further that peculiar properties of organic 
substances with double bonds are mostly due to Z-electrons associated with the double 
bonds. Excited states of these electrons have usually been discussed according to the 
LCAO method of molecular orbitals. However, the hitherto calculation can not be 
regarded as being sufficient, though their results were more or less in agreement with 
experiment. It will be tried, in what follows, to improve the method for an ethylene 
molecule by introducing some modification into the conventional LCAO method. This is 
the purpose of the present paper. 

The electronic energy levels of the ethylene molecule were calculated by Part and 
Crawford” and by Craig”. Their method contained certain. unsatisfactory points. One 
of them was to adopt an inadequate value for an effective charge for 2pa, 2p7 and 25 
orbitals. In some cases they assumed for effective charge a value 3.18 which had been de- 
termined by Zener” for the neutral carbon atom. The orbitals do not belong to a neutral 
carbon atom, but belong to a molecule. Therefore we should take into account an effect 


of a modified field for these orbitals, though the above mentioned assumption has often 


been accepted” . Effective charges were assumed to be the same for both o and 7 orbitals. 


However, it may be reasonable to assume different values of the effective charges for o and 
x orbitals, because effective fields for them are different. Moreover, in the calculations by 
the above mentioned authors there was no principle of determining the effective charges. 

As the first step of approaching to a more reasonable approximation we shall assume 
that effective charges for 2/0 orbitals are the same for all electronic states but those for 


the 2/7 orbitals are not always the same. Further, it will be assumed that the former 
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is equal to Zener’s value, though this point should be improved as is mentioned above. 
The latter will be determined so as to minimize the energy of each molecular orbital level. 
This is an essential improvement in the present work. We shall find in our result that 
the above mentioned effective charges are different in general in accordance with our first 
expectation. The calculated result for excited electronic energy will be found to agree with 


experiment though hitherto observed values yet contain much ambiguity. 


$1. Energy formulas 


We shall derive energy formulas in this section according to the LCAO method of 
molecular orbitals. The derivation can be carried out in the similar way as the calculation 
by Part and Crawford.” We shall therefore describe only an outline of the derivation. 

We first assume a plane ethylene molecule. The symmetry of this molecule is re- 
presented by a group V,. Its electonic states are therefore Ag, Au, B,g, B,u, Bg, Bou, 
B.g and B.u. 

We tegard the molocule as a system which consists of two electrons in a field of a 
skeleton. The skeleton is assumed to consist of two nuclei of atomic number 4 and six 
hybrid sf*-electrons in the molecular plane. The influence of hydrogen atoms is wholly 
neglected. Let /(#) and //(%) be 2p7 atomic orbitals of the /-th electron belonging to 
the first and second nuclei respectively (/=1, 2). Orthonormal molecular orbitals are 
given by linear conbinations of these atomic orbitals as follows : 


But g(l)=(1/2m)" Ub) + 08), 
D4 1 
Bog: $(2) = (1/20,)'*(1(k) — 11 (2)), S 
whete g,=1+S, 6,=1—S, and S is an overlap integral. Symmetry properties are shown 
on the left of the functions. 
From these molecular orbitals we have four linearly independent anti-symmettric wave 
functions of the molecule in the singlet and triplet states as follows : 
"Ag: $3(1)4,(2) -%. 
"Bau : (1/2)""[ (1) ¢7(2) —,(1) $,(2) ] ‘An 
TBs: (1/2)'"() (1) #1(2) +¢, (1) 4,(2) ] "Le 
“Ag: $,(1)¢,(2) +7, (2) 
where y, and te are the singlet and triplet spin functions of the two electrons respectively. 
The Hamiltonian for this system in atomic units can be written in the following form : 
T= HT(1) + H(2) + (1/11), (3) 
where H7(2) is a sum of kinetic energy and potential energy, 


k-th electron (/=1, 2), and (1/7,,) 


A secular equation for energy, II’, of 


due to the skeleton, of the 
is the repulsive potential between two electrons. 
two "Ag states is given by 


Electronic States of Ethylene Molecule 347 


(2/a,) (4+) + (1/26,7) (M4+/+2K+4L)—Ww (1/20,0,) (M—/) | =0 


(1/0,7,) (M—/) (2/0) (4-8) + (1/20) (M+/]+2K—4L)—W’ | (4)(a) 


and energy values of 'B,u and °B.u states are given by 


"Buu (2/a,0,) (4— SB) + (1/96) (/— Ks 


“B.u (2/0,0,) (u— S) aur (1/o,0,) (M— i) > (4) (b) 
where : 
u=| DHA) doy e—| TA)HA)ITA) dy, 
: J=| (1/72) 1(1)°/7(2)2dv,dv», (Coulomb integral) , 


K=| (/ra) FAVA) I2)I(2)deydoy (exchange integral), 
= | (1/742) 1(1)*/(2) 1712) dv,dv,, (hybrid Coulomb exchange integral) , 
m=\ (1/112) (1)*1(2) *dv,dv., (mononuclear integral). (4) (c) 


When we discuss excited states we should consider, as was pointed out by Mulliken”, ~ 
“ perpendicular ethylene molecule” in which planes of two CH, groups are perpendicular 
to each other. In this case //(/) should be replaced by //,(%) in which cos? in //(/) 
given by (8) in the second section is replaced by sing. Consequently S, Z and #3 all 
vanish. Energy vaiues of the “ perpendicular ethylene’ are thus given by 


"Ag 320k M, 20, +/, ; 
‘By: 2u,+ (M—K,), 
Bou: 24,+(/,—-—,), (5) 


where |’s indicate that //(%) is replaced by //,(/) in the respective formula. 
Ionization energy is calculated as follows. An ionized ethylene molecule has only 
one 7Z-electron in the ground state molecular orbital represented by 4. Therefore the 


energy, ¢,, of this electron, is equal to orbital energy of #,. It is given by 


v= | foQ) AA) fo(1)der= 1/9) (1+). (6) 


The difference between ¢, and ground state energy corresponds to the ionization energy. 


Now, we shall consider the problem according to the valence bond method. In this 


method wave functions of homopolar states of the molecule are given by 
"Ag : (1/2) [7(1) £7 (2) + 7) L(2) | Xe 


By: (1/2)!(2(a) (2) A) 12) te oe 


and those of heteropolar states are given by 
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TB /2) 7 ayr2) es yas Pek 
WAg § (1/2)'?[7() 2(2) +7) (2) |Z | 
A set of functions given by linear combinations of (2) and that given by (7) an 
both linear assemblages whose bases consist of the same functions. Therefore their irreduci- 
ble invariant subsets are the same. Thus we see that the valence bond and LCAO 
molecular orbital methods give the same result. In fact we can find easily that a secular 
equation for ‘Ag and energy formulas for 'B.u and “B.u are the same in both method if 
we take into account all the overlap integrals, though these integrals have customarily 


3 ; a 
neglected in the conventional valence bond method”. 


§ 2. Results and comparison with experiment 


In this section we shall explain an outline of our principle of calculation and _ shall 
compare the result with experiment. The method for calculating varions integrals will be 
accounted for in the last section. We assume for the 2/7 orbital an usual form in polar 
coordinates as follows : 


(°/327)'"" r cos @ cos § exp( —xr/2) (8) 
where x denotes an effective charge of the orbital, and d=0 coincides with the molecular 
plane. The one-electron energy /7(/) in (3) is the same as that previously assumed by 
Mayer and Sklar“. We neglect an influence of hydrogen atoms altogether. The potential 
energy in //(#) is therefore equal to a potential energy due to two neutral carbon atoms 
minus a potential energy due to two 2/7-electrons : 


Peas : 4,4+U0 (1) +0 mw O) -{Q/rn) I (2) aa.— \a/ne) li 2)-da; (9) 


Table 1. where all quantities are meacured in atomic units, 

6 =e eas [,(2) and /7,(2) are atomic 2f7-orbitals with a 
x ; 2 : 

eases: oot 2, Oe ee fixed effective charge z,, of the second electron, 

x 3.2 Sno By) : Sua . 

g Ee ; é belonging to the first and second nuciei respectively, 
v4 eee eee 70.525 and U,,(1) and U;,,(2) are potential energies 
ay 06552) (01633 — 0.40 ; 

8 Seso55 were Lisa respectively due to the first and second neutral 


a a 


“ carbon atoms in which effective charges of all 
All quantities are given in atomic units. ee ee nem a 1 
eae 2 1 oroitals 1S equa GS, 
tL indicates that the value is calculated | Cae 


for the perpendicular ethylene. For the sake of simplicity we assume 


%)=3.2 (Zener’s value was equal to 3.18). 
Calculated values of uw and & for three values of x are shown in Table ill. 
values of S, /, K, ZL, and MW were calculated by Araki and Watari®. 


parameters given by them are shown in Table 2.* 


Numerical 
Values of the 


7 Using these values of parameters we 
calculate electronic energy of an ethylene ‘molecule with its C-C distance of 2.5 atomic 


* I wish to express here my deepest gratitude to Professor G. Araki and Mr. 
kindness of showing me their result before publication. 


W. Watari for their 
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units (1.323A) for three values of x. 


0.0 
The result is shown in Table 3 and Figgel. 
According to the experimental result on 
infrared spectra’? the C-C distance of 
ethylen molecules in the ground state is 
equal to 1.353A. The above mentioned 
mi S| 
Bes distance is adopted merely for the sake of 
= simplicity in the numerical calculation. 
p 
o 
3 
a 
is 
p. 
a Table 2. 
Araki and Watari’s values of 
Parameters in atomic units. 
x | 3.2 2.4 1.6 0.8 
S 0.2869 0.4680 0.6947 0.074 
M 0.6263 0.4697 0.3131 0.1566 
J 0 3455 0.3139 0.2533 0.1474 
J,| 0.3350 0.2982 0.2343 0.1330 
Fig. 1. Dependence of electronic energy of  L 0.1377 0.1846 0.1988 0.1385 
| 
ethylene on effective charge. K | 0.0426 0.0901 0.1409 0.1263 
Full lines indicate plane ethylene K 1} 0.00244 0.00478 0.00755 ~—0,00680 


(1) 1Ag, (3) Bu, (5) CsH,+, (6) 'Bsu, (8) 1Ag. 
Dotted lines indicate perpendicular ethylene 
(2) 4Ag, *Bsu, (4) 1Ag, ‘Bau, (7) CH,*. 


4+. indicates that the value is calculated for 


the perpendicular ethylene. 


— eV 
Sr i 
Table 3. arty Ae 5 Ag 
Dependence of electronic energy of ethylene on } Ms 
effective charge. i he 
25 == ——s ae a —= == ae ons ae H 
Eleccronic Energy in atomic units yet H a 1Pau 
REO E MR Sea oe Ls cok C,H,+ ------/ Nee 
Plane Ethylene Perpendicular Ethylene ve += il) 
= oe \ ited Rata Saab sell TE tate ee Bohne) aC 
x eA a Cy nip ee a 1Pyu he - 
x0 a2, 3.2 Bid BL. 3.2 2.2, _ 
TAs, | ,—0.44 —0.52F 0145. —0.69 —0.80* —0.71 *Bu ——, 5 *Bau 
1Bsu | —0.62 —0.69* —0.58 | —0.70 —0.80* —0.72 ia cme 
SBsu =—0.93* —0.89  —0.69 | —0.99* —0.97 —0.80 ——t - 
1Ag —1.10* —1.04 —0.83 | —0.98* —0.98 —0.79 \ Fs 
€9 077% 0171 0155 2 =0,66% 1064. —0.51 14g pra ee. fen th LA 
Exp: 9) 20 I 
CC distance=1.323A eae 
* shows minimum. wilt 
Fig. 2. Electronic energy of ethylene 


referred to its ground state. 
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We see that minimum values of electronic energy correspond to x=3.2 for the lower 
‘Ag, “B,u and ionic states and to x=2.4 for the higher 'Ag and 'B,u states. The former 
value is equal to x, and the latter is less than x, This shows the adequacy of our ex- 
pectation that x and x, are different in general. 

The calculated energy values (minima for Table 4. 


: : . Electronic ener of ethylene molecule 
varying x) for excited electronic states are shown BY y 


: referred to its ground state. 
in Table 4 and they are compared with observed — re Ae 


values”. The agreement may be regarded Calc. values in eV. | “ eee 
: : te : —_+— ——_ -| Exp. values in eV. 
as being satisfactory, except for ionization energies, Siew. Plandel Pete 
4G weo remember. the- observed vvalues« to! confine) ——_- 7, } |= sea gig 
She gam (AlAs 15.8 8.2 
some ambiguities. The calculated values by Craig a ; i wee 
A j c atle) aki. F 64 
were not in agreement with experiment. Parr. io a 
: sBau 46 3.0 5.49 
and Crawford’ calculated these energies for ‘ate é oe & 
several values of x assuming x,=% and some of —_ =| at | —_—___—— 
: g : : 10.45 0) 
their results were in agreement with experiment, ion | 88 12.0 eau 
| . 
| 


but there was ‘no principle determining which 
Pale rare aual. C-C distance= 1.323A. 

As for the values of ionization energy the present calculation is not in agreement 
with experiment. If we calculate this value according to Mulliken’s method” we have 
10.24 eV as the ionization energy of ethylene. This is in better agreement with experi- 
ment though the former method may be considered as being more reasonable. The dis- 
agreement suggests a need for improving our method of approximation in a more reasonable 
way. 

§ 3. Integrals 


In this section we shall give an account for the method of evaluating integrals u 
and f. Substituting Eq. (9) for /7(1) and H7(2) in the definition of u and f given 
by (4) (c) we have 


ee : | [dIdu + | U pl (1)2d2, +| Til (A) *do, 
* | (1/742) L4(2)°2 (1) dod \ (1/19) LIy(2)°L(1) 2a, (10) (a) 


p=— <\ TATIdu +2 | Ul (1) 11 (1) dv,—2 \ (1/72) 1)(2) 2) 71) dv,dv2, 
(10) (b) 


Kinetic energy integrals are 


where atomic orbitals /(1) and //(1) are defined by (8). 


easily evaluated. The result is given by 


Ex in = =f IAldv=x /8, 


Brn —4 | 141 fdo=s"| (1/12)exp(—p/2){3-+ (3/2) 9+ (1/4) 0} 0/8) S} 
(11) 
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whiete (p=xR ‘and..R is a-nuclear distance. 


coordinates. The result is given by 
=| (1/142) Z,(1)°I(2) dv alo 


= (x/20)[544+ 48-21 45(1 +4)~"4+45(1+2)-°431(142)- 


The mononuclear integral is evaluated in polar 


+17(1 +4)" 4-8(14+4) *4-4(1 +4) 7} ] (12) 


where A=x/x,. Coulomb and hybrid Coulomb exchange integrals which are defined by 
=| (i /rg)1()IT(2)*do,dv, and 4) (1/r49) 1) LIA) L, (2)°dvyd'oy, (13) 


have never hitherto been evaluated. Their evaluation is most tedious. We calculate these 
integrals in the following way. Mulligan" obtained general expressions, in polar coordi- 
nates, for potential functions due to all possible combinations of atomic orbitals in an 
atom. We transform Mulligan’s potentials into those which are represented in elliptical 
coordinates. By making use of this result the above mentioned integrals can be represented 
in terms of 4,(a), 4,(6) and F(a, 6), where A,(a) and (6) are functions which 
were defined by Kotani, Amemiya and Simose™ and /,(a, 4) is defined by 


Med s=\ 7 te ily { a (14) 


Numerical values of A,(@) and £,(0) were given ve Kotani, Amemiya and Simose." 


F(a, 6) can be evaluated by the aid of the recurrence formula as follows :* 


P,(a,) = (—1)" log = (— eis Ae 20)|4+ “| Ei( 272)) 


=(=1)" 25 (-1)'2,6)- 2 F(a, 0), (15) 
F(ab) = tog © — © — Hi( 28) + | Hi(—20)I, (16) 


poe 2b > 0. 
Penetration integrals which are defined by 


Fe| Onl (1)*dv, 
as | U fT (1) %do, (17) 


and ope: | Ul (1) I(1) de, 


i i i ithmi in his equation. (cf. 
* Mulligan’s equations seem to contain errors. There was no logarithmic term in his equ ( 


Kotani, Amemiya and Simose’s paper!) ) 
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. . 11) . . 
are evaluated using the expression for Uj) given by Parr and Crawford”. This is a 
potential due to a neutral carbon atom consisting of a 2s-electron, three 2 p-electrons and 


a nucleus of atomic number 4 (perfectly shielding by 1s). The first of these integrals 


is given by 
P,=%,(1/2) (4/1 4+4)*[2(1 +4) +6 . Table 5. 
10 @7HA)F 1s. 1S Ae x | 3.2 2.4 1.6 0.8 


The other integrals can be represented in terms of | vauiae || 128 0.72 0.32 0.08 
A, and B,. Thus we can evaluate all integrals Bkin. | 0.1172 0.1649 0.1530 0.0648 


contained in Eq (10). Numerical values of these Fig) | 1019375) A605 0 14Y2 GO 
R, | 0.0822 0.0809 0.0486 0.0079 


QO 0.0396 0.0365 0.0243 0.0052 
The present calculation was carried out under My, 0.6263 0.5296 0.3893 0.1955 


integrals are shown in Table 5.* 


the guidance of Professor G. Araki. I wish to Jo 0.3455 0.3277 0.2840 0.1820 
express my sincere thanks to Professor Araki for 715 0.3350 0.3100 0.2715 0.1753 


the valuable suggestions and continued encourage- Ly | 0.1376 0.1990 0.2334 0.1600 
: ‘ ae ie en ee 
ments he has given in the course of the present All quantities “dre given iin atomic’ uities 
work. xo= 3.2, R=2.5 atomic units. 
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g-stars in photographic plates are classified into those originated from heavy and light nuclei. The 
branching ratio of disintegration modes, the a-/ ratio, and the energy distribution of emitted particles 
are measured for light stars. Foilowing characteristic features of light stars are ascertained; 1) the 
large prong number, 2) the large a-f ratio, 3) the low kinetic energy of emitted particles, and 4) 
the {requent emission of heavy fragments. The disintegration of C!? into two a-particles and a proton 
are studied in detail, and the possible emission of Be® nuclei is discussed. It turns out to be the main 
disintegration mode, that the rest energy of ¢-meson is primarily shared among only a few member of 
nucleons and the residual part ramains in a similar to the excited levels appeared in low energy 


reactions. 


§ 1. Introduction 


Since the discovery of two mesons, many authors have investigated the o-stars in 
detail. Through the works of Perkins” and Menon, Muirhead and Rochat”, we know 
that the general features of stars from heavy nuclei can satisfactorily be understood by the 
evaporation theory. While, for o-stars from light nuclei, our knowledge is left rather 
obscure. 

We have observed 93 light stars out of total 200 o-stars in Eastman NTA emulsion, 
which was supplied by the Radiation Laboratory of Berkeley. The branching ratio for 
various disintegration modes, and the energy distribution of emitted particles were measured. 
The emission of Be* nuclei is examined for ten favourable cases among carbon stars and 
for further-nine examples found in another plate, Ilford C2. A possible interpretation will 


be given, referring to experimental data on other reactions of light nuclei. 


§ 2. Classification of d-stars 


Various methods for the identification of light and heavy stars were proposed by 
Perkins”, Heidemann and Leprince-Ringuet” and others. Hete, we adopt similar criteria 
as were used by Menon, Muirhead and Rochat”. They are ; 

1) If it is accompanied by a slow electron, it is a heavy star. 


2) If it has a blob, it is a heavy star. | 
3) If it has a recoil track longer than 3/4 or two or more short tracks, it is a light star. 
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4) If it has a particle of sufficiently low energy (proton of <4 Mev and u-particle 
of <9 Mev), it is a light star. 

5) If the total charge of a star is definitely <4e, it is a heavy star. 

Out of total 200 o-stars with any prong, we were able to identify 93 stars as light 
and 78 as heavy. Though remaining 29 stars were left undetermined, a considerable part 
of them could be heavy stars on account of their 9-f ratio. 

We define the tracks longer than 5/4 as prongs, and their prong number distributions 
are shown in the following table. This distribution is in agreement with that obtained 
by other authors. 


Table 1. Prong Distribution. 


No. of prongs 1 w 3 4 5 | ee Rename 
Light stats 18 30 30 14 Seube Aptin3 46.51 38 

Heavy stars 50 20 6 Al 0 |. 98 39.01 O2 

Undetermined 12 6 7 3 1 29 14.5 Paes 

total 80 56 43 19 2 2 200 

percentage 40.0+5.8 28.01 a 21.5 i ews 1.0 oe | 


§ 3. Some characters of light stars 


Tracks longer than 10 are identified by inspection as protons (including deuterons 


and tritons), v-particles and heavy fragments, whereas some vertical tracks are left undeter- 


Table 2. Pranching Ratio for Various Disintegration Modes. 


Disintegration Number of stars 
Mode Certain Probable Total Percentage 
if 2 0 2 22°43 
| = 
Lp ay, | 17 0 17 18.37 a 
a 
es Se, 10 1 el 11.8+ 69 
| —43 
2A, Uf 12 0 12 12.9 +70 
—46 
1/, 2a 9 6 15 16.1+ 7-2 
O02 
—4.1 
3a 0 7 7 7 ee 
7 32 
“—3.2 
37, la 3 3 6 +5.7 
Com 30 
4p; la 1 0 a) +3.8 
| eal! ~05 
Undetermined | 6 
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mined. Among tracks shorter than 10/ they are attributed to heavy fragments, as far as 
the conservation of charge compells it. Other short tracks ‘are tentatively assigned as 
.‘* probable” u/s. 
A) The classification of disintegration modes of 93 light stars are given in Table 2. 
p, 4 and f denote proton, ¢-particle and heavy fragment, respectively. 


« 


One can suppose that some “ probable” «’s are also heavy fragments. Therefore, an 
unobserved disintegration mode, such as 2 may be included in “ probable” 1u1/, and 
1plulf in “ probable” 1/24, and so on. While we can show’ that there are few ptotons 
in “ probable”’ u’s, extrapolating the range distribution for protons. uel 


B) The u-f ratio is found to be 


u/p=106/103 =1.03 £0.20, 


’ a's. We can in a less ambiguous way obtain the ratio of the number 


including ‘ probable ’ 
of u-particles and heavy fragments to that of protons, i. e., 


(ut f) /p=148/103=1.44 £0.26. 


These figures should be compared with the results of Menon, Muirhead and Rochat, 
who obtained «/p=263/271 and (4+ f)/pP=1.55 £0.20. 

C) The range distributions are obtained for stopped protons and «-particles. We get 
their energy distributions, correcting for the fraction of escaping from the emulsion by 
geometrical considerations. They are shown in Fig. 1 and 2. The tange distribution of 


heavy fragments are also shown in Fig. 3. 


+ + + 4 a a aT pec ike = 
Fig. 1. Energy distribution Fig. 2. Energy distribution of Fig. 3. Range distribution of 
of protons. a-patticles. The broken line heavy fragments. 


indicates the result excluding 
“probable” a’s. The solid 
curve is an approximate 
analytic one, i. e. 
Ve exp(—Z/e) with 
€=4.8 Mev. 
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Be® emission from carbon star 


§ 4. 


In some case such as 1/2 and 34, we can make identification of the disintegration 
: Aes a 
of particular nuclei. We examined in detail the disintegration of C™ nucleus into 1 72+. 
i i - ic i ion. 
We picked up ten favorable cases, where emitted two o-particles stop in emulsi 
We can measure the range, i. e., the energy of two @-particles and the angle between them. 
Now, we calculate the energies of the relative and the center of mass motion of them. 


Table 3 shows the results for ten cases. | 


Table 3. 1/2a Stars in NTA Emuision. 
Star No. Energy of a-particles Cosine of angle pg seeing be eager ) 
(Mev) between them (Mev) (Mev) 

2 oe = s. eee | 
186 4.0 3.9 0.995 | 7.8 0.1 
70 8.95 6.3 0.63 12.4 2.85 
118 7.4 1.6* 0.45 60 2.95 

115 5.7 1.4* 0.08 3.8 3.3 
65 8.2 3.7 0.16 5.0 6.9 
201 4.4 3.5 —0.91 | 0.4 7.5 
98 9.1 3.5 —0.83 | 1.6 9.3 
55 9.4 5.0 —0.66 | 297 11y, 
126 16 oy —0.50 5.05 13.6 
154. | 12.8 a2 —0.88 1.4 18.6 


(* These are included in “ probable” a/s) 
’ 
To obtain better statistics, we analyzed further nine 1/2u stars out of 200 o-stars 
found in Ilford C2 emulsion, and the result is shown in Table 4. 


Teble 4. 1/2a Stars in C2 Emuision. 


Star No. Bhersy et pee pean = ar acer ie 
(Mev) (Mey) 
1095 4.2 4.2 0.99 8.36 0.04 
1073 6.0 0.8* 0.20 3.8 3.0 
1087 72-5) PREY 0:73 0.6 4.2 
1172 12.7 1.9* 0.08 Tad 6.9 
1008 86 2.4 —Oip/, Zz 8.1 
1096 10.2 0.8* SYS) 2.8 8.2 
1040 87 1.9* —0 89 ee/ 8.9 
1075 9.0 4.4 0:95 0.7 D7 
1099 10.6 5.4 —0.97 0.7 15.3 


If one assumes that the two «particles are emitted in the form of unstable Be’ nuclei, 


(* These are included in “probable” @/s) 
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the energy of relative motion should be identified to a some known energy level of Be® 
nuclei. To see whether it be true or not, we made a possible correspondence, as shown in 


Fig. 4. We can find, in this figure, a well-known ground level and first excited one at 


3 Mev. 


19.8 


| 


0) 2 4 6 8 OR 2 el Om SnVieVi 
Fig. 4. Distribution of energy of relative motion of two a’s in carbon stars. The arrows 
indicate the known energy levels which disintegrate into two a-patticles). The 
broken curve is the calculated distribution with the assumption of no correlation 
between two a’s. The energy spectrum of a-particles is assumed as 
Ve exp(—Z/e) with €=4.8 Mev, 
which is shown in Fig. 2. 


Our measured values on the energy of relative motion have an error of at most 0.5 
Mev in the most unfavourable cases, while only a few lowest excited energy levels of Be® 
nuclei are unambiguously established from experiments on artificial reactions. Therefore, the 
above assumption does not seem contradict with the experiments, especially in cases of the 
small energy of relative motion. 

_ The energy of the center of mass motion should be compared with the kinetic energy 


of stable heavy fragments. The similarity of both energy distributions makes the assumption 


more plausible. 


§ 5. Discussions 


Light o-stars have very different features from those of heavy ones. The remarkable 
points of the former case are ; 

1) Large prong number, 

2) Large a-p ratio, 

3) Low kinetic energy of emitted u-particles and protons, 

4) Frequent emission of stable as well as unstable heavy fragments. 

One may assume that most part of rest energy of o-meson is distributed among all 
nucleons and an equilibrium state is reached in some instance in the nucleus. This 
hypothesis, combining with the evaporation theory, can satisfactorily explain the main 
features of heavy o-stars. But, when it is applied to light nuclei, we at once encounter 


serious difficulties. For example, the expected mean energy of emitted particles is much 
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smaller than the observed one. 

Therefore, we have to think that a o-meson is absorbed by some small cluster of 
nucleons in nuclei, which Menon, Muirhead and Rochat named as “ primary process a 
This primary process results in the emission of a few high energy nucleons, which easily 
escape from a nucleus due to its transparency. Then the rest part of the nucleus receives 
only a small disturbance, and it can be supposed to be similar to the excited states reached 
by low energy teactions. 

The above consideration can schematically be understood in terms of the a-particle 
model for light nuclei. In the case C", a o-meson is absorbed by one «-cluster in the 
nucleus, which is completely disrupted by this primary interaction. Due to this disturbance, 
the test two a-clusters are left behind in a state similar to an excited Be®. Subsequently 
it disintegrates into two g-particles or proton and ‘Li’, etc. 

Menon, Muirhead and Rochat have found a few cases out of thousands stars, where 
the total rest energy seems to be completely disparted throughout the nucleus”, though 
we have observed no such cases. Thus we may think that the aforesaid is the main 
disintegration mode of meson-absorbing nuclei. 

It is regrettable that our knowledge on other high energy reactions of light riuclei is 
more obscure than this o-star case. Gardner and Peterson observed the prong number 


distribution of stars induced by deuterons of 35~190 Mev.” 


We can suppose that these 
stars are mostly originated from light nuclei. They showed that the prong distribution 
does not vary with bombarding energy and is similar to that of light o-stars. 

Following our point of view, various high energy disintegration of light nuclei should 
have similar prong distribution, v-/ ratio and energy distribution. The difference of kind 
of agent should appear only in primary interaction, i. e. in fast protons of stars. 
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Using the transformations of Lagrangian, the connection among existing renormalization theories of 
the interaction of electrons and photons is examined. 


$1. Intreduction 


The S-matrix in a system composed of electrons and photons was invertigated by several 
authors” and various proposals were made by them to obtain finite results free from any 
divergence. Dyson” formulated the calculation of S-matrix in a power series of ¢ by drop- 
ping divergent terms which appeared due to sub-integrations*. This corresponds to introduce 
counter terms into the interaction Hamiltonian as we shall show later. In his paper it was 
also shown an alternative possibility to eliminate divergent terms by replacing ¢ in the S- 
matrix with the renormalized charge ¢; Hereafter we shall call these two methods by 
Dyson’s first and second formulation respectively. Gupta” and Kamefuchi** also proposed 
other formulations which differ in the counter terms with Dyson’s formulations. As it was 
proved in each papers, all these methods give the same S-matrix free from divergency. But, 
here, we shall show the equivalence of them more simply by considering transformation of 
Lagrangian. Throughout this paper we use the concepts of reducible, irreducible, proper and 
improper graphs introduced by Dyson” and of subintegration and true-divergence introduced 


5) 


by Salam. In § 2 we determine the magnitudes of divergent constants which appear in 
the calculation of S-matrix and construct the total Lagrangian which gives the divergent free 
S-matrix. In § 3, by bringing the Lagrangian into different forms through transformations 


of field variables we prove the equivalence of different formalisms of the previous authors. 


§ 2. Caleulation of divergent constants 


We shall calculate the divergent quantities to be added to the usual interaction Hamil- 
tonian for making the S-matrix finite. As a standard formulation, we adopt Dyson’s first one 
and calculate them. But this choice is only conventional and the divergent quantities 


appearing in other formulations can be deduced very easily from them as it will be shown 


* We use the natural unit 2=c=1. 
** A private communication by him. 
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in §3. There are three types of divergence appearing in the S-matrix, that is, vertex type, 
electron self-energy type and photon self- 

energy type. Calculations are made sep- cpacea scout 

arately for them and very simply by using a 

Salam’s method.” Fig. 1 


(¢) Divergence of vertex type 
We divide Feynman’s diagrams of the 


: a , . 
vertex type into classes Vy, Vy, *-*°*" ‘ ee P (Mie 
Vas? F " : ) ps oy 
Veta single vertex graph without ra- eee 
diative corrections. Fig. 1. Fig. 2 
V,: the family of vertex graphs ob- 
tained by inserting all possible 
irreducible graphs in a diagram 4, 
of Figs: 2. 
I,: the family of vertex graphs ob- A Ay cal fe > Eee tee 
tained by inserting all possible . PT ~, An nice 
irreducible graphs in diagrams A,, Fig. 3 er? 


7 eAmOf bigs 5. 
The rule for calculating the vertex part of S-matrix is as follows : 

@ vertex gives a factor 7,. 

Each vertex other than @ vertex gives a factor /',,. 
; ; , I 
Each internal electron line gives a factor 2 ©) 

(Each internal photon line gives-a factor Dp. 

7 t . i = 6 
Iu, Sm and D7; are the finite quantities used in Dyson’s paper’) and to be determined 
successively in a power series of ¢ as we shall show later. Following Salam’s method we 


calculate the contribution of each class of vertex graphs to the S-matrix and the results are 


P,[0]=7u, 
r,l1] = Lhe | ste Laue 
| Sg aoe Ae PA WOW eS Blk SP beg x iia 


U.jvj=C,.[7] 4+ 2,0 [v—1]4+ 20 [n—2]+---4+Lirs 


where 7,7, is the true divergence of a class 7, and /’,,{7]| is the finite part of the con- 
tribution of V,,. 


Adding those equations for different classes, we obtain 


| raed be Say ae lies (2) 
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where 
Vws=Ta inet eeab Le hea alte |. (3) 


To eliminate the divergent part Z-/', from the right-hand side of the equation (2), 
we introduce a counter term 


0H=te- LA, dy (4) 
into the interaction Hamiltonian density. 


Then, the contribution of vertex graphs 


in all have the finite expression /’,,. 


(ti) Divergence of electron self- 
energy type 

We divide Feynman’s graphs of the 

electron self-energy type into classes I, c ‘ 

aes NS | cee a le A, aa 

W,: a single electron self-energy graph ie i 

indicated in Fig. 4. ; 

W,: the family of electron self-energy 

graphs obtained by inserting all 

possible irreducible graphs in a 
diagram A, of Fig. 5. 


W,: the family of electron self-energy a woe 


graphs obtained by inserting all Zh A, Te ee + BiG, aes 
possible irreducible graphs in dia- pets <e eee Ue 
grams A,, A>,---An-1 of Fig. 6. Fig. 6 
In this case, corfesponding to the rules (I), 
a or © vertex gives a factor 7,. 
Each vertex other than @ and 0 gives a factor /%,,. hii 
Each internal electron line gives a factor Sj. i 
Each internal photon line gives a factor DL}. 
Then, calculating by Salam’s method, the contribution >i, of each’ class W, to the 


S-matrix becomes 


Ses LS ried Te EIR Cs te’, t+ Lo n-12U1 
= ey Oe IY Mie ae Soe Poke fae eter ++ Lypmidat (5) 
a { 1 SAVE SANE we SERED VEN = elie } Te Das 


where /,; and Z,, are just the same with Z, and the index a or J of them indicates the 
vertex point which relates with this divergency. Adding >},,s with different 7, we have 
from the equation (5) 
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Sr Pe, 
where S? or S}* is the sum of >}, or S}n with respect to w. 


The relation between >! and >}* may be written as 
Sees (7) 


As S}* contains the true divergence of W-graphs which occurs due to the integration of 


all basic variables as a whole, it may be written as 
b= A+ B(7yta—im) + (Feta —tm) Sc(0)- (8) 


A and B are constants which diverge linearly and logarithmically respectively. By the 
additional Hamiltonian density (4) the electron self-energy part is free from the / diver- 


gence, but to eliminate 4 and 2 ae we must introduce 
a A 
dH = — dmg = PBe —m)~ (dm= =) (9) 
TZ 


into the interaction Hamiltonian density. This procedure gives the finite result (7,4 
—im)S (¢) for the self-energy part of an electron with a momentum ¢, which contains only 
radiative corrections due to proper graphs. The finite factor S7,(¢) for each internal electron 
line is given by the equation 


Sri(t) = S; +5. a At) Sri (2), (10) 


which takes account of the radiative corrections due to improper graphs. 
(412) Divergence of photon self-cnergy type 
Classifying Feynman’s graphs of photon self-energy type like (27) and using the rules 


(II), we obtain similar relations as (6) and (7). //* corresponding to S1* yet includes 
the true divergency of these graphs and has the form 


IT*=C+hi, + & Dee), (11) 
where the invariancy of //* to the gauge transformation is assumed. 


constant and J),(/) is a finite expression of /y. 


The additional Hamiltonian density to be required for cancelling this divergent part is 


. haa 
sH=— <_FF,, 12 
ero: (12) 


Giisna divergent 


The finite factor D’,,. for each internal photon line which includes radiative corrections 
due to improper graphs is given by 


Dis (2) =D lh) + wn Dee) Do (2). (13) 


Thus we have determined the additional terms (4), (9) and (12) to the interaction 
Hamiltonian density for obtaining the divergent free S-matrix. 


As we have stated in the rules (I) and (II), we need the knowledge of I',,, Siu 
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Vf . . e e . 
and /)',, before calculation of these divergent terms. But in our perturbational calculation, 
7 i y . . 5 
Tu, Si, and D',, determined to order c” will suffice to determine them to order v"*!. So 


, , 5 . . ° 
Pus, Sy, and D%, may be calculated by a process of successive approximation, starting from 
zero-order values 7,, S, and D,. 


§ 3. Formulations of divergent free S-matrix 


In § 2 we have shown that the S-matrix can be made free from any divergency by 
introducing additive terms (4), (9) and (12) to the interaction Hamiltonian density. 
Exactly speaking, we must also add normal dependent terms because the time derivatives of 
field variables A, and ¢ appear in the expressions (9) and (12). To avoid this complexity, 
we shall write them as the additive terms to the Lagrangian density in the Heisenberg 


representation. They become 


OL —ieL Ary + dmpig— LEG ae) ¢— a Caer (14) 
27 4 271 
without any normal dependent terms,* while the original one is 
EY ES Bp (Gei) 
where 
1 Ee | Oa \ ee 
Ty = — 4 Fy Fes > ( 2") — 9.3, (16) 
4 Li OX, 
L= 1 Ay PY p¥)- (17) 


Adding Z~ and 0/7, we obtain the total Lagrangian density Z 


L= 24 eae ok ee) — Zo (1pOp— 2) P+ dmgigs + eZ Ayr, (A) 


ty 
where 
(Z,=1—L, 
vie Be. (18) 
27 
Z,=1+£. 
271 


Note that Z is not exactly equal to the sum of L~ and OZ, but the difference 


(Zo— yi) (19) 


will disappear by the Lorentz condition for the wave function and have no effect to the 


* This point was investigated extensively by Prof, Y. Nambu. See his paper Prog. Theor. Phys. Vol. 7 ° 
(952) walede 
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results. Regarding /, as the free Lagrangian and transforming the representation to ~ 
interaction one, the resultant Hamiltonian guarantees the finiteness of S-matrix which is 


evident from the above discussion. 
If the divergent constants Z,, Zo, Zand Om are properly estimated, the total Lagran- 


gian / must be invariant to the Gauge transformation 

perp ied, F—explieAT, 

Probes as 
where 


That is, the additional terms to the Lagrangirn (A) caused by the transformation (21) 


es aA - iso 1 aA\ aA i OA ous 
ie(Z,-2,) “9 b— Za) Agaae sae Sl ele a A} 22 
2 aa fae al 2° Ox,/ 07,04, ( 2 aa “Wa a 


must vanish or reduce to a four dimensional divergent quantity. The second term satisfies 
this requirement because it only differs in the factor 7, from the equation in Schwinger’s 


paper.” Then we have the identity 
HS (23) 
which was proved by Ward” before. 


In the expression (A) we change the normalization of the field variables as follows : 
fag bg, Ze >t, 

; 24 
Za Ay Ay. ( ) 
The transformed Lagrangian density becomes 
L=L,+bm- Zehr telly Le WA, dy .d, (B) 

or by the identity (24) it reduces to 

(i 5 L=L,+0m:Z,'"bb +ieZ,"A, ord. (B’) 


Regarding /, as the free Lagrangian and going to the interaction representation, we get the 
interaction Hamiltonian density 


= —1eZ, "A Gr — dmZ bo. (25) 


This formulation corresponds to Dyson’s second one and also gives the finite expression 


in ¢ for S-matrix. That is, if we calculate the S-matrix with the ordinary interaction 
Hamiltonian density 


= —1¢,AyPr uf (26) 
subtracting only the mass renormalization term, the resulted S-matrix have the divergent 


expression i i i i ity € 
Pression in a power series of ¢c, But regarding ¢, as the divergent quantity expressed by 
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le een (27) 


and rearranging the S-matrix in a power series of ve, we have the divergent free S-matrix. 
The equivalence of Dyson’s two methods was proved in a different way by him, while here 
it was done through the transformation of Lagrangian. 


If we change only the normalization of ) and ¢ in the expression (A) 


Zeb, Zi? b¢, (28) 
it follows 


Lal (4-1) { 7 eae ( y] + bm Zh +ielirg. (©) 
tu 
Regarding /, as the free Lagrangian and going to the interaction representation, we 
have Gupta’s formalism whose favourable point is the appearance of charge ¢ with no 
divergent constant due to the identity (23). 
If we take the first and the second terms of the right hand side of the equation (C) 
as the free Lagrangian instead of 7, and go to the interaction representation, we have 


Kamefuchi’s Hamiltonian 
H=—icA, oy ,¢—0m: Zh, (D) 
where the commutation relations between the field variables are 
ZA, (x), Ay!) ]=i8,,D(e—2'). (29) 


To obtain the ordinary commutation :xelations between the field variables we have only 


to change the normalization of A, 
ZA, Ay (30) 


and then his method becomes identical with the formalism (B) or (B’). 

We have discussed the different formalisms (A), (B), (C) and (D). They can be 
led from the same Lagrangian (A) and have the same commutation relations between the 
field variables in their interaction representation, that is, each formalism is related to others 
by a canonical transformation. So we can easily show that there exists a suitable unitary 


transformation (/(¢) for each two formalisms, by which the S-matrices of them are related 


with each other as follows: 


S;=UF (co) SU (—), (31) 
where S, and S, are the matrix of these two formalisms respectively. 
As the difference of these two formalisms at = co and f= —0oo is in the normaliza- 


tion of the field variables, U+(0o) and (/(—co) become I except a phase factor if the 


wave functions of initial and final states are properly chosen. Thus we have 
Sys= ne (32) 


and the divergent free charactor of the S-marices in the different formalisms are proved. 


Our discussion have started from Dyson’ s first formalism, but, of course, we can start 
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from another formalism and calculate the divergent constants by this. 
Moreover, we can construct new formalisms other than those which were discussed 


above. For example, by the transformation 
Zi? ALA), (33) 
the total Lagrangian density (A) changes into 
Li=Ly— (22-1) Ppp — 1) P + Omi +1eZ, 257 PA Ory). (EB) 


The author is indebted to Prof. Y. Tanikawa and the members of the theoretical 


seminor of Kobe University for their kind interest in this work. 
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From group-theoretical point of view, using the composition law of velocities in special relativity, 
a relativistic theory of rotating disk is established by an axiomatic method. In this theory, first of all, 
transformation formula from galilean frame to disk frame is obtained and then, basing upon this, the 
velocity distribution and the intrinsic geometry of the disk are determined. The distribution satisfies 
the linear law in the limit of pw/c—0, although it is not the case in general. The geometry is not 
euclidean and its gaussian curvature is negative in spite of the fact that the proper circumference of 


any circle with center 0 (the center of rotation), is obtained in euclidean manner. 


§ 1. Introduction 


Since the appearance of the special theory of relativity in 1905 various relativity- 
theoretical investigations concerning the problem of the rotating disk have been made by 
many authors i.e. Ehrenfest, instein and Infeld”, Eddington”, Berenda”, Hill”, 
Rosen”, Clark”, Kursunoglu”, etc. The problems treated by these authors can be 
classified into the following two main categories though closely connected with each other : 

(1) The problem of determining the geometry of the rotating disk In connec- 
tion with this, Berenda clarified that the ‘ intrinsic’ geometry should be distinguished from 
the ‘ relative’ one”. 

(II) The problem of defining the uniform rotation of the disk This problem 
has been investigated by generalizing relativistically some characteristic properties concerning 
the rotation of classical rigid body or incompressible fluid. In connection with this pro- 
blem the law of velocity distribution of uniformly rotating disk is especially important. 

In the present stage, no decisive answer to these problems seems to exist. Since we 
are particularly interested in the problem of the velocity distribution and the contents of 
this paper are closely connected with it, we shall explain it somewhat in detail. Taking, 


now, Minkowski space-time M, its line element in a cylindrical coordinate system ‘is 


written as 


Die —d?— pdb —d2+ed’, (1.1) 


where cis the light velocity. Let D be a disk rotating uniformly about z-axis in (p, )- 
plane, and T be the transformation from the non-rotating galilean system (1.1), (galilean 


frame), to the reference system at rest relative to D i.e. rotating reference system, (disk 
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frame). Eddington, Berenda, Rosen, Clark, etc. adopted, as the equation for transforma- 


tion T, the ordinary relation 
CO =p, d’ =d—wat, oe SF. (1-2) 


This implies that they admit tacitly the linear speed-distance relation for rotating disk i.e. 
the linear law of the velocity distribution. Although a theoretical foundation of this 
‘linear law’ was given by Rosen, Hill opposed to Rosen’s point of view and gave a sug- 
gestion that the final solution of the problem will be given by some group-theoretical 
considerations.” 

In this paper, adopting the group-theoretical point of view suggested by Hill, we 
shall first try to give a new definition of uniform rotation and shall deduce a new trans- 
formation equation for T in place of (1.2). Then by making use of this equation, we 
shall introduce the velocity distribution law of our theory, shall give some properties of 
our ‘uniform rotation’, shall determine the four-dimensional line element of our rotating 
system and the intrinsic geometry of the rotating disk, and shall study about their pro- 
perties. 


§ 2. Uniform rotation 


We shall use, in the following, the notation (/(w) for the phrase * uniform rotation 
with constant angular velocity w’ for brevity’s sake. Let D be a disk (or system of 
points or ‘ fluid’) rotating about z-axis in (/, é)-plane in M. Now in order to introduce 
a new definition for V(w) of D, we start with the following group-theoretical assumption : 

(A,) U(w)’s constitute a group & with a continuous parameter w. The umt 
clement of & is given by U(O). 

From this assumption we know that if D, makes (/(w) relative to D, (ie. galilean 
disk) and D, makes (/(@) relative to D,, then D, makes U/(«) relative to D,. As will 
be seen in § 3, w is given by 

O=aot+0, (2-1) 
and accordingly the inverse element of U(w).is given by U(—w). 

Let any system of rectangular axes of D, contain Ox and Oy and the polar coordinates 
with initial line Ox be (7,4). We assume that D, makes (/(w) relative to D, and D, makes 
U(w) relative to D,. Take any point A,(%, 7) except O on D,, and let two points on D, 
and D, which coincide with A, at a certain instant be A, and A, respectively. If we denote 
the three-dimensional velocity by (v', v*, 0) and its speed by v, we have 


2 


v=—v sing=—yt, v=v cosd=xé, (2-2) 
where €=7/ is the ‘angular velocity’ of A,. 
Concerning this €, we put the assumption : 


(A,,) § is a function of p and wo, and for sufficiently small pw/c it coincides 
with w neglecting higher order infinitesimals. 
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From this assumption, v is also a function of g and w and each particle on the 
circumference of any circle with center O rotates at the same speed v(~, w). Furthermore 
in case of infinitesimal (/(w) the linear law holds approximately for finite p. 

Now, if we denote the quantities v,+,--- of A, relative to D, and D, by 2, eae: 
and 7, $,--- respectively, similar relations to (2-2) also hold for these quantities. Then, 
at the instant of the coincidence of A,, A, and A,, A, moves uniformly at speeds 7 and 
v relative to D, and D, respectively and A, moves uniformly at speed v relative to D, in 
-the same direction with A,. Hence we assume that: 

(Anz) @ ts obtained from v and % according to the composition law tn special 
relativity, t.e., 


v=(v40)/(1+v0/c*), (2-3) 


This assumption is consistent with the investigation of Metz concerning Sagnac’s experi- 
ment’. From (2-3) we have the following law of composition of angular velocities : 


F=(€4+8/(1+e€4/e). (2-4) 


§ 3. Transformation equation 


As stated in § 1, Eddington, Berenda, etc. used (1-2) as the transformation equation 
between the reference systems (p, ¢, 2,7) of D, and (p’, ¢’, 2’, 7’) of D,. In this case 
from 

E=db/dt,  &=d$'/dt, Gri} 


we have 


E=wté, (3-2) 


for the motion of A,, and therefore it is evident that (2-4) can not hold except for c=0o. 
In this section, on the basis of (2-4), we look for a new transformation equation 


in place of (1-2). For this purpose, as a first trial, we put the following further 
assumption : 

(Az) =P, Bie (3-3) 
Though this seems to be somewhat artificial, it is natural from the standpoint of special 


relativity because both directions of p and 2 are perpendicular to that of motion. 
Now, in the first place, we treat the case of infinitesimal transformation assuming w 


to be small. Putting 


pie + wy, Cas OOOr Ln =O, $, 2, t), (3-4) 


we have from (3:3) 
y=7=0, (3-5) 


4 


and from (3-1) 


$= {E+ of F a | {1+ of 


4) I] 
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On the other hand, from (A,,;) and (2:4) we have 
E= (€—w)/(i—p*¥ w/e), (3-7) 


from which we obtain 


SS ig MR OS SLI = Lage teem ee (3-8) 
SUR O37 ; 6 ce ae 
Integrating these equations and taking ¢/=¢’=0 for t=¢=0 initially, we have 
f=-t “A =—p9/e. (3-9) 
Accordingly the symbol of the infinitesimal operator of this transformation is 
X= —{tdp+ (V'f/2)H}- (3-10) 


The finite form of this transformation is given by integrating 
dp’ /dw=—t, dt! /do=— p'd'/c, (3-11) 
under the condition that ¢’=¢ and ¢/=¢ for w=0. This becomes 
=p, 2 =z, 
Tw) : 4 6'={6—(ct/p) tanh A}cosh A, (3-12) 
t'={t— (p$/c) tanh 4} cosh 4, (A=pw/c). 
Evidently 7(w)’s constitute a group with parameter w and if we put Z(w)T(o) 
=T7\@), @ is given by (2-1). When 2-0, 7(w) reduces to (1-2). 
Here if we put 
pd= ®, sci, A=wi, (3-13) 
(3-12) becomes 


/ 


p=, 2=2, 0C'=0 cosA—TsndA, [=Osin A+T cos A. (3-14) 
In other words, 7(w) can be regarded as a rotation in the (9%, 7)-‘plane’. This 
situation corresponds to the fact that the ordinary Lorentz transformation is a rotation in 
the (x, zc¢)-plane. Mathematically, however, 7(w) differes from Lorentz transformation 
in that the ‘angle’ of rotation is not a constant but a function of p. 

As will be made clear in § 6, Minkowski metric is transformed into non-static form 
by Z(w). On the other hand, in his research concerning the new transformation equation 
which may take the place of (1-2), Rosen assumed that the transformed metric to be 


static”. This is the reason why our 7(w) did not appear in his research. 


§ 4. Velocity distribution 
(3-12) shows that the disk D, makes /(w) relative to D,. Hence the expression 


d= (ct/p) tanh 4+ a/cosh A, Gee) 
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which is obtained from (3-12) by putting ¢’=const.=a, gives U(w)-motion of a particle 

on the circumference of any circle with center O and radius ~. Hence the particles on 

the Ov-axis at ¢=0 come to be distributed on a curve defined by (4-1) at time Zz This 

‘spiral’ differs from the ordinary logarithmic one in that the number of tolls is finite. 
From (4.1) we have : 


€=(c/o) tanhd, hence a tanh A, (4-2) 


which gives the velocity distribution law of our U(w). Therefore when A is small the 
linear speed-distance relation holds for our (/(w) approximately and when p —> co we have 
v->c. This shows that our (/(w) satisfies Hill’s ‘a priori criteria’. 

From (4-2) and (3-12), we can rewrite 7(w) in the form 


pl=p, s=2, v=a$—-), f=alt—p3$/2), (3-3) 
where aos (1-9/2). (4-4) 


This corresponds to the ordinary form of Lorentz transformation. 
By the above consideration our velocity distribution law is made clear without touching 


directly on the physical properties, e.g., rigidity or incompressibility of the disk. 


§ 5, Some properties of our U(w) 


In this section we shall study some properties of our (/(w) by comparing it with 
those of Hill and Rosen. 

(a) Comparison with U(w) of Hilt? Let D, be a disk rotating arbitrarily with 
center O relative to the galilean frame D, and B be any point of D, with OB=p. 
Further taking B as origin, let (2’, 7’, 2’) be the coordinates of the inertial system 
momentarily at rest relative to D,, y’-axis being Oy, at the instant when B passes through 
y-axis of D,. Then three-dimensional velocity components of any point of D, with respect 


to this inertial system are given by 


v= —y! [reel | ; gy =z! | = | ; qh==0); (5-1) 
1—v7/c? to 1—27"/e* Jo 

as shown by Hill using Lorentz transformation, where bracketed expressions denote their 

values at B. Adopting Hill’s nomenclatures we shall call @’= curl’ v’, V/’ = div’ v/ 

and 7! ==4(dv"/dy'+0v"/dx') ‘relative angular velocity’, ‘apparent rate of volume 

dilatation’ and ‘apparent rate of shearing motion ’ respectively. Then as is easily shown, 

we have the fojlowing table contrasting our U/(w) with that of Hill: 


our U(w) Hill’s U(o) 


velocity distribution ; 


ic], (20 o/c) 
v=c tanh(~w/c) = 7 (i2 te 
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relative angular velocity ; 


=e A—P2/A)'+0} =o 
= 20 ath 200 4 «| | Hill’s defining equation of U(w)| 
2ZN\Z0 C 


apparent rate of volume dilatation ; | 
Yi =05 ==1)) 


apparent rate of shearing motion ; 
pel 


i | sinh Eres «| = “(a ae —w, (5-2) 
2B \ Zo é Cc 
where /, and /, are usual Bessel functions. 

Accordingly, when ~w/c-—> 0, the corresponding four quantities of both theories 
coincide with each other by neglecting higher order infinitesimals. In the case of pw — ©, 
however, the values of 2’ and 7’ in both theories do not coincide. In fact, it holds that 
&’ — co and 7’ > © in our case and 2’=w and 7’ —w in Hill’s case. 

(b) Comparison with U(w) of Rosen® Rosen defined the relativistic rotation 


of rigid body by using the four-dimensional tensor equation 
2piy =V UAV uj,—wul uj,—uUus u,=0, (u'=dz'/ds), (5-3) 


where 7;; is obtained by generalizing the classical three-dimensional strain tensor i.e. 
(Av*/dx" + dv" /dx"), (a, 6=1, 2, 3), and deduced the linear velocity-distance relation. 
Now, we shall calculate the components of this generalized strain tensor with respect to 
our (/(w) omitting z-components for brevity’s sake. By using Minkowski metric ds? 
=—dxr°—ay +d, we can easily obtain 


1 9 9 1 
Pu=—Pn= td, Pie Siae) os Pace, Hae push Pu=0, (5-4) 
where | a= (6"/cp) (1—0?/c?) *? = — 27" (cosh a) /co’, 


| b= (p6E"/c) CL — aye) Se —;7' (sinh 22) /?, (Ses d= /dp) ; 


and jy’ is the quantity given in (5-2). Hence for our U(w) Rosen’s relation pu=0 
does not hold in general though it does in the case of pw/c— 0. Especially when 
go — co both a and 6 become infinite. 


(5-5) 


He also showed that we can study the properties of rotating motion by using four- 


: ; tll. ny oe wen ih ; ; 
dimensional tensor 2,,=/ cys} which is a generalization of the classical angular velocity 
tensor. This tensor becomes 


Q= (sinh A+Acosh d)/2p, Oy=—xF, = —yF, 
other 2,,=0, where (== (w/4¢) sinh 2A, ney 


* This relation holds for any £(p) as is easily seen {rom (5.1). 
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in our case. Hence when j-> 0, / and ,, are proportional to usual centripetal accelera- 
tion and w respectively. In a similar way we can deal with the other quantities treated 
by him. 

By the above consideration we know that our U (w) differs from those of Hill and 
Rosen but it coincides with them when po/c— 0. 


$6. Geometry on the rotating disk 


In this section we shall determine the intrinsic geometry in our theory, shall compare 
it with that of Berenda and shall finally discuss the relation between the experimental test 
of the general relativity proposed by him and our theory. 


Now, operating 7(w) on the Minkowski metric in polar form : 


d= —de— 0d + Cae, (6-1) 
we obtain ds'=—(1+P)dp= Pap +d +20dpdd +2 Sdodt, (6+2) 
where P= (CY/e"— 4092) sinh*A— (cw /p) (¢2 + (@'/c?) sinh 24+ 0° Y, 

QO= 0 sinh? 4 + = ct sinh 2A—wpot, (V=f—p'¢?/e), (6-3) 


S= (et/p) sinh?A + a sinh 24+ wo, 


z-components being omitted. This (6-2) is the four-dimensional metric of the rotating 
system defined by our U(w). If we operate 7(w) on (6:2), we have the same form 
as (6-2) in which w is replaced by (w+@) since T(@) T(w)=T(w+0). Such a 
group property was strongly required by Hill as stated in § 1. 

Adopting Berenda’s assertion,” we shall take the length of the vector standing at 
right angles to the world lines of any two points fixed on the disk as the spatial element 
of the rotating disk. Then from 


AS = yA xd’ — (Falt*)*/e4, (a, 6=1, 2), (6-4) 
and 
| di! = —gqdt"/gu= — (S/P)dp, (6-5) 
we have 


=a =dr= (1 + Pae ice) ay “bE pag — 20doa 
= (14+ 07/0") dv’ + db’ — 2Qdpd. (6-6) 


This (6-6) is the “ine element which determines the intrinsic geometry of our rotating 
disk. In this geometry the proper length C, of the circumference of a circle with center O 


* On the circumference of this circle it holds that ds?= —p2dg¢2-+-c2df and 7'(w) constitutes the trans- 
formation group which keeps the form of this. line element invariant together with ¢/=/+ccnst. and 
@’=¢ + const. 
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is given by C= of p= 229. Hence C, is obtained by the euclidean law. Nevertheless the 
geometry of (ens) is non-euclidean since its gaussian curvature is, as is easily seen, given by 
K(w) = K(—o) = — (sinh 24) (44+sinh 24) /4¢° < 0. (6-7) 


Now we shall compare these results with Berenda’s ones. Using (1-2) in place of 
T(w), by the same method as the above, he obtained 


(dl?) ,=ay? + A—o"/c’) "ra", (6-8) 
where index B means Berenda. From this he deduced 

(Cy) p= 20p(1—v?/C)~ = 279, (6-9) 
and OG ak hin fo 6 a ot ed nil (6-10) 


in place of our C, and (6-7). Hence his geometry is also non-euclidean, and (C))» 
does not satisfy the euclidean law contrary to our case. (K), differs from our A but 
both are non-positive. As a matter of course, however, both geometries coincide with 
each other in the limiting case of pw/c —> 0. 

Next we shall study the experimental test of general relativity by use of cyclotron 
from the standpoint of our U(w). Since the problem of rotating disk is not necessarily 
identical with that of rotating particle and moreover it has not been made clear as yet 
whether the formula /=/,exp(—yt) used by Berenda is invariant under any motion, it 
seems to the writer that Berenda’s theory is not necessarily correct. But his conclusion is 
very interesting, so we shall apply his method tentatively to our U(w). 

Basing upon Tolman’s theory concerning the behaviour of clocks in general relativity'"” 
and using the transformation law (1-2), Berenda deduced the following relation : 

Ot} aon 04 rs 
SOx ata) Uapeal/e) 


OL, (6-11) 


where Of) and d¢) are proper periods of clocks at rest relative to the disk with distances 
y, and y, from O respectively, and d¢; is that of a clock placed anywhere in non-rotating 
galilean plane. From this relation he concluded that in general, clocks on the disk will 
run slow relative to those placed on the galilean plane and used this result in determining 
the change of radio-activity of the radio-active element rotating in a cyclotron. To deduce 
(6-11), he used the four-dimensional static line-element which is obtained from (6-1) 
by the transformation (1-2). Since our line element (6-2) is non-static, however, we 
can not use his reasoning as it is. But as is easily shown, we can deduce (6-11) directly 
from the original Minkowski metric (6-1) by using the linear law a6,/dt=d¢,/df=w. 
By applying this simple method to our U(w) using (6-1) and a},/at=€,, (a=1, 2), 


we obtain 


N.0 
of; Ol 


Cc 0 
Se eee (ei —tanh =) (6-12) 
\ Pa C 


pat — pre / a) v( 1— f ee/ é) 


in place of (6-11). Hence as to the change of the radio-activity of particle rotating in 
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a cyclotron, our theory also leads to the similar conclusion as Berenda’s and both differ 


from each other by the small quantity whose order is at least four with respect to pw/c. 


§ 7. Conclusion 


Basing upon the group-theoretical idea suggested by Hill and assuming the composition 
law of velocities in special relativity, we established a new relativistic theory of rotating 
disk by an axiomatic method. In this new theory, in the first place, the transformation 
formula 7(w) is obtained and using this the velocity distribution and the intrinsic geometry 
of the disk are deduced. When pw/c is very small the velocity distribution satisfies the 
linear law approximately, but it is not the case in general. In the limit of p-> co the 
velocity of particles on the disk coincides with c, the light velocity. The geometry of the 
disk is also of a new type and the proper circumference C, of a circle with center O is 
given by euclidean formula 27/ in spite of the fact that the geometry is non-euclidean. 

Its gaussian curvature K is a non-positive even function of w, decreases monotonic with 
w and become minus infinity when w?—> co. If we apply tentatively Berenda’s proposal 
concerning the experimental test of general relativity to our theory we obtain smilar 
conclusion as Berenda’s. 

The problem of the relativistic investigation of the rotating disk is very complicated 
and difficult as is stated in the introduction. Of course the new theory given in this 
paper is imperfect and we can never say that it gives a perfect solution of the problem. 
The writer thinks, however, that it gives a new type of method for attacking the problem. 

The writer is grateful to Professor Y. Mimura, director of the Institute for Theoretical 
Physics, Hiroshima University, for his helpful discussions. 


Appendix 


Our transformation 7’(w) is somewhat complicated as compared with the classical transformation (1-2). 
But we can simplify its form by taking some special coordinate systems. Hence it will be advantageous to 
use these coordinate systems in order to investigate the mathematical properties of Z7'(w). Here we shall give 
two kinds of such coordinate systems. 

(a) In the first place, we shall show that there exists a coordinate system in which our 77( @) given 
by (3-12) takes the classical form (1-2). If we denote the coordinate variables in this system by (, ¢, 2), 
a necessary and sufficient condition that this system have the property stated above is that the vector y# given 
by (3-5) and (3-9) take the form (0, —4 0) in this system. (2-components are omitted for brevity’s sake.) 


Hence the transformation equation 


at > Xi=Xi(x2), det (0.X%/0.X7 ) =F 0, (1) 
is given by solving 
3e / oO pdd\s. x 
=—(z- = — | Xt= —2),7. (2) 
” (¢ 0g us ad ai) 


An example of such a transformation, i.e., a special solution of (2) is given by 


PAWS (3) 
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Therefore, in the coordinate system (p, ¢, ¢) given by (3), our 7(w) ts expressed by 


v=), e=b—-o, =t (4) 


which is the same form as (1-2). 
We can also prove that the ordinary rotation about 2(= )-axis in this cooordinate system, 1.e., 


¢/=$— do: (go is a const.), (5) 


corresponds to the transformation 


0’=0, ¢/={¢+ (c¢/o) tanh p} cosh p, (6) 
| ¢/={¢+(pd/c) tanh I} cosh p, (p= —pbolV Y), 
in %-system. 
(b) In the same way, by a transformation obtained by solving 
a 0 F 
g=—(15 + Flas a )Xt= = —0,t, (7) 
22 
we get a coordinate system in which our 7'(w) is represented by (5). An example of such a transformation 
is given by 
€ cl+ oo — ba —: 
=, al = tie VN 8 
ae 20 ‘ ci— ph 20 eo 
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The applicability of the renormalization theory was investigated for the general types of the local 
interactions. It was found that the interaction having the coupling constant of the dimension 7% could 
be renormalized if the conditions 7<0 were valid. It is remarkable that this condition is closely related 
to Heisenberg’s classification of the interactions. 


§ 1. Introduction 


In the recent years, considerable progress in the theory of the elementary particles was 
achieved by the development of the renormalization theory.” Especially, the quantum 
electrodynamics of the electron has had great success not only in circumventing the well 
known divergence difficulties but also in explaining the Lamb shift of the hydrogen atom 
and the subtle anomaly in the magnetic moment of the electron. In spite of this, as we 
have stressed in the previous paper”, the renormalization theory should be regarded as an 
abstract formalism, behind which concrete structures of the elementary particles lie hidden. 
So long as the renormalization theory is successfull, it is unnecessary to expose the detailed 
features of such hidden parameters, but as soon as the defects become obvious we must 
seriously look for them. , 

As is well known, the renormalization theory has encountered grave difficulties in the 
problems of the mesons. Not only do calculations still yield divergent results, but even 
if finite, we often obtain results which are quantitatively inconsistent with experimental data. 
For instance, none of the four types of the meson theory has yet been able to explain the 
anomalous magnetic moment of the nucleon. 

Nevertheless, it would be too early to conclude that the renormalization theory failed 
in treating such problems. In fact, if we apply the philosophy of the renormalization 

to the utmost, any sorts of experiments can always be accounted for by entroducing 
new kinds of interactions as the counter terms of the original interactions. For example, 
the magnetic anomaly of the nucleon can be explained by assuming the existence of the 


magnetic moment of Pauli type. 
if In the present stage of the theoretical advance, there is no criterion deciding zv/at 


* A preliminary report of this work was made at the REKS meeting at Nagoya University, February 
6, 1951 (See S. Sakata, H. Umezawa and S. Kamefuchi, Phys. Rev. 84 (1951), 154). 
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hinds of interactions are the primary interactions of the clementary particles, — 
what kinds of interactions are the consequences of the others. Ut is therefore quite 
legitimate at present to assume the existence of the Pauli moment as the primary inte 
tion. However, if it were so, the great successes of the renormalization theory in the 
quantum electrodynamics would be also regarded as merely accidental, because we can not 
understand the reason why the Pauli moment of the electron vanishes identically. 

Thus, it is required that the future theory of the elementary particles should account for 
the structure of the interactions, that is, the qualitative differences as well as the intimate 
relationships between various kinds of interactions. However, in the present stage, we must 
content ourselves with a more formal or phenomenological classification of interactions. 
Although the renormalization theory treats originally all kinds of interactions on the equal | 
footing, it has become clear recently’ that they may be classified into two groups as 
follows: (a) those interactions which can be renormalized by assuming the coexistence of 
a finite number of interactions belonging to the same group, and (b) those interactions 
which require the further introduction of infinitely many interaction terms having successively 
higher derivatives as well as larger numbers of the field quantities. The electromagnetic 
interaction of the electron,” scalar interaction of the scalar meson” and so on are examples 
of the former group, while the electromagnetic interaction of the vector meson,’ the direct 
interaction between spinor particles” and so on belong to the latter. 

In the case when all the interactions realized in the nature belong to the first group, 
the renormalization theory will form a closed system in the framework of the present quantum 
field theory. On the contrary, in the case when there exist some interactions belonging to | 
the second group, the renormalization theory will exceed the limit of its applicability. As | 
the assembly of: infinite number of interactions having successively higher derivatives is 
equivalent to a non-local interaction, we must then take into account the structure of the 
elementary particles consistently. 

From these considerations it seems to be very important to classify all the interactions - 
into two groups and to investigate whether the interactions of the second kind really exist | 
in the nature or not. In this paper we shall treat the first subject, whereas the second | 
subject will be discussed in the following paper. The renormalizability of the general: types” 
of the local interactions is studied in detail in § 2. As we shall show in § 3, this con- 


dition can be written in a very simple form 


nS0, el ‘ 1) 
where 7 has such a physical meaning that the dimension of the coupling constant is 
written as (length)”*. 

Now, in connection with this condition (1-1), which indicates the limit of applicability 
of the renormalization theory, it is of interest to racall Heisenberg’s classification of interac- 
tions’ into the first (7=0) and the second kind (y7>0). As is well known, his clas- 
sification was also related to the limit of the applicability of the quantum field theory— 
though the previous formulation was adopted. In this respect, our results’ may be regarded 


* We use natural units throghout with #=c=1. 
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as the revision of Heisenberg’s work in the light of the new formulation. 


§ 2. Renormalizability of the interactions 


In this section we shall investigate the conditions for the renormalizability of the most 
general type of interactions. Here, the interactions are said to be renormalizable if, by 
introducing a finite number of local interactions as the counter terms into the original 
interactions we can obtain a closed theory which does not contain any singularity. 

i) Suppose that there aré’ wz charged fields U%(x) and ‘neutral fields ]7*(x) 
interacting with each other. ‘They have generally several components, which will be denoted as 
U(x) or V5(x)when neccessary. In the following, we shall adopt the interaction representa- 
tion throughout. So that the field quantities satisfy the equations of motion for free fields*: 


(F— @*)"}7s=0, 
{LJ—(#)*} 7*=0, (2-1) 


with some subsidiary conditions, where x* and x* denote masses of respective fields. The 


commutation relations are given by 
Le (7) ? Oa* (2) Jz a 0 xat Mii (a7 ) ? 
LVi(), Vik) z= sd jn 4-2") (2-2)* 


where commutator or anti-commutator is taken according as the fields have integer or half- 


integer spins. 4%,,(4) may be written generally in the form: 


Ain £) = ay, (7, 20, )4 (4), (212,) 
where /"2(x*, 70,) is a polynomial of 4%- th degree with respect to the derivative operators 
O30 OX a: 

The interaction of the system of fields can be described by the Tomonaga-equation 
PE OWS ey AE (2:4) 
da (4) 


where (ca) denotes the state vector on a surface ¢, while /7 is the interaction. By 
integrating this equation, Dyson” has shown that the S-matrix, which combines the state 
vector on the surface in the remote past with that of the distant future is given by 


S=3 (4) "| dey eye), ee SH (2:5) 


n=0 72 


Now we assume that the most general type of the interactions is given by 


Z 
with 


Gia AS laste SLOaNU a) 


* The field quantities are to be understood as those expressed in irreducible representations. This must 
be borne in mind especially in the application of the conditions (I) and (II) given below. 


380 S. Sakata, H. Umezawa and S. Kamefuchi 


x | (a7) ease (O7" (7%) } 

x Hp (V2) + (OM Vix) bs (2-7) 
where f;’s denote the coupling constants and 9“U/* stands for Pe aE ck es As 
A and pt depend on «@ and » on 8, they will be specified as 4%, f°, ¥ when neccessary. 
The detailed form of // is determined by various formal requirements such as Lorentz 
invariancy, Hermitian property, charge symmetry, consetvations of charge and spay ey 
but it need not be specified for the purpose of this paragraph. Though // contains in 
general the normal dependent terms, they may be neglected here altogether. 

It would be very difficult or even impossible to derive such a general interaction as 
(2-6) and (2-7) from the canonical formalism, because it contains higher derivatives of 
the field quantities. Nevertheless, we assume here, from the stand point of the correspon- 
dence principle, that as a consequence of some procedure the S-matrix can be computed by 
(2-5) with /7 given by (2-6) and (2-7). In the following, it will be called the 
interaction in a broad sense.* 

ii) By extending Dyson’s analysis of the S-matrix,, we can now investigate the 
condition for the renormalizability of the interaction term (2-7). Let us first consider 
the contributions to the S-matrix from each of the field quantities involved in 77, If a 


virtual quantum of the a-field passes between x’ and 2”, the matrix element will contain 
in the integrand a factor 


(PIO *UE (2), 8 GUT*(a")))p=td 8 Sdeg(a'—x") , (2+8)** 


where 47.,(a’—2’’) is Feynman’s propagation function for a-field derived from 47, By 
using the representation in the momentum space, 


. BEN Caer Os) ee 
AG (& ) =const. jae ‘gl 2s we Creare (2.9 yt = 
Rut (2)? 
As 1% (x", £,) is a polynomial of 6%-th degree with respect to /,, (2-8) contributes 
a a a 
to the matrix element in the momentum space a factor of the highest order 2% nape ee 
a. a 
for the large value of #. In other words, 0 *U/% in H/, contributes to the matrix element 


: a ¢ 
PEE = 
a factor of the highest order 2 '” 2-1 Tn the same way, we can see that the contribu- 


8 8 8 
: v Ro . nab = 
tion from 017" is given by a factor of the order 2° *? /2—1, 


For the convenience of the following discussion, we shall now introduce several quan- 
tities which characterize the interaction term //,: 


* Such a form of generalized S-matrix is obtained by the direct quantization method of Yang and Feldman, 
Phys. Rev. 79 (1950) 972. See also Z. Koba, Prog. Theor. Phys. 5 (1950), 696. 

The improved and more general formulation of this quantization method will be developed in the 
forthcoming paper (Y. Takahashi and H. Umezawa, Prog. Theor. Phys. in press). 

** In (2-8) and (2-9) the surface dependent terms coming from the diferentiations of e(x) have been 
negiected. Including these terms, however, does not make higher the degree of momentum and so the following 
arguments suffer no alteration. Usually, the suface dependent terms are of no direct physical meaning. 
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Ay= >) (ai +0 +a%) + DG, Fe ass hee tate at ay); (2-10) 
a 7 8 


which is the total sum of the degrees of the derivation operators in //, 


sale 2 ia PEA (2-11) 
which is the total sum of 4’s of field quantities appeared in H, 

at Cet ae Ps (2-12) 
which is the number of the field quantities in //, and finally . 

K,=4—A,—B,/2—C,. (2213) 


iii) In the following discussion, we shall denote, for the sake of simplicity, charged 
as well as neutral fields by the superscripts «’s. 

Now, let us consider a Feynman’s graph having / external lines, I internal lines. and 
m vertices. Among these we assume that /% lines refer to the field u and N, vertices 
belong to the interaction term A. Then we have 


>a Bae £5 


a 


2: (2-14) 
Z 


Taking account of the fact that C, lines start from the vertex 7, and one internal line 


runs between two vertices (or returns to its starting vertex), we find immediately 
2] tye Fa) Halo, (2-15) 
a Z 


By performing the integrations over internal momenta (i. e., contracting the appropriate 
operators), this graph could, in general, be brought into a form of a vertex, which 
resembles to a primary interaction giving rise to the corresponding transition. Since the free 
operators (/*’s (external lines) carry the derivation operators of the degree a“, the Feynman’s 
graph for the interaction of such a general type should be specified as G(%, V*), where 
N*=jaz. Furthermore, as a result of the integration over internal momenta, G(/“%, \’") 
splits into several independent graphs, denoted by G(L’, V%, J7*), which have further 
derivation operators on (/*’s with the total number AZ =O, 1, 2, weteee® For each of 
these G(Z%, V%, J7*) we may now introduce the characteristic constants in accordance 


with the definitions (2:10) to (2-13); 
A,=>\(N"+ MM"), 
B,=So E*, (2-16) 


* Such a decomposition of G(#%, NV“) into G(Z*, V*%, A7*) is obtained when the use is made of the 


expansion of the integrand 
(4) = Rp, pt) + (p—p) Or 0 £) +2 —)n(P—p?) LORY pt) pesos ; 
R(p, pt) = (2 2%) D-fL ” Ope Ps 2 “O/uIA, ’ : 
where » and /# are the external and the internal momenta, respectively and y° is a constant free particle 


momentum. 
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G=oUE 
(04 

K,=4 —A,—B,/2— (Osc 
lees , 3 
As a first step to the study of renormalizability, let us consider the connected graph 

a 
: : ae Qyya : ; torehe 
with primitive divergence. It was shown in (ii) that 0% U¢ in LZ, contributes 


matrix element in the momentum space a factor Bete d2 1. fopethe large value ot the 
momentum /. Therefore, //, will contribute the following power of momentum in the 
high energy region : 
A,+ (08/21) +0821) ft BF /2 = 1) 
a a t 
=A,+1/2-B8,—C,. | (2-17) 
As G(E*%, N*%, M*) has 1, vertices which belong to /7/,, the highest power of the internal 
momentum in the matrix element is found to be 
INS m(A,+ 1/2-B,—C,) — (4, 4+ 1/2+By—C;}). (2-18) 
7 
Further contribution to the integrand of the S-matrix comes from the volume element of 
the momentum space. Among the 4/ internal momenta 4(>) ”,—1) variables are 
Z 


eliminated by the conservation law of the energy-momentum, so that the contribution becomes 
in terms of the power of the internal momentum : 


N'=4(—3) m4+1). (2-19)* 
Z 
Thus the graph G(Z£%, V%, M*) under consideration is divergent if 


N+N'= 0, (2-20) 
where it is to be understood that V+ V’=0, 1, 2,--:-:: means logarithmic, linear, quadratic, 
tenses divergences, respectively. By using (2-15), (2-16), (2-18) and (2-19) we find 

N+M=K,— >! 2K. (2-21) 
So that the condition (2:20) becomes . 
EG Ee pa 1K. (2-22) 


It should be noted that the left hand side of this inequality is determined only by the 


properties of external lines. 


From (2+22), we find the following remarkable facts : 
a) If the condition 


ha 0 (for all 7) (1) 
is satisfied, the number of the primitive divergent graphs G(*, V*, M*) remains always 


* In general, 27> 3)7;—1. We shall restrict ourselves, in the following, to the graphs for which 


7>>1—-1. The graphs for which 7=3\7;—1 always converge, since available 6-functions eliminate all the 
7 


internal momenta. The graphs consisting from 2-vertices only are examples of the latter case. 
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to be finite.* In fact, the possible values of H*, V*%, A* for diverging graph are restricted 
by the relation i 


42 (Et+N*4 mM), (2-23) 


and the order of divergence decreases according as the values of /*, V% and J/* increase. 
Soaeernite, no matter how many interaction terms we may introduce, the number of 
Ptimitive divergent graphs will not exceed a definite number j so far as (1) is satisfied. The 
number 7 depends only on the number of the fields participating in the interaction under: 
consideration. 
b) If there is at least one Fl, with K,< 0, any G(E*%, N%, M*) will always diverge 
for a sufficiently large value of x, (1. e., in the higher order approximation of the perturba- 
tion calculation). Moreover, there arises infinitely high degree of divergence in the graphs 
Cte” N*, MM i pas Accordingly, we have infinite number of primitive divergences. 

iv) Now, we shall consider the question whether the divergences arising from diverging 
G(E*, N*, M*) can be removed by introducing the appropriate counter terms. The 
following two cases will be treated separately : 

a) the case in which the condition (1) is satisfied ; 

b) the case in which the condition (I) is not satisfied at least by one of the in- 

teraction terms. 

First, let us consider the case (a). In order to cancel the divergences, we must 
introduce new primary interaction terms >'//, as the counter terms which have the same 
forms as those of the terms obtained by contracting primitively diverging G(/*, V*, M*) 
terms and have coupling constants with infinite values. As the characteristic constants 
Kis of the counter terms H,,’s are respectively identical with A’,’s of primitively diverging 


graphs G(Z"°, V*, M*), it is evident that X;,’s also satisfy condition (I): 
Figs Bg VS) Bye: (2:24) 
L 


Therefore, according to the remarks given in the previous section, there appear no new 
primitive divergences even if we introduce the counter terms.*** Thus, as shown below, 
it is possible to renormalize all the divergences by suitably choosing 7 coupling constants. 
Here, we shall only sketch the outline of the renormalization procedure. In general, 
corresponding to a diverging graph there exists a diverging integral over the internal momenta 
Pw Px» Py" » which, when employing the general method proposed by Salam,” is further 
subdivided into a set of “ subintegrations”” 21, Po Pst 5 Di Por PiPs °° 3 Pi PoP 


) * In his own theory of S-matrix, which starts with the consideration of unitarity and causality, Stueckel- 
berg has also found the corresponding condition in quantum electrodynamics; A. Petermann and E.’C.’C, 
Stueckelberg, Phys. Rev. 82 (1951), 548; Helv. Phys. Acta 24 (1951), 317. 

** The highest degree of divergence in the graph G(/*, V%, M/*) is given by (2-21) unless there appear 


particular circumstances. 

*k* At first sight it seems unnecessary to examine the condition (2-24) for counter terms, since it may be 
expected that they play only the role of compensation of divergences and do not appear by themselves. But, 
this is incorrect. In general, there frequently occur the cases in which counter terms appear separately and 


directly contribute to the further divergences (for example, ‘ final M@ller part ’ in the self-energy graph of meson). 
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As is evident from the above consideration, each diverging term arising from the subintegra- 
tions f;, P»» Py** is always of the same operator form as any of the counter terms fyi 
Hence, these divergences are all cancelled by the counter terms. Next, we shall consider 
the subintegrations 7, fo, 2; Py" - As the degree of divergence for a particular subinte- 
gration is, in this case, unaffected by subtractions corresponding to other subintegration and 
so there appear no new type of divergences after this manipulation, we see that divergences 
coming from the subintegrations 7, Po, 2; Ps *** are again cancelled by the corresponding 
counter terms. Divergences due to the subintegrations /; 7» Pz,""* ate eliminated in a similar 
way, and so on. Proceeding successively in this way and finally removing the divergences 
of the final integration 7; fy fs"** » we can obtain the unique and finite result, being in- 
dependent of the choice of the “ basic variables ”” 2,, fo, Pz2°°°**° 

The values of 7 coupling constants of the counter terms are determined as follows. 
Let f;, be the coupling constant of the counter term //,, corresponding to the diverging 
G(E*, N*, M*) graphs (V*+ 17": fixed.), fy is as usual expanded in the power of 
the coupling constants of //,’s:  fyv= if (™ * The determination of /;, is thus reduced 


to those of f{’s, which are cartied cecee step by step from the lowest order in the 
follwing way: f > is put equal to the negative of the sum of the divergent factors of 
lowest order G(E%, V%, M%) (N*%+M*: fixed) and in general J is put equal to the 
negative of the sum of the divergent factors of all diverging G(/%, V%, J7*) graphs 
(V%+ M*: fixed) of the order (7), from which all the internal divergences (coming 
from all the subintegrations except the final one) have been already subtracted by suitably 
choosing the lower order part of the coupling constants / &) (a <n), in other words / ;;? 
is equal to the negative of the sum of the diverging factors coming from the final inte- 
gration of G(Z%, V%, M*) graph. 

In this way, by the consistent use of the counter terms** we can obtain the unique 
and absolutely convergent matrix elements for all scattering processes. 

Next, we shall consider the case (b). In this case, as was mentioned in the previous 
section, any G(E*%, V%, MM) diverges if we take a sufficiently large value for 2, In 
order to remove these divergences in the same manner as in the case (a), it is necessary 
to introduce infinitely many counter terms with higher derivatives. Among these counter 
terms there are certainly terms with negative K/’, which give rise to further divergences, 
so that we have to introduce successively new counter terms one after another. 

Such a serious situation would be avoided, if the infinitely many divergences could be 
eliminated simultaneously by introducing a finite number of counter terms. But, the fol- 
lowing cosiderations exclude this possibility, too. In general, to cancel a diverging term 
the coupling costants of the counter terms must satisfy an algebraic equation. As we 
proceed to the higher order, new diverging terms, which are mutually independent, appear 


one after another, so that the number of equations to be satisfied increases unlimitedly. 


* In general (7) implies, as it were, the degree of complexity of the construction of the graph. 

** The subtraction method with the use of counter terms is easily shown to be equivalent to the conven- 
tional vevormalizatiow of mass and charge. This problem has been also considered by G. Takeda in the private 
communication and will be discussed in general in our forthcoming paper, Prog. Theor. Phys. in press. 
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It is obvious that such infinitely many simultaneous equations for finite number of variables 
have no solution except for trivial ones. Therefore it is impossible to remove all the diver- 
gences by introducing only a finite number of local interactions. 

Summerizing the results obtained above, we may conclude as follows: When the 
interaction satisfies the condition (1), all the divergences may be eliminated by introducing 
a finite number of local interactions, that is, the renormalization theory succeeds to con- 
struct a consistent closed theory. On the contrary, if there is at least one interaction term 


for which this condition is not satisfied, the renormalization theory will break down completely. 


; § 3. The “ Universal Length” as the limit 


of the renormalization theory 


Hitherto, the limit of validity of the quantum theory of fields was discussed by many 
authors.” It has been generally believed that the main defects of the present theory came 
from the ignorance of the finite size of the elementary particles, and that the future theory 
would be established only by taking into account the existence of the so called “ universal 
length ” consistently.” As far as we deal with free fields, it may be permitted to ignore 
the finite size of elementary particles, because the universal length finds expression solely 
in the form of their masses. But, as soon as the interactions are introduced, we shall be 
confronted in general with the problem of the structure of the elementary particles. 

In order to discuss this problem in detail, Heisenberg’? had classified, for some years 
ago, the interactions into two groups : 

i) the interaction of the first kind, which contains a dimensionless coupling con- 
stant Z, 

ii) the interaction of the second kind, which contains a coupling constant of dimen- 
sion (length)” with 7 > 0. 

If Z<1, the interaction of the first kind may always be regarded as a small perturba- 
tion, and, moreover, as it does not contain the universal length, we may certainly ignore 
the structure of the elementary particles. On the contrary, the interaction of the second 
kind can not be considered as a small perturbation at least in the high energy region, as 
can easily be shown by the dimensional consideration, the ratio of the (n+ 1)-th order 
approximation to the n-th order one in the perturbation calculation involves a facior 
(Z/A)" for small 2, where J means a characteristic length contained in the coupling constant 
and A denotes the wave length. In such a case, the reaction of the self field becomes 
very effective and the structure of the elementary particles could not be ignored. 

Nevertheless, these arguments had not been fully justified, before the renormalization 
theory was developed. Though the interaction of the electron with the electromagnetic 
fields belongs to the first kind, it leads to the well known divergence difficulties, as long 
as we adopt the previous formulation. But, the situation was entirely changed now. In 
fact, it has become clear recently, as was ingeniously shown by Dyson,’ that a non-singular 


quantum electrodynamics could be established without touching on the problem of the 


structure of the elementary particles. 
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Now, it seems to be very interesting to compare Heisenberg’s a of ee 
interactions” with that of ours performed in § 2. For this purpose, we shall a pecans 
the dimension of the coupling constant f, appeared in the general type of the seers: 
H,. As we have adopted the natural unit, 7, has a dimension of (length) “v. . Wf 
assume that the normalization of the field quantities /*(%) is so performed that, /";; in 


the right hand side of the commutation relations (2+2) becomes in the following form : 


“ e_ By Pe 4 ye 
ne AO tip RO eet deg (x) (3-1) 
with Gi yQepoy. oot being dimensionless constants, then 
(BU ew AT tH l241F for small A, (3-2) 


4 4 
where c denotes a dimensionless constant. As //, has a dimension of (length) ~’, we can 
easily obtain from (2-7), (3:2) 


m= A,+ B/24+O,—4=—K, (3-3) 


Observing this result, we see immediately that the classification made in § 2 coincides 
exactly with that of Heisenberg,’ if the interactions with 7, <— 0, which were not considered 
by him, are also classified into those of the first kind. By using (3-4), we may write 
(1) in the following form : 


Hive 0 wetter allah) (II) 


which gives a physical basis for the validity of the renormalization theory.* 

In fact, we may easily understand from (II) the reason why the renormalization 
theory succeeds for the interactions of the first kind. It is certainly due to the fact that 
the structure of the elementary particles does not play an essential role in these cases. In 
order to get a closed theory, the coexistence of finite number of interactions belonging to 
the first kind is often required. As an example of such a case, we may mention the in- 
teraction between the nucleon and the scalar neutral meson V*(2°) via scalar coupling 
which requires to introduce another interaction having the form f {J “da(y=—1).? It 
should, however, be noted, as was shown in § 2, that the introduction of the interaction 
of the second kind had never been required for the closure of the theory which involves 
merely the interaction of the first kind. This point is in striking contrast to the conclu- 
sion obtained by Heisenberg,” who emphasized the inevitable appearance of the interaction 
of the second kind in company with that of the first kind, provided the field has a non- 


vanishing mass.** 


* Jt should be noted that before 7, is determined all the field’ 


quantities in //; are to be so normalized 
that (3-1) is valid. : 


** Heisenberg has pointed out that in the quantum electrodynamics there appears, for example, the term 
of the scattering of photon by photon, which beiongs to the interaction of the second kind and is closely related 


to the applicability of the theory. However, this term is in itself of the form of non-local interaction and 


apparently contains interactions of the second kind as a part. In the renormalization theory it lies certainly 


within the limit of the applicability, because it is not required to introduce the primary interaction belonging 
to the second kind. 
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On' the other hand, if there is an interaction of the second kind, it will be required 
that there exist simultaneously infinite number of interactions which belong also to those 
of the second kind. Such an assembly of interactions is equivalent to a non-local interac- 
tion corresponding to an extended model of the elementary particles. So that, we should 
then take into account the structure of the elementary particles from the beginning. 

Thus, one of the most important problem to be solved in the future would be the 
question w/ether interactions of the second kind really exist in the nature or not. Tf 
it becomes clear that they do not exist at all, a non-singular and closed quantum field 
theory” will be established by means of the renormalizations of masses and coupling con- 
stants, and the well known divergence difficulties will be hidden behind these procedures. 
On the contrary, if the existence of the interaction of the second kind is found, we can 
not remain in the framework of the renormalization theory. In order to answer to this 
question, we shall investigate, in the following paper, the types of interactions which may 


be realized for various sorts of elementary particles. 


Appendix 
A remark on the general type of interactions 


In § 2, we discussed the renormalizability of the interactions by taking out each element 
FT, of the most general type of interactions separately. However, the actual interactions are 
the linear combinations of these elements and may be written in the form which is obtained 


by inserting D¥(0,)U;,--- , in place of aU ?, where D%(0,)’s denote rational functions 
of 0, as well as x*. 

The renormalizability condition for such general interactions is also given by (I), 
provided the definition of aj is suitably changed. Usually aj is equal to the highest 
degree of 9, involved in D2%(d,), but there are some exceptional cases in which this rule 
does not hold. In such cases, it is convenient to define a7 as one half of the difference 
between the highest degrees of derivation operators operated on the 4-functions in Dj (0,) 
x Di (0) 4%, and of 47, We shall call this af the true degree of Di(d,)U*. 

As an example of these exceptional cases, we shall consider the following operator 


operating on the field U,,,,,---:-- with integral spin and non-vanishing mass : 
D8) = @ay:pt= Ip Pury 9,9 ptys 

which is the four dimensional rotation and satisfies the relation 
OO = O70 j— 050, = 0: 


Though the highest degree of this operator is 1, the true degree is found to be zero, 


: ; ‘ - 
because 4%, corresponding to this field contains a factor 
Veh 5 il 
RUM, YY) =( On —— Osun 
oe 


so that D%(0,)D3(A,) does not raise effectively the degree of the derivative of the delta 
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function. * 


(1) 2) (m) 


PE Pe Rea Ne ee defined by" 
Uae Up, viy"e ee Uw, vi] [*o, vo]¥s Le 4 Un, i] 7 [Yn Yn] Y 
(1) B) fe) 
Uv v jfiepoe oe vipa O ins = Oui: wT wr pares 
i gee 7 O tan One, 
(a) U. 
hse ¥] 25° |B al Bae ae w= Ou ails [* 1, ¥i] [P2, Yo] r [sen oT erat: El ee 


(a) 
As these quantities U ’s satisfy the same wave equations and subsidiary conditions as 


those of the original field U/ .. , the degree of the highest derivatives in their commutation 
relations are equal to those of U7. We obtain, therefore, that a¥=0 for Oy,- p- 
In terms of the spinor notation, including the fields of both integer as well as half 


integer spin, these circumstances are also stated as follows: Let ger (4) and ity (2) 


iS Aleta) 


be the field quantities with non-vanishing mass. They satisfy the wave equations : 
age | eG ficos 
se ae iy 
O30. ae e Mis ?; 
where 0,,, is the derivation operator in the spinor notation. From .}) and ¥711!, the field 
(a) (a) 


quantities 9... and y..:. are introduced in the following way,” 


Me: t Zz w. 

‘ see z u 

5 (| = 

Q: bei a) 1 1p 


(),, - ss 
i 1 ae a 4 bs a—i 1 
ae BES 
atl x a 
(atl). (a) 
x 205 Waly = so uty 
“ati” “aed 


(a) 


(a) 
Then, (gi, 7:1!) describes the fields satisfying the same wave equations as those of 


(Pi, y 0) and the degree of the highest derivatives in the commutation relations of 
(a (a) 


(Gi, YE) are the same as those of (@.., yi). Therefore, the true degree of the 


He) Uaosee 
operator 0” y.' is found to be zero. 


In conclusion, it should be noted that the above-mentioned arguments concerning the 


true degree give an example which shows that the special structure of the interactions could 
weaken the divergence of the interaction. 


* This situation illustrates the well known fact that in the case of vector field the degree of highest 
power of the momentum in the Fourier amplitude of “yy (==0%U,—0,Uu) is same as that of Uy 
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Note added in proof: 


The characteristic difference between interactions of the first kind and 
also be seen in the energy dependency of the cross section. 


in the leading term at the high energy region is left unchanged whatever order of approximation we may take 
into account. In the latter case, however, the degree of external energies will be increased unlimitedly when 
the higher order effects are considered. These circumstances are easily unde 
consideration, or for the former case, 


those of the second kind may 
In the former case the power of external energies 


rstocd either from the dimensional 
from the procedure of the renormalization. Hence, we may say as 
follows: The damping effects of the field reaction do not give any appreciable effect in the theory having 
interaction of the Ist kind only as long as the coupling constants are very small, while they lead to drastic 
effects in the theory containing interactions of the 2nd kind even if the coupling constants are very small. 
The conclusion for the former theory, though already well known by the results of the lowest order approxima- 
tion, is guaranteed for the first time after the inherent divergences have been removed by the renormalization 
method. In this connection, it should also be interesting to notice a possibility that the strong singularity in 
the latter theory may be altogether compensated by the correspondingly strong damping effects in a way recently 
suggested by Feynman, Hu (Phys. Rev. 80 (1950), 1109) and Thirring (Z. f. Naturf. 6a (1951), 462). 
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Forbidden beta-transitions caused by the radiative correction are investigated on the basis of the 
efective Hamiltonian which we derived, as presented in the previous paper, using the covariant formalism. 
The ultraviolet divergence inherent in the virtual photon processes has been removed with the aid of 
the regulator method. The results are compared with those described by other authors with the use of 
the non-covariant perturbation theory. 


$1. Introduction 


« 


In the ordinary theory of beta-decay developed by Fermi, Konopinski and Uhlenbeck,” 
forbidden transitions are considered as due firstly to the presence of the relativistic part 
of the interaction Hamiltonian and secondly to the retardation of lepton waves in the 
interior of the nucleus. However, it has recently been pointed out by Longmire,” Lipkin” 
and Merzbacher” that radiative corrections also give another cause for forbidden beta-transi- 
tions. This is interesting in connection with the fact that there remain a few exceptional 
nuclei for which the transition schemes have not yet been unambiguously established on 
the basis of the Fermi theory. 

Of the radiative corrections, Longmire studied the first-order process in which a gamma- 
tay with a continuous spectrum was emitted from the nucleus simultaneously with a beta- 
tay, while the latter two authors took up the second-order process in which a virtual 
photon was exchanged between the beta-electron and the nucleus. According to Merzbacher, 
the transition rate for the latter process is at least 10° times as great as that for the former 
process, and the cause of this behavior is ascribed to the large number of intermediate 
states available to the virtual photon. As is well known, however, integrals over the 
momentum space occupied by virtual photons usually diverge at the high-frequency limit. 
The cause of convergence of Merzbacher’s result seems to lie in the fact that he enumerated 
only those events in which the beta-emission and the gamma-emission (or gamma- teabsorp- 


tion) are brought about separately by two different nucleons in the nucleus, omitting the 
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process in which a single nucleon plays the double réle of the beta-emitter and the gamma- 
emitter (or gamma-reabsorber ). The effective Hamiltonian responsible for this process has 
been calculated before by the present authors and their coworkers chiefly with a view to 
analyzing the behavior of divergence. As was reported in the previous paper,” after the 
mass renormalization has been performed there still remains in the effective Hamiltonian 
a divergent term which, being different in transformation property, can not be amalgamated 
into the original Hamiltonian. The present paper is concerned firstly with the removal 
of this divergence difficulty by means of the regulator,” and secondly with a discussion of 
forbidden transitions caused by the tadiative correction on the basis of the effective 


Hamiltonian thus obtained. 
§2. Regulated effective Hamiltonian 


The regulation of the second order effective Hamiltonian Vy” (4) can be attained at 
once by the following replacement in the expressions for 29, Z® and K(¢,737h,T) 
given by (3-16) and (2-24)* orl: 


Joo 2tne/ 7m) — 1/2 (1/2) dSpCrlog (m?/%:), 
ay (2-1) 
log(24mex/M )—1/2 hn 172) o> Cg log (M?/x?), 
72) 
where C, and x, (2=1, 2, 3,-*:) represent the weights and masses, respectively, of the 


auxiliary photon (or more properly speaking, neutral vector meson) fields, which are assumed 
to satisfy the following conditions: _ 
>) G=0, (Gj=1), 
é=0 
: (2-2) 


Ge x, > 04 -as x, —> ©. 
i220 


V(x), thus regulated, can be greatly simplified by neglecting small terms of the order 
of (m/JZ) into the form 


Ve? (x) =e (d/47) 9 (x)O (x) BBE (PP) +490D) 
coe + (1/2) 7D) @P/A) $b (2) F () + conj., (2-3) 
C(PP) = [log (7/24 nin) x log(/2k min) | (2—pPF,) 
+1+log(M/m) —pPF,—pPG — Mm (ixP/M), (2-4) 
n= (1/4) log (M/m) —3/8— (1/4) pa C; log (mM/x;}) . 


It is to be noted here that, as was the case with Steinberger in his calculation of meson 
a : ‘ : 
decay,” the regulator leaves its trace, in the final results, in the form of >} C; log (a/M/x;) 
< é i 
whose value we can not determine uniquely. er 
In the approximation in which i 
ch the proton momentum FP is ne 
siemens ‘ee Pp | | glected, the first term 
, which is responsible for cancellation of the infra-red divergence inherent in the 


inner bremsstrahlung, does not give tise to any modification of the selection rules for 


Radiative Correction to Decay Processes, ITT 393 


ae Lie fea ; : ni 

ear transitions, whereas. the remaining two terms cause forbidden transitions of the 
type hitherto ignored, since the operators 7/’ and oS’ when multiplied into (4 produce 
various forms of interaction as shown in Table I. The forbidden transitions due to these 


two terms will be discussed in the next section. 


§ 3. Forbidden transitions arising from [’,” (x) 


As has been remarked by Longmire and Merzbacher, forbidden transitions resulting 
from the radiative correction are obscured by the ordinary direct transitions except when 
the latter are absolutely forbidden. If we confine ourselves to the approximation in which 
the proton momentum and the retardation effects of lepton waves are both neglected but 
the relativistic part of 4a 5} is retained, the absolutely forbiden transitions caused by 
V(x) are restricted to the following four cases: (S) transition with spin change 
1<-->0 and parity change no, through scalar interaction; (V) O—0 yes for vector 
interaction: (A) 0-0 no for axial vector interaction: (P) 1<-->0 yes for pseudo-scalar 
interaction. The probability that a beta-electron is emitted with energy between /]’ and 
W-+dlV in the unit of mc” is given by the well-known allowed formula 


P® (W) dW = (g?/22°) (W2—1)°W(W— W)dW x (a/42) fe 


(Due, we e=1) 


with ¢=2, It=—fo for (S) 1<—>0 no; §=6, M=y7, for (V) 0-0 yes; €=6, 
M=1 for (A) 00 no; and €=2, M=fa for (P) 1<—> 0 yes. In deriving (3-1), 
the plane wave solutions have been substituted for (1) and y(1). The effect of the 


nuclear charge can be expressed simply by multiplying the Fermi factor /*(4, W7)(14+5)/2 
into (3-1), so far as the transitions without parity change are concerned. For the 
transitions (V) 0-—>0 yes and (P) 1 <--> 0 yes, however, the first-order effects of the 
proton momentum and the retardation of lepton waves must be taken into account. The 
nuclear matrix element |{t|? in (3-1) is then replaced by a correction factor which 
contains |{o-9'| and |jo-P| besides |{7,| for (V) 0-0 yes transition; or [Ox 
and {ox P besides [fa for (P) 1 <--> 0 yes transition. In the approximation of this 
order, absolutely forbidden transitions of the following types are also expected to occur: 
(S) 0-0 yes, |{M|?=|[o-7|*-AZ; (S) 2<—0 yes, (Mer Day Bag lPada KP) 
0-0 no, |{M2=—|[Pa-r|?-Av; and (P) 2<—0 no, |fMI’= DylAgl’-34 
+4) Zi *.(1/12)[3D,—c]—[ My Ty Ad toe. 29 If an account is taken of the 


higher-order effects of the proton momentum and the retardation of lepton waves, a variety 
of absolutely forbidden transitions will further be found, but we shall not enter into this 


problem. 

Let us now examine the competition in transition probability between the forbidden 
transition due to the radiative correction and the ordinary forbidden transition in the case 
where both obey the same selection rules. According to the theory of Konopinski and 
Uhlenbeck, the probability for the 2th forbidden transition is characterized by a factor of 
the order of (v/c)?"~? (WR) "(l=0, 1, +5 n). On the other hand, the probability for 
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the forbidden transition caused by the second-order radiative OLEEaIOR bears antec ‘ 
the order of v2. Hence it is expected that the forbidden transition gue 12 EE | “ip 
be weak as compared with the ordinary first forbidden transition, bus it will be a mats 

for the second forbidden transition. Of the second forbidden transitions, those for which 
the radiative correction can not be ignored are: (V) 1<-—> 0 no; and (T) 0— 0 no. 
Neglecting the effect of the nuclear charge, we have the following beta-spectrum for these 


transitions : 
PW)dW= (¢°/2n°) W( W-—1) mh | Wi— W)"dWwx ons (3 -2) 
with 


C=\faxr 


24' (Z=0) — (4/42) (6741) (1/3) (WM—2W+ W) 
x {Jax r)* (fa) bee} + (u/42)%(67-+1)4\ (a) 
for (V) 1<-—>0 no (3-3) 
and 
C,=|(Ba-r|2Al (Z=0) + (4/47) {4n(W,-2W4+ W") 4+ (W,-—-W) aw)" 
x { ((7Bu-7)*(§1) +e.c.} +] 41]2(4/47)? (367) (4n-14 VW) 
for (T) 0—>0 no. (3-4) 
From these expressions it is inferred that, for light nuclei for which A_ or A” is of the 
order of unity, the transition caused by the radiative correction will prevail over the 
ordinary direct transition, if we grant that the arbitrary constant 7 is also of the order 
of unity. (The assumption >1/C;, log(#Jd/x;) =0 leads to 7==1.5). For heavy nuclei, 
ie) 


however, the radiative correction will be negligible, since A or A”! then takes on a large 


value (~(aZ/2R)*). 


$4. Forbidden transitions caused by Vig te) 


With the Lorentz condition in mind, the first-order effective Hamiltonian given by 
(2-9) of II may be rewritten into the form 


Vg? (4) = (Ana) O (x) G (2) { (PR)“"(PA) — (ph) (PA) — (1/4) ( 02) "yar 


PCa) P (x) + (Ana)'"g@ (x) 9 (2) (1/4) (PR) "Xu Pul (2) ¥ (x) +conj., (4-1) 


where /*,,=0,A,—90,A,, represents the electromagnetic field strengths. The first term of 
this expression accounts for the inner bremsstrahlung associated with the sudden accelera- 
tion of the beta-electron.™ It does not give rise to any modification of the selection rules, 
so far as we confine ourselves to the approximation in which the proton momentum P 
is neglected. The second term, which causes forbidden transitions, has a small magnitude 
of the order of 77/M as compared. with the first term. This is, probably natural, if we 


consider that the acceleration of the recoil proton is smaller by a factor of about m/M 
than that of the beta-electron. 
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It is to be noted that the operator (P%)~'(PA) ‘contributes to the inner brems- 
strahlung emitted from the beta-electron, although it depends apparently on the energy- 
momentum of the proton but not on that of the lepton field. The reason for this 
paradoxical behavior is that we have carried out the calculations without eliminating the 
scalar and the longitudinal parts of the electromagnetic field. 

The forbidden transition caused by the second term of (4:1) is similar in shape of 
nuclear matrix to that arising from the second term of (2-3). In the approximation 
such as that made in deriving (3-1), the probability that a beta-electron with energy 
between I” and I+dIV and a photon with energy between # and £+d% in the unit 


of mzc* are simultaneously emitted is given by 
P© (W, k)dWdk= (g*/22)®W(W7—1)'?(W, — W— k)*dW(dk/k) 
x (2/12.M") (4/47) (F/2) |J Me’, (4-2) 


with €=2 and =o for (S) 1<-—>0 no; €=6 and N=y7, for (V) 0-0 yes; 
€=6 and INR=1 for (A) O00 no: §=2 and =a for (P) 1 <—— 0 yes: o— 

and Wt=a for (V) 1<—>0 no; and €=12 and M=f/ for (T) 0-0 no. Of these 
transitions, the first four are absolutely forbidden in the ordinary theory, while the selection 


rules for the last two are satisfied also by the ordinary second forbidden transitions. 
Integrated with respect to # from 0 up to (W,—lV), (4-2) becomes 


P® (W)dW= (¢°/27°) W(W,— W)?(W?2-1)'?dW 


x (4/47) [(W,— W) /12M P(E /2) | SM’. (4-3) 
Taking the ratio of (4-3) to (3-1), we have 
P®(W)/P? W) =[(W— W)/12M 4/4) (2/8) 0s (4-4) 


from which it is observed that the forbidden transition originating in the first order 
radiative correction is roughly 10~° times as weak as that arising from the second order 


radiation process, should we grant that the arbitrary constant 7 were of the order of unity. 


§ 5. Discussions 


Fist let us compare our results given in § 3 with those of Merzbacher. As an 
example we take the absolutely forbidden transition, (S) 1<-— 0 no, for which the 
probability is evaluated by Merzbacher as follows : 


PP (W)dW= (¢2/27") WW? 1)'?(W— Wad” 
x (a/4n)2(1/2)2|§ (R/R) x Bal’, (5-1) 


where J@ denotes a vector drawn from the beta-decaying nucleon up to a proton that 
acts as an emitter ot a reabsorber of a virtual photon. On comparing (5-1) with (3-1), 
we see that both have an allowed spectrum, and that in (3-1) 2y and fo take the 
places of 1/2 and (R/R) x Ba, respectively, of (5-1). Since |{Ba|? ~ 1 and |{ (4/2) 


x Pa|?~ (v/c)?~10™, it turns out that, of the second order radiative corrections, the 
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process described by V(x) would be roughly 100 = as sia is as the gee: 
detour process, granted that 7 were of the order of unity. Le ft-value aces ono y 
WMersbachérson thes basisl of 524) (stofithesordertol alo Por 10% If (3-1) with 7~1 
is used instead of (5-1), it can be reduced to 10”, which exactly agrees with the ores 
value for the transition C™ —/V™. However, as has been remarked by Merzbacher, this 
agreement does-not lead us to the conclusion that the discrepancy sina tn ae 
shape and the half-life of C'' can be settled by taking account of radiative seta > 
because the scalar interaction alone can not explain the allowedness of the beta-transitions 
of the Gamow-Teller type such as He’ > Li®, F'*—> 0%,-and Al* — Mg”. ‘ 
Next, we compare our results for the first order radiative correction given in S 4 
with those of Longmire, who, using the non-covariant perturbation theory, first calculated 
the half-lives of nuclei decaying by simultaneous beta-gamma-emission. For the beta-gamma- 


spectrum he gives 
PP (W, k)dWdk=1,W W?— Bacal W,— Ww hk) AW (dk/k) kA W,—k) =, = oe 2) 


where 7, is a constant which depends on I”, and //’, but not on Wand k,W,( > Wy) 
denoting the energy difference between the first excited, intermediate level and the ground 
level of the final nucleus. (The gamma-emission is treated as succeeding the beta-emission. 
If the order of emissions is reversed, (17,—/)~? should be replaced by (/,+)~*, where 
W,( > 0) denotes the energy needed in order to excite the initial nucleus from the ground 
level to the first excited, intermediate level.) Our spectrum (4-2) disagrees with (5-2) 
by a factor £?(IV’,—%)~*. This is due to the fact that our calculation is based on the 
covariant formalism, which at the present stage can not afford to take into consideration 
the effect of the nuclear binding on the intermediate states. 

Our estimate of the second-order radiative correction depends essentially on the 
arbitrary constant. 7. There seems to be no criterion to determine this constant theoretically. 
We note here only that it takes a value (1/4)log(J//m) —3/8=-1.5, if we put 
aC; log (7M/x;) =0, which corresponds to Steinberger’s fourth condition.” With ¢ = 
a 


5 x 10°" (me") (hZ/mc)* and » 1.5, the fevalue for a forbidden transition caused by 
V;? (a) is estimated to be roughly 


St=3 x 10°/F|M|’, (5-3) 


which lies in the region between the first and the second forbidden groups in the histogram 
of ft-values.™ 

According to the results of beta-analyses accumulated by many investigators the tensor 
interaction seems to be the most promising of all the five forms. If this form of inter- 
action is assumed, there are at present no absolutely forbidden tansitions, and the possibility 
that the second-order radiative correction is detected by experiment will be expected only 
in its competition with the second or higher forbidden transitions. Of the second forbidden 
transition, the only case in which the radiative correction can not be ignored is the (T) 
0—> 0 no transition of light nuclei, for which the result is given by (3-4). From the 


considerations based on Mayer’s nuclear shell model,' however, transitions of this type seem 
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unlikely to occur between ground levels of light nuclei. 


Table I. Modification of interaction form caused by radiative correction. 


BB ' BBP) BBos 
ot teed nn te pk Wak Ye Eg a BED Foes 
S | 1 | rth 2(o>)/2) 
Veen T | 4—2(63/2) 6 byl 
ly | a> 2 — ST Sorel rl 12-8 (652) 2 yale 
A els. 2fa>)/2) Sect lis 67+ 6750 57D 
Pp | t5l5 tl srl 2(a>)/2) 


AE SR A NS NS Ss SS CHERRIES RAS 


Finally, we make a remark on the beta-spectrum of RaH. Very recently Petschek and 
Marshak" have shown that this spectrum can be explained, consistenly with the parity 
prediction of the Mayer shell, as due to the 0 > 0 yes transition by assuming the presence 
of rhe pseudo-scalar interaction besides the usually accepted tensor interaction. The value 
13 + 1, which must be assumed for /’=—74,)7,/2,({O-") in order for the linear 
combination of the two forms of interaction to give a satisfactory fit of the RaE beta- 
spectrum, implies that the weight 7, of the pseudo-scalar interaction is several times as 
great as that 4, of the tensor interaction. As may be seen from (2-3) and Table I, 
the pseudo-scalar interaction appears of itself as a result of the radiative correction, even 
if we assume the tensor interaction alone but not the coexistence of the pseudo-scalar 
interaction from the beginning. However, its ratio to the original tensor interaction being 
127(«4/47), the pseudo-scalar interaction arising from the radiative correction will be too 
weak to account for the phenomenologically required value of 4,/A,, though 7 is arbitrary. 
In connection with the fact that there has not yet been found any experimental evidence 
to indicate that the scalar interaction should not be added to the (TP) combination, we 
wish to note here that the divergence difficulty could be removed at least so far as the 
second-order radiative corrections are concerned by the procedure of renormalization of the 
Fermi constant without the use of regulator, if the linear combination should happen to 


satisfy the condition As=A,=3/, or Ag=Ap=—Ay."? 
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The new renormalization procedure in.quantum electrodynamics is presented in this paper. With 
this procedure, the finite S-matrix can be automatically obtained by use of the modified commutation 
relations and propagation functions and, therefore, without introducing the counter terms of mass- and 
charge-types. The various significant features of this new renormalization procedure are also discussed. 


§ 1. Introduction and summary 


As is well known, in the theory of the S-matrix in quantum electrodynamics there 
appear four infinite constants (0x, 7,,.Z, and 7,).” The contributions of 7, and Z,, however, 
cancel each other in virtue of the Ward’s identity 7,=7,”, and so the infinities remaining 
in the final expression of S-matrix are those of 0x and 7, which are regarded as the 
induced mass and charge due to the reaction of the self-field. 

In the usual renormalization theory these two infinities are removed by means of the 
counter terms of mass and charge. In the present paper the new renormalization method 
is presented, in which the introduction of such counter terms is unnecessary. 

As is well known, the diverging term 0x of the mass type of the electron can be 
eliminated by means of a canonical transformation, which leads to the result of changing 
the mass x, into %,+0x. Therefore, it is expected that without introducing the counter 
terms of mass type we can eliminate the diverging term by using the commutation relation 
of the electron field with the mechanical mass x,=%*—0x (and so the propagation function 
S,(%)) and regarding x as the finite, observable mass.* 

The charge renormalization term 7, changes the original charge ¢ into the observable 
charge ¢,. This effect amounts to regarding the vacuum as the polarizable medium with 
the field independent polarizability. Therefore, this type of divergence may be removed by 
starting with the Lagrangian function of the electromagnetic field in the medium having 
the constant polarizability. As is evident from the argument of covariance, the Lagrangian 
function of the electromagnetic field in such a medium has the same form as the usual 
one excepting the constant numerical factor, and so the commutation relations of electro- 
magnetic potentials 4,’s is modified by the inverse ratio of this constant factor (cf. § 2. 
1). Thus, we can expect that the infinite term can be removed by using such a com- 


; : ‘ 3) 
mutation relation and without using the counter term as was introduced by Gupta. 


* This expectation was previously pointed out in connection with the treatment of the meson cloud : 


H. Umezawa, Y. Takahashi and S. Kamefuchi, Phys. Rev. 85 (1952), 505. 
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In fact, we can prove in the following section that the infinities 0x and Z, can be 
removed by means of the modified commutation relations (and so the propagation functions ) 
of the electron and the electromagnetic fields. 

The characteristic features of this new renormalization procedure are as follows: First, 
in this form of the theory Dyson’s opinion’ that the renormalization theory is the non- 
singular form which is equivalent to the usual singular form of the quantum electrodynamics 
is given a firm base, because we start with the Lagrangian function which is equal and 
thus equivalent to the usual one and then develope the theory in a different direction by 
use of different operators and representation. Second, although our discussion is developed 
by means of power series expansion in the interaction constant, the present formalism may 
be frequently advantageous to develop the renormalization procedure in the calculations which 
are not necessarily based on the pertuabation approximation of the weak coupling, because 
we do not introduce the counter terms of the mass and charge, but consistently use the 
commutation relations with modified parameters,* by which all the infinite terms are eliminated 
automatically. In this connection, when remembering that the propagation functions with 
radiative corrections, S',, D', (see below) are equivalent to the respective Green functions 
as defined by Schwinger,” it seems very interesting that all the procedures of mass and 
charge renormalizations can be expressed in terms of electron and photon Green functions. 
Third, in this form of the theory the interpretation is given that the “vacuum” is a 
sort of “ matter’ which has the paramagnetic property (permiability x,,=(c°—e,) /€¢=2.0). 
Hence, the charge renormalization prescription is considered as equivalent to treating the 


vacuum as the matter. 


§ 2. The renormalization method 
1. As usual, the Lagrangian function of the system of the electron- and electromagnetic 
fields is given by 

fic “aaa ceel MOLES \otal eae ee) “i 
Le = ree a (ae) a (Fara yt ~Fith) 
es Ons 

+ic Aku Po Gy 

where quantities with the asterisk mean the unrenormalized quantities of the electromagnetic 


field and 4, is the field operator of the electron field with the (mechanical) mass %,. 
Now, we shall introduce the observable (and so. renormalized) 


quantities as follows : 4 y= Ai ok ser Oe /e5 (2) 


where ¢, is considered as the finite observable (and so renormalized) charge. Then, in 
terms of these observable quantities (1) can be rewritten as follows : 


ea . . 
For example, the strong coupling theory is based on those commutation relations and canonical trans- 
formation which pick out the effect of the bound field. 


** We use natural unit @=c=1 throughout this paper. 
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L=Lpt+Lyp +te,A Por uPos (3) 
and 


1 : ly OAL Ne 
ta Pe Ae ie Ny, 
s aia) eon psa) M Me 2 
f=-1-0", 


where /, is the third term in (1) (the Lagrangian function of free electron field). 

In contrast with the Gupta’s renormalization theory” in which the term (1/2) 
S(OA,/Ox,)° is omitted and the term (1/4) //y,/,, is regarded as the interaction term, 
we proceed in the following way: we regard /,, as the Lagrangian function of the free 
electromagnetic field and use the interaction representation in which the interaction is given 
by the last term in (3). Thus, in this representation we have the following commutation 


relations : 


VPS 0 Woes i Gah rad 29yy 7 L—-x 
[ ) (a) |= eae AG ds) 


{Pia(4), Dog (#" ) ya . (Sala, %)=x— Ox), (Se 


_where x is regarded as the finite observable mass of the electron. 
The following discussions are developed in the momentum space. The propagation 
functions of photon with the momentum / and electron with the momentum / in momentum 


representation are given by 


Dane wt 
Dy=~ een; 


fi. Sarina x 
Sr, %) 142m OxS p x)? 5 ( 


where ),(/) is the ordinary Feynman function of photon and S,(x) is the abbreviation 
of S,(é, *). The second equation of (6) is easily obtained directly or by means of the 


relations 


a" Sr(*) __, ! (272)"{ 'S5(x) ida 


Ox” 
.\—y Caz)" "Si G)) 
Sx) = Own . ax" j 


It is shown in the following paragraphs that we can obtain the finite S-matrix by 


‘ N. . 
suitably choosing infinite values for two adjustable parameters 0x and / respectively. 


2. Following Dyson’s program’, we use the true operators /',, Sj, and LD, which correspond 


to the vertex, electron and photon self-energy parts respectively and assume that 
* We use the usual abbreviations [4, 2] =AB—LA and {4, BA Bes sid pe 
** This relation holds also in the configuration space in the sense of matrix multiplication. 
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y= ZU ys (¢), 
Sp= Zin (41); (7) 
Vokes (Zilia 2x; (¢,) > 


where Z, and Z, are the suitable infinite constants which are to be determined in such a 


way as to make /),,(¢,), Sm (¢1) and J)7,,(¢,) finite. 
On the other hand, S,, and /%, satisfy following integral equations : 


Sp= Sx(%) + Sx (%) Da" Sa, 
ne =D, pay 7 


where >1* and //* are the operators of the proper electron and photon self-energy parts 
respectively and further it is to be understood that all quantities on both sides refer to the 
same momentum. The solutions of (8) are formally written as 
Beauties EN Sd WG aR A 
LS yi Xp) a 1 + (277) 0xS,(x) —Sp(x) >)* 
1 1 1 


fy Palins at Dale, 9 let esis : 
pee Bere Leh GSD, ls a (9) 


respectively. Further ),//* can be written in the following form by considering the general 
structure of proper photon self-energy part,* 


Dis = a'De\rySel ySedp= e2DeZ Zs | aS EAI, (2,8 (ed 


Linge “3579 
7 Bee "Ly (C(e1) + De(es)), ) (10) 


where C(e,) is the logarithmically diverging constant and /),(¢,) is the finite function. 
Z,' in the last expression of (10) is the contribution of the 6-divergence.” 
Similarly, S,(x)>}* can be written in the form 


Sep ese | P'S Didwee2S; OyaaWenye ' dp 


=Z,(A(e) Se) +2B(0) + 1 Sele), (11) 


where both A(e,) and B(e,) are logarithmically diverging constants. It is to be noticed 
that A(e,) and A(e,) are defined by the expansion coefficients of S1* which are developed 
not in (tyyy—iX)) Gut in (tyyy,—ix), that is; 


Ree. +B(e) (4.71%) + (Aursse te) So(e). 


* The final integration of DyII* is obtained by replacing two electron lines and one vertex by s ‘p’ and 
Iw respectively in the expression of the irreducible photon self-energy graph with two vertices. 
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When we substitute (10) and (11) into (9) and take into account the following conditions 
4, Z>1, 
lim) C(e,), De(e,) 0, 
x Sz, Dy Dy, 


we see that (9) takes the form (7) for the following values of two parameters dx and /: 
1—f(=e2/8)= (ZZ) + 2 Cla), (12) 
271 


det ZA (ei); (13) 


271 
es 1+ <8 (2,) ). 


These relations between various constants (¢, ¢,, 0x, Z,, Z, and. f) are in agreement with 
Dyson’s” results. 

Next, we shall consider the radiative correction of external lines. When we remember 
the relation (6) and the alternative integral equation of S;, analogous to (8), the modifica- 


tion of external electron line can be written as follows ; 
db! (t) =h, (2) + Sr(%) 8h) D = SeSo'(%) Po 

= SpSp_' (x) (1+ (277) 0xS p(x) ) Po (14) 
Now, as was done when deriving the relation (11) we designate the electron state in terms 
of the dressed particle state, that is, as the freg operator representing the external electron 
we does not use the operator ¢,(¢) given by the equation (¢7—7%,)¢,(4) =0, P+) =0, 
but use the operator ¢(¢) which satisfies (¢7—7x)¢(¢)=0, ’+x=0. The required 
operator is given by 

G(t) = {1+ (277) 0xSp(x) fo, (15) 
because as is easily seen (¢47—ix)¢(Z)=0. From (14) and (15), we find 


f(A) =SrSr (x) PO. (14’) 
When considering that S,(¢;)=0 since So(e;) in (11) is proportional to (¢y—7x), we 
get Sib () =Z,S7(x) (A). Substituting this expression into (14’) we have 
P ()=ZH(0). Gar 


But, as was pointed out by Dyson”, the numerical factor on the right hand side of (14’’) 
is indeterminate between 1 and 7%, according to the order in which the equation of motion 
is used. This factor is to be rather determined from the unitarity of the S-matrix and in 


this case we must take Z,'? instead of 7): 


YP D=ZbO.- (14%) 
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: : Fij2 + . ' 
From the physical point of view, this superfluous factor Z,!/" is to be attributed to the 
effect of the source which has created the quanta of the external line. 
: 1 
The situations are the same for the external photon lines and we must take from the 


similar consideration ; 
AL) = GEDA. (16) 
In the case of external potentials (/°-|-0), we must also take 
Ay (l= (2) (ZZ) Dns)? Ag) (16’) 


by adjusting the magnitude of practical unit for measuring the potential. 

From (7), (14’’), (16) and (16’) we see that infinite factors 7,', 7, and (7,2,"') 
are attached to each vertex as the contributions from vertex, electron and photon lines 
respectively and they compensate one another. Thus, we obtain the finite S-matrix. 

Moreover, when we take into account the Ward’s identity 7,;=—7,., the discussions are 
simplified and (7) shows that 1), becomes finite in itself at each stage of the perturbation 
approximation. This finiteness of J), can also directly established by means of mathe- 
matical induction. 


In the following we shall give some disconnected remarks. 


3. First, we shall consider the application of our method to the system of other charged 
particles and electromagnetic field. 

For the theory in which the mass type terms are eliminated by the canonical transfor- 
mations, the mass renormalization will be performed in the similar way as above. 


Our method of the charge renormalization will be useful, for the other quantum electro: 


dynamics, too. Furthermore, the discussions shall be simplified if we use the Ward’s 
identity which can be easily generalized from the general viewpoint of gauge invariancy of 
the theory. In virtue of this identity various infinite constants 7,, Z,, Z,, --+--- » which 


appear in connection with various kinds of vertices, compensate one another in the expression 


of S-matrix and finally the renormalized charge c, will be given by Cee eee 
4. 


In conclusion, it is noteworthy that by regarding (4) as the free field Lagrangian of 
electromagnetic field we have modified the photon propagation function. The Lagrangian 
function (4) gives the field equations of electromagnetic field in the medium with the field 
independent polarizability. Since A,,’s give the 6-vector &, 8(=F,,) as usual and D and 
%) are defined by OZ,,/dE and —AL,,/d¥B respectively, the equations of motion described 
by the Lagrangian function (3) are written in the usual form div D= P, rot 535 /Oi+ 7A 
rot C= — 9Y/o/, div B==0. Hence, we find that the “vacunm”’ is equivalent to the 
“matter” having the polarizabilities : 


* As is weli known, there appear in general divergences which can not be removed by the renormaliza- 
tion. But, our method will be generally useful for the renormalization term corresponding to the electro: — 
magnetic charge. 

* C : : : 

* The problem of the observable electric charge of elementary particles in the renormalizable field theory 

wili be discussed in detail in our forthcoming paper, Prog. Theor. Phys. in press. 
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dielectric susceptibility 1=—S= (ef —&*) Je, 
eee , d (17) 
permiability ¥m=f/(A—f) = (P—e7) eg. 


When we remember the result (¢,°—¢*) /e? < 0 obtained in our previous paper,” we see that 


<A, a0, (18) 
that is, the vacuum shows the patamagnetic properties. 

The fact that the effect of the charge renormalization term can be interpreted as cor- 
responding to the polarizability of the vacuum has already been known in the theory of 
Dirac-Heisenberg-Weisskopf,” where the electromagnetic field was treated as C-number. Our 
results show that such an interpretation is also possible in the completely quantum mechanical 
treatment of the system. It is a very interesting fact that the charge renormalization 


procedure corresponds to regarding the “vacuum” as the polarizable ‘matter’, that is, 
giving a sort of material structure to the vacuum. 


The authors wish to express their cordial thanks to Prof. S. Sakata for his kind 
interest in this work. 
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Part I The density matrix of many particle system. is examined in the light of the theory of 
symmetric group, and is brought to reduced forms for convenient practical manipulations. 

Part II. The density matrix of many electron system is computed eliminating spin variables. In 
this case, we have a sort of the theorem of large numbers with respect to the total spin quantum number. 


§ 1. Intreduction 


It was W. Kefink") who has shown that the density matrix of the many particle 
system may have an elegant outlook when viewed from the theory of symmetric group. 
However, his reasoning appears to lack logical consequency in some points, which we want 
to remedy in this paper. We consider the energy eigen-values of one particle system as 
given, and the system of particles may have any symmetry property. As we want to 
neglect all the exchange energy, the total energy is the sum of energies of all the particles. 
In short, we treat the problem from the point of view of Hartree’s self-consistent theory, 
not of Hartree-Fock’s theory. 

Our treatment rests on the fact that the first-order perturbation theory leads auto- 
matically to the classification of wave-functions belonging to one term-system aimed at in 
Hartree’s theory of self-consistent field. Summing up the results for all the term-systems, 
we arrive at exactly the same formula as Kofink has obtained. Furthermore, Kofink’s 
“principal theorem” can be obtained by a direct integration with respect to coordinates. 
We have explicitly proved the theorem for the cases of one, two and three explicit coordinates. 


§2. Density function for an irreducible 


representation of symmeiric group 


Let #1(41)s %o(g2)+:: be wave functions of. the self-consistent method. They are 
wave-functions of single particles with no interaction and can be treated as unperturbed 
functions. The coordinates g, of the 7-th particle may well imply the spin variable. 

An irreducible representation of symmetric group corresponds to a partition of the 
integer 72: 

N=A, Ag+ os + Ag, 
and we shall denote it by (A). 
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WE, + MeEy + **- + ipe, =, (1) 


is the energy of a non-perturbed term-system. The wave function which belongs to this 
term or to the irreducible representation (A) is 


OY (4192+ 9n) = LC d, (P91) (Pe) +: Cl Ga) UC e(P9), (2) 


where P denotes the permutation of the coordinates, and C* is a coefficient which has 
to be determined by the properties of transformation of wave functions. 
The density function is 


W (9192 **9n) = 3 exp (—£,B)| OP (g,90+-gn) | (2) 


where the summation for » is to be performed over all the term- systems, and P=1/27. 
In the first place, we consider one term-system (1). As the permutation of coordinates 
which belong to one and the same en2rgy e,, makes g(/’) equal to y(Z), such permuta- 
tions constitute a subgroup ¢ whose order is 
1! nylon, !=h,, 
. Then we classify the permutation group by this subgroup and resolve it into lefthanded _ 
cosets. 


G=get+khgt+ se +R.g, (4=71/%,). 


KR; is a typical element of A,¢, and y(/,;) has a common value for all the elements 
of the coset R,g, and 7 denotes an element of g. Let us assume a zero-order wave 
function to be 


il 
v= 
lg 


Dim OAD) ECR); (4) 


and perform the first order perturbation. The secular equation is 


S(E)—4e J (Rs) TREATY Cs ) 


(RR) J(E)—4e J Rr'R;)---J(Rz'Ra) 
sia es =0, (5) 


TRPR) z Agee 
where 
(SR) (SR) = | y*(S) H'9(R)ae={ y*(E) H'p(SR)dr, 


and //’ is a perturbing potential. We shall solve this equation by following the method 
which is expounded by Wigner”, Delbriick”) and Heitler”. 

Firstly, we consider a fdimensional unitary representation of the symmetric group. 
The calculation which follows was done by Wigner for another purpose, in order to know 
how many f folded energy levels exist. When the unperturbed term-system has on 
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the possible degeneracy makes 


degeneracy, the answer for this problem is simply f. But 
equal to f. The following 


the calculation difficult, and this number is not necessarily 
calculation will be made on the line of Delbriick’s paper. 
We build up a group-matrix of f dimension from the representation in question and set 
up the secular equation 
i ul 
nee ay (Rr) O](Ry) —26'=0, (R= 1--f)- (6) 
Ta = 
g 
Since: this representation is not always irreducible for the 
subgroup g, we want to reduce it by finding the number of identical 
representations contained in it. By means of the orthogonal relations 


of characters, this number is 
i 
f=—1%)- (7) 
ho, 7 


Changing columns and rows properly, the representation matrix 
takes the form fig. 1.1. where f’ I’s stand along on the diagonal 
line, and the hatched part belongs to the other irreducible repre- 
sentations. Any element of every coset is easily reduced by means 
of this figure. When a,,(Ry) is the matrix element of 77, then 
it holds 


a(R) =e au(R)an(7)- 


For 2 ey AL VEG a) = Dye and consequently, ee ee) =ai,(R). 
For £>/', 


a(R) =» aa (Ryan). 


Slayn,(Ry) is zero, for & > f’, because (7) is identically zero for Lf!) FSF Sand 
further for 2>/’, a,(7) is an element of none-identical representation, so that the 
summation over g is zero by virtue of the well-known relation in the matrix elements of 
an irreducible representation. Accordingly we know that the representation matrix of ever 
element of one and the same coset has a common part of £’ columns and rows as sae 
wiitiga: tar. 
In these circumstances, we need only /’ i 

of obtaining energies. + the oom ‘ ape ca oe pierre ee 

ee: . s m(m=1, 2,:-"), and the corresponding 
vectors 4),( 7, m=1, 2:--f’), which sarisfy the following orthogonal relations. 


COT eI iv Zi \ 
Pa OS Us 97559 2 or Ont = Onmls 
a 


It will be easily seen that ¢,, satisfies the secular equation (5). If we put 


x(Rr)=S 2) Bd 
ONEDS 2s ai (8) 
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The S-th equation of (5) runs now 
il ba - va 
rae OG L/S at) =e 31 8"(S7')) =0. (9) 
Substituting (8) into (9), we have 


+(3xy Any Ry) 0)]( SR) =D Sau Sr ")o') 


g 


f 
Sig 33 a S7’)( 5 SISNET ay SREY GSR) —25')=0 
h, ey 


because of (6). 
It must be noticed that the summation over 7 or / may be extended to f instead of 
f’. Because, for example, 


iu Sieh, 
paps an (S7)A= >> pa Anj(S) an (7) 
= + SS = 


=3 2 sos ay(7") 


g=1 @=1 


I 
i thas 


f 
(D5 Any S) OD) an(7’) 3) ans S)IS anG")), 


and the latter is zero, for 1< 7 <f and f’</<f, (summation over “ Stellenzelle”’ of 
a non-identical representation is always zero. ) 

By this fact, we have seen that these /’ ¢7,s are contained in the term 7,€;-+7.€5+ -. 
+ 72,€, 

When we perform the same process with respect to an other /,-dimensional represnta- 
tion of the symmetric group, we shall find the existence f levels, and in this way all 
the term-systems will be obtained. If f’ turns out to be zero, that is, if we find no 
identical representation, then it tells us non-existence of this energy level. 

The f wave functions which belong to the fixed f-dimensional irreducible representation 


and to different eigen-values are orthogonal to each other, 


Pam aeor TE Spa Ans( Ri )ELP (KR) i (4= 1, he) ? 


hy, ® tHd=1 
| DED gry At = = SII PO geal ie ")Quni CF. Om Orns | g* (R)¢(R) at 
(bi TR ae a ee 


fle ge ; 
Te : x 2 an lar, "Oni (Ry) O756;, m! 
3 j 
eG: eS 3s Oy, (7 OR- ) ar (RY) Om oar 
Lg LEE FS é 


E Putting Ry=P, the last expression runs 
i 
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Sire ; aR j% pt 
1 SIS aya (P) tee P YOO F Buniy 2 ee 


od 
fi, P 5-171 7 


Us} . 
= — 9x 419mm! 


G. 


These f wave functions undergoes unitary transformation, as follows : 


S¥,=F ESS ans) Gin? (SK) 


f 
=— SIS Sa ae Ova Fe OSie gtd 8) 


Consequently the density built up by these wave functions belonging the same energy 
€ is unitary invariant, and we. shall find it equal to ~!/%,, when it is integrated with 
rspect to all the coordinates. This value does not depend on 7, i.e. is common for the 
different eigenvalues and we can normalize the wave functions once for all, by multiplying 
each wave function by V/,/1!. In the second place we bild up the total density of the 
term-system, as follows, 

ee of 1 

Sh Salt SIS Sta sp (RR) Aye Sy") O55 6;,.0* (R) GCS). 


m 
m=1 n=1 WV mn RS ah j= res! 


On putting Ry=P, S7’ =O, this becomes 


SSS os yn (P™) Ans (Q) Ono p* (P)e(Q) 


13 m * P Q j=l t= 
= Eee PDE POCO), 


where the summation over 7 may be extended to f by the same reason as the preceding 
discussion. Thus it becomes 


i 
gh, 


213 1(P"Q) 9* (P)¢(Q) 


D>? 1(P)¢*(Q)e(RP) 


er 


=p ete (LO ¢ PIO"). (10) 


” 


The fore letters in wave functions stand for permutations of the coordinates, and the 
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rear letters these of the energy indices. We can obtain the similar results as C13), Shor 
all conceivable term-systems, in which only the factor /, may be different. Finally we 
attach to the density the Boltzmann factor exp{ —/,/?}, where Z, is 


ME) MoEg+ «2+ °° + 72,€,, (at) 


and sum up the results for all the term- systems. Then we arrive at an expression, which 


is equivalent to the sum with respect to ? over the group of the following expression 
pa exp{ —e,P} : fs (91) (P9;) >i exp{ —e,0 opt (CP) , (P42) SERS) (12) 
B v 


which is exactly the product of n density matrices. Since the characters are class-functions, 


we can replace individual permutations P by class u= (U,, U,-+-Un)s 


1+ G42 +d t3-Ggferre +2 Un=N. (13) 
Now we construct a function, as follows 
S(a191 2 2) S(90go: B) rt S\(Ga19ai: 2) ~ (product of a, terms) 
xe S(Ga, +1 9a,+2? B)S(ga, +2 Ja,+1: PB) ere (product of 2, terms) 
X S(g4e1 Jase 3'P) S(Gases Gass: ) a S(Ga> Gas? P) 


(product of vu, terms) 


Disha e clas wicls cic sh beais wlo-Sin Ce bis Sb cco pepe wt Fee NCO ee dev evce ree cegeenvee 


where A and # are as follows respectively . 


v-1 v 
A= Sieg Bs Sido 
= t=1 


t=1 


Denoting this function by // (9,92°:"Qn), the density gets the form 
(@) 


n' (a) 


wm (M192 cee eee Qn) ead ey (4) >>) ii (192° Gn)» (14) 


where S’ is the summation over all permutations which belong to class (v4). (14) is 
the desondl element, but we can easily obtain the non-diagonal element by replacing 


y* (9192°**9n) by y* (91/42! °** Qn! ), and this replacement does not invalid at the above 
calculations. Therefore, we have as a generalization of (14) 


W (9d ---Gals Q:92°°-n) =A -DNU(4) St Mgladge!s gugegn)- AS) 
v/s 


(14) or (15) is exactly the same as Kofink’s results. 


$2. Integration of the density function 


The result (14) or (15) has a very elegant form, but is hard to deal with. 
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The expectation value of any physical quantity is represented by 


(9)=| Wgrga-Qn» W192 Ga (91 as On» 1192" Qn EQ Mugs’ Ane 


For practical purposes, the density needs only to have one = two explicit coordinates 
at most, especially for the case in which { is the Hamiltonian of a many electron system. 
1. One explicit coordinate 

We make use of the well-known properties of density matrix 


a (v3) =| S(9q 3B) ag, | S(gq/ 48) S(q'9: #3) dq = S(gq: [+ #]9)- 


We integrate (14) over all coordinates with the result : 


Ae SI f a([?) sigh 2p) fase = a (vj) ev (16) 


(a) ; 


Z™ is Schur’s simple characteristics. In order to get the density matrix with one 
explicit coordinate, we must leave g, and 9,’ free and take traces with respect to the re- 
maining variables. We first consider any permutation which belongs to the class (~), (13). 
If the arbitrarily chosen pair g,, 9;/ happens to lie in a cycle of length one, then the 
factor S(g,9,': (7) remains unintegrated. If it lies in a cycle of length two, where g, is 
exchanged with g», then the factor S(g,g.' : 2)S(gog;': 8) gives S(q.g)' : 2) on integra- 
tion with respect to g,=g,.. Similarly if g,, 9,’ exist in an r-cycle, they give rise to 
S(qiq1: 78). Having the particles in the r-cycle fixed, there are as many ways of distri- 


buting the remaining particles within the same class as the number of non-zero solutions 
of the equation 


1-¢,4+2:a,+ A irs +7(u,—1) + On + 70,=nu—rT, (17) 
and this number is given by 


Zoe 


Pp = 17 !oe ; yy a —1 ‘ 
Uy! 11,1 2%2---(a,— 1 lr? *.-- 


On the other hand, since the position of g, or g,’ in an r-cycle is irrelevant for the result, 
(r—1)! cases give the same result, 5 (Gig) 28). 


The number of ways in which we choose 7—y particles except g,, is 


n—1 Gate ° 
Hence the number of terms containing the factor S (9:91:78) is equal to 
! : 
~1 Cnn (1) ig = ey ee 
n—1 —r * —r => = “a 18 
: ‘ Gy! 1% (4,—1)b7%,ot... jp ae (18) 
where Wire ae 


Og) 11-7 %r sot! 2% 


The validity of this way of calculating the number may easily be checked by the 
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following identity. 
“3 y= Neg. 
Since the integration over the remaining ”—y variables gives rise to the same factor 
a (8) “1a (28) % Dieverstiarele, a(78)%" atetem te a (2/3) %n, 
the resulting expression runs as follows ; 


S(aiA1 : 72) (u— 1)! 0 (9) %1---6 (7) *r "0 (08) *n_ 
Gal Lal 2%2-++ (4, — 1) Ir 2p hee 


Multiplying by 7(«) and summing over 7, we get 


WG R= St Sguae 198) 347 (pe Oi elo) 
ia Gee lene a(==T) 721. 


=— >) S(qat! 1B) xX (ae o(P)%1---6 (78) %77"---0 (mB) 
(Ae 2 


“, o iP 7A 


£2 Srstqal: 8) 24. 
Tyke da (72) 
2. The explicit coordinates 
In this case we must leave certain pair of variables 9, and g, free. According to the 
position of this two particles, the following cases will be investigated separately. 
1. g, and @, ate in cycles of length 7, and 7, respectively, where 7, < 7p. 
2. The same as 1, but with +, >7,. 
3. In two distinct cycles, but of the same length, respectively. 
4. Both are in one and the same cycle of length (7,+7,). 
Four functions which follow except numerical factors correspond to the above four 


cases. They are 


S(a191 : 7) S (dso : ref} )a(B)% --0 (7,3) ig “+ (1o/3) ha ay (20) 
Sa : 7%?) S (G29: r P)a(B)%---0 (72 Sng tO (FiP)iria #2, (21) 
S(ai0 : 1B) S (dogo: 78) (B)%1--- (78) %* Me abi ene lusts kale vassiokehareeethts é (22) 


S(guge tr) S (qos Fo) O(B) 8-0 (PP) er eee eee tenes (23) 
Corresponding Diophantine equations are 
1-0,42-U,+°* +7,(4,,—1) fees +7 ( Gy, — 1) ++-=2a—(7,47%9), (24) 
1-Gj,4+2-d+-° +12(4,,— 1)+-+ 1,(@, 1) +e =n— (7,47); (2s ye 
1-G,42+U+-+7(G,—2) + Sie dpcuocne 3) ode Cuneo aieumcon.o =n—2r7, (26) 
Listy 42 stg ch som (Fie e) (Gp) ereteesernereees =n= (7,412): (27) 
~The numbers of solutions of (24) (25) (26) and (27) are respectively 
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7 Lied): 
Te) a ra (4, line a 


(x 24 —1rs) l 
a4 (Ga 1) Wits lane (Ur, — 1) ! ene 


eek essa aD 
ceeree (4,—2)! Vp ecole oles 


ees (7—1,—1)! 
(Gy ars — 1)! +72) “nts 


-1,.. 


g, and gq» take pesitions in the cycles in the following schemes, 


eee a iiice eoy *) (---91--2) (+9077) 


VY; ba Ge 7 r 
ee ie eS 
ete 
rs rs 


In these figures, positions of g, and g, are indifferent, so that (7,+72—2)!, (2r—2)! 
and (7,+7,—2)! permutations lead to the same result respectively. Then the number 


of ways to choose different configuration in each case is »-» C,-,~,, corresponding to (24) 
Cra 


(25) and (27), and ,-» Cn» corresponds to (26). After all, the numerical factors to 
be attached to (20), (21), (22) and (23) are 


Ty Un On, 1 of Uy Op. 2 - 
x 1 1, 1 Jog tr Ge 1) 
eS ei ea n(z—1) 
Seg ta ly (OH Fo) Ux Os (28) 
and ~ STAs ., 
nts n(n—1) 
Summing up the above results over r, we have 
Ie n " trian 
he Spat ttl DES CAN 
n(u—1) Da Decal a leo 
Iz 


ene Sy °U, +R +75) 4, ve} 


oe 
By virtue of the relation 


an ao 


r(r—1)= 3) (47), 
Ti 
the last formula becomes 


ft 3 4,4 Sita Sire, } 


n(n—1) rol 


Sererarn ci —n)=hy. 
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The above considerations are thereby verified. Combining the results of (20), (21), (22) 


and (23) with (28), multiplying them by class-character and summing over all classes, 
we have 


oe 27) eZ ™® Oe 27 (a) 
" Sa(rBao(re) —"** aareB)ao(rB) —” Ba(rB)? 
a eee OZ) 
and Sy) —, 
"9 i da([7, ne r2|8) 


As the first three expressions are of uniform character, we may sum them over 7; 


and vy, Thus we get 


A Pee) 1 Re 
WO (91925 992) = Pray Sr Pogue 148) Saga’ 7eB) am ©BacOD) 
+ (HE M)S(ga! 2719) Saag! 578) fare ray (29) 


Kofink makes use of the fact that (16) is a homogeneous function of 
a (2) (2) ?o(38)"3---6 (va) U--, 


so that it is possible to apply Euler’s theorem. Applying this theorem once, twice and 


so on, it gets the forms : 


22 Si ro(e) Oe 
ZW Sra Bor) a ae 
PS Ctra go, 
FEU Gtr rolet lO 550 «nayaelB) 
: arZ 


+S (7,4+7;)r0(%1 +7;]P)a(%: 2) 9a ([7, +7'3]8)d0 (723) 


eZ 
Ao( [71+ 2]) 3a (8) 


+ Bet rodn trae) 


Ten Tak he <n 18) aZ (A) 
2! S) A Arot+rs)64+Vot’s aes 
v Sage et : ) (CL ; do([7,+7.+75|8) 


172" 
If in these expressions, we replace partition function o by S according to the follow- 


ing rule ; 
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B18) eee 
(Pao) een ars 
OA CRUD Wy owt 
a([n+r2]8)— 
o ([7.+73]2) — 
A 28 laa 


Hylte 


S(qi91?12)s 

S(G290? %o/9)s 

S( 959s: rs!) 

S(gi90? 118) S( 9291 2 122) ji (30) 
S (9293 + Fo) S (9593+ 7s)» 

S (9193? 17) S(qs91 2 "s8?)» 


2! a(["; +7+75]7) eee CUE : r,8) S (9292 : rf?) S( 9391 : v3) : 


We can obviously obtain expressions, 


Although the transition from, right to 


which are exactly coincident with (19) or (29). 
left in (30) is unique, that from left to right is 


not unique, so that it requires an exact proof. 


Of course we can see this rule to be true for the cases of three or more explicit 


coordinates. Consequently, the rule (30) will be correct for any case. Formulae (19) 


and (29) are very convenient to deal with, as only simple characteristics’ enter into the 


formulae when the symmetry property of particle is known. 
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Letters to the Editor 


On the Velocity Operator in 


Quantum Mechanics 
T. Nishiyama 
Department of Physics, Osaka University 


April 2, 1952 


In the classical hydrodynamics the 
velocity operator is given by the current 
operator /(1) and the density operator p(x) 
in the form 


V(x) =/(x)/p(2). Q) 


In quantum mechanics, the current operator 
is represented by 


J(4) sos {V0 (4.—) 
21 o=1 


+0(4,—4)V,}. (2) 
and the density operator is 
ee a 


for 2 particle system. Therefore it seems 


to be cumbersome to follow the classical 
definition of the velocity.” 

If one, however, writes the wave func- 
tion in the form” 


o(4)=R(+)yexp <0(2), R, @: real, 
(4) 


the classical definition gives 
P(- 
Y(x)=* EDA 7(x)/(2) (3) 


with 


J@=-{r"¢ 2) 9) 9(x)}, 


a 
(6) 


Some modifications become necessary, if one 
deals with the quantized wave functions, 
and we must set* 


E*(2)=K(a) P(x), 
¢g(4) =F (x)R(x), (7) 
so that the current operator takes the form 


J(2)=R(a)o(a) R(x), (8) 


where 
(x * av (x) 
wiz) ars oak 7) Ox 
2 2yr@o} ©) 


ax 
For boson assemblies, 
P* (4) 0 (4) =1-e(2), F(x) ¥*(4)=1, 
(10) 
where the operator ¢(1) is a_ projection 
operator which has the eigenvalue 1 if the 
density is absent at x and has the eigen- 


value 0 if the density is present at +r. 
From the commutation relations 


[p(2!), * (x) J=9* (x) d(a—2'), (11) 
[p(2"), U(x) J=—¥ (2) (4-2), (22) 


one finds the commutation relation between 
the density and the velocity of the form 


[e(a), v(x)] 


=" {1-0(x)}20(x—2'), (13) 
Mm Ox 
which means that p(2’) is commutative 
with the velocity at 1 wherever the density 
is absent. 
The commutation relation between the 
velocity operators is expressed by 
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[vu@’), vG@ yj=-4 {rt v(4) 
: r ei ae €3 
ae grad e(~) Xu(v) (4) 


x grad e(x) O(4—2’'). (14) 


The second terms of the right side are 
negligible except at the neighbourhoods of 
the points where the density vanishes. In 
my preceding paper’, a velocity operator 
has been introduced in terms of the current 
operator by the formula : 


Taya pla) Va) + V* @)e(2)- 
2 2. (15) 


These operators are related to the 
velocity operator defined above as follows : 


VQeahe) Sue), 
Ve (aa RYO eRe) 5 | (16) 


if AGE) Sisinot zero at. a, 

One gets the stress tensor, J’(x), the 
energy /7(v) and the energy flow /(1) 
in terms of the square root density A(%), 
the velocity «w(2) and the projection 
operator ¢(1). Especially the hamiltonian 
is given in the form 


H=\ (2) aie= | H(x) dx, (17) 
HG ry =" Rayo R(x Seg 
ale (ao)! 28) 
deter Re 
5 ae)R)| 


+2} Ge ){e(2) -0(e'—2) } 
Klee ae (18) 
where G(1, 4”) is the interaction energy. 
This does not involve the projection operator 


explicitely. According to the familiar de- 
composition of the field quantity into the 


gradient part and the rotational part, the 
velocity operatot splits into the following 


two parts : 
v(x) =%(4) +A); (19) 
U(4)= : grad P(x), 
m 
A(x) =rot B(x). (20) 


Here we consider a space region excluding 
the neighbourhoods of points at which the 
density vanishes. Taking the divergence of 
the commutation relation with respect to 


the coordinate 1, one gets 


jC") ae 40(x) |=— B18 (aan 

m mt (21) 
Therefore the quantity @(1) may be re 
garded as canonically conjugate to the density 
up to an additive arbitrary function ES 
subject to the Laplace equation : 


AT 4) =0: 


Such a quantity may, as usual, be eliminated 
by means of a suitable boundary condition. 

The author thanks Professor Tomonaga 
for the valuable discussions and the interest 
in this problem. 


* The author indebts much to Professor Tomonaga 
for this point. 


1) F. London, Rev. Mod. Phys. 17 (1945), 310. 

2) L. de Broglie, “troduction a Etude de la 
Mechanigue ondulatoire (1928). 

3) T. Nishiyama, Prog. Theor. Phys. 6 (1951), 366. 


This note is written on occasion of receiving a 
manuscript from Professor D. Bohm, which has 
recently been published: Phys. Rev. 85 (1952), 166, 
180. 
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On the Role of Longitudinal and 


Scalar Photons 


T. Kimura and Y. Miyachi 


Research Institute for Theoretical Physics 
flivoshima University 


April 21, 1952 


In the conventional quantum electro- 
dynamics there are two ways in the treat- 
ment of the electromagnetic field quantity. 
The one is to use the transversal pact a, (1) 
and the Coulomb potential after eliminating 
longitudinal part A(X) and scalar part 
I1(X ) by a canonical transformation. The 
other is to use the 4, (XY) including AY) 
and //(X). 


to the Lorentz condition some troubles 


In the latter treatment owing 


pertaining to the vacuum of scalar and 


longitudinal photons occur. In the scattering 


problems, many authors’??? 


have given 
the proof of the equivalence of two S- 
matrices obtained by the two different treat- 
ments as a consequence of gauge invariance 
and of energy conservation which follows 
from the time integral extending from — 00 
to + ©o. 
value problems, i.e. in setting up the 


However, in the energy eigen- 


potential by eliminating photons and solving 
the Schrédinger equation, the same argument 
as in the case of scattering problems breaks 
down because of the failure of energy 
conservation. For instance, the second order 
 proton-electron potential V °( A) obtained 
by using A, is related to that obtained by 
using Coulomb pot.+a, by (in this paper, 
space-like surface o is taken to be flat) : 


V?(A) =V?(a) + Coulomb pot. 
+[Zy S(“)]; (1) 


where [//,. S(& yJ=-43| do(X) 


y { "IRN G(X X) + (pee) } 


a 
x (X— X’). 2 
ae ) (2) 


Compared with the Araki term’ in ’*(a), 
(2) has the same value but with opposite 
sign and just cancels it. In the case of 
hydrogen atom the absence of Araki term 
leads to the result that cannot be reconcila- 
ble with the experiment of Lamb-Retherford 
as shown by Araki and Huzinaga’. More- 
over, when we define the vacuum state 
after Belinfante or Utiyama et al., owing 
to the breaking down of the energy con- 
servation, there occur ambiguous’? or ab- 
solutely divergent” terms in the ordinary 
transformation function (/(¢) from which 
the potential is derived. 

In view of the above two situations, 
it seems to be necessary that in the bound 
state problem we must consider the higher 
order corrections eliminating the field quantity 
completely by successive Bloch-Nordsiek 
transformations. In order to confirm our 
conjecture, we shall calculate the potential 
up to ¢. 

According to Nishijima" the potential 
up to é is given by 


Vi(A)=— . |ao(X) 
g \. XL (XY), HX) Ya 
+ “\de (x) jax'faxr j axe 
x [(LAX), AX), ALY), ME) Ia 
(oOo o (X71) 
+2 \do(X) (x f- ax" \ “ax | du 
x ([ACX), HX) In 


PO) a") Neda (3) 
whee Ee =— a) A, XY); 


Yah ya CXye" 4) 
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an index @ means the state with one proton, 
one electron and no real quantum, and 2 
means the other states. In calculating [ ], 
and [ |, we define the vacuum state of 
longitudinal and scaler photons 7, after 


Utiyama et al. by 


=I (—1) Satan )/ he)", 
(5) 
lim) S\(2n +1) ¢,—DS) (2042) on ni} 


SNS n+l 
In? uy) 


[dEn=%, (6) 


where 7¥,,,(4) represents a state where 7 
logitudinal photons with the wave number 
vector Ah and mm scalar photons with the 
same K are present. A_ straightforward 
calculation shows that the second term in 
(3) contains an absolutely divergent term 
of the form 


{Naa CX) fe wx | aX" \ da (X""") 


U/l rod f 1) Ou CA ee) 


om 


men Gee 
 OXLAN, 


Xe) ) 


a Eh) ein) Dae ee Xe) 
(7) 


but this is cancelled out by the same term 
with opposite sign appearing in the third 
term of (3). Neglecting the Lamb shift 
type correction which contributes only small 
effects and also the self-energy terms, (3) 
can be written as follows : 


V4(A)=V(a) + Coulomb pot. 
+[He. S(@)]4+ Via) + (A, ID) 
+ V'nu(a) + Vit, SE) ) 
+ [Hy SAD], (8) 


where 17;'([/7,, S(e) ]) represents the trans- 
versal radiation correction to [/%,, S(¢)]: 


ero are se 
VGA Se = ; | ax al ib Gime 


x [[[Ho, Ste") ], A(X" a2), 
FAX" a, (4A). (9) 


Also we can verify that except time deriva- 
tive terms 1/4(A, //) and /4, ,(@) satisfy 
the following identities : 


be ; [7@. | arlt, s(e)]| | 


=—Vanla a), 


Boni | Coulomb pot. +[/7,, S(c*)], 
2 


jal s(é)} |=— V4(A, /1). (10) 


Then, if we apply the following canonical 


transformation to the state vector 
Z 
Ps exp(—i| dt! (Hy, S(&)}) -¥,(11) 


there remains no main fourth order term 
due’ to WG)" Tandy TIT rece 
Vy S(e)]) and (2h, Se]. The 
former is the transversal radiation correction 
to [/%, S(e*)] and the latter is the fourth 
order analogue to [/7,, S(c*)] and can be 
transformed into more higher order terms. 

From the above considerations our 
anticipation seems to be convincing. It 
seems to us that the role played by Araki 
term ought to be interpreted not as the 
inapplicability of energy law in the concept 
of the potential, but as representing the 
effect of longitudinal and _ scalar photons. 
Also the definition of the vacuum state by 
Utiyama et al. suffers no serious difficulties 
up to ¢. 


1) F. J. Belinfante, Phys. Rev. 76 (1949), 149. 
2) R. Utiyama, T. Imamura, S. Sunakawa and T. 
Dodo, Prog. Theor. Phys. 6 (1951), 587. 

3) F. J. Dyson, Phys. Rev. 77 (1950), 420. 
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Vacuum Polarisation by 


Spin One Particles 


James Mc Connell 


St. Patrick's College, Maynooth, lreland 


April 30, 1952 


In view of the criticism by Umezawa 
and Kamefuchi” of the method suggested 
to eliminate diverging integrals in the self- 
charge problem” it may be useful to indicate 
how we obtained these integrals in the study 
of vacuum polarisation by the virtual pro- 
duction of pairs of mesons with spin 1. 

The Hamiltonian for the vector inter- 
action between the electromagnetic. field and 
spin 1 particles is” 


20 (PEN ru— Dube) Ay tO (oeeeeee ), 


where Z=c=1, mw is the mass of the 
particle, ¢, its wave function and 


1. OO; Ob 

Caen ee 
ACL OG, 

The é-term of the Hamiltonian does not 

influence the calculation of the induced 

cutrent in the ¢’-approximation. The current- 

density vector is 


ie (Liab. Ge Lua) ae e Wis =F Daina) 
x {—24, 650, + A, (OF pet bef.) T- 


The second term will not yield a gauge 
invariant contribution. Following the pro- 
cedure and notation of Schwinger’ we see 
that the part of the induced current giving 


| the self-charge is included in 


1/22 vs (a—x') < tS is (4) ’ SE We 0. 
MAS Ca" yadlix'. 


where 
= raf aX xe e a 
Seem (Vir. — Ox 4,1) ’ (+) =- a ’ 
|%o| 
and the notation < >, denotes the expecta- 


tion value when no real meson is present. 
To evaluate the integral we note that 


<a (4) 65 (2/) > o= <G¥ (x) d5(2') > 
ie 1 o ae 
= 0,3 — — ————_ a a pe y 
( SI Ox I0F, ) Ce 
<a (4) ds (4!) >= <oE (4) 9; (4') > >=0- 


It is convenient to transform to momentum 
tepresentation, employing the following 
Schwinger representation of singular functions 


A(x)= “3 (x) d(x) 


I P| exp(?4%y) a'h, 


S (27)? Ry +m 


AD (9 ize [expltaa)OU +m°)da*k, 


1 
(2)* 


O(g, +7") = i x exp 2a(g, +m") da, 


J- 


ee Bet: (ess to(gr+m) cae, 
Qt 2 J-o || 
The resulting calculations are lengthy. 
When principal values of the diverging 
integrals are taken in order to avoid the 
purely imaginary quadratically divergent 
contritution, we find that the divergent part 
in the self-charge term of the induced 


cuttent is 
eae yey lim log 77°25, (1). 
2 z>0 


where /, (4) is the current producing the 
external field and 
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Fae VO. 


In these calculations the only point at which 


a gauge invariant diverging part of the 
induced current is omitted is where the 
principal values of diverging integrals are 
taken. The expression (1) differs from 
Feldman’s result by a factor 2, which is 
irrelevant to the present discussion. 

The diverging integrals which occur in 
the above calculations are 


= eu _ emp (iin*2) /s’o(e) ae, 
int J -« 


Ts =| exp (ims) [sa(e) ae, 
where 


a(z) ar, 
We may remark that /, does not arise in 
these calculations from J" (0), as Umezawa 
and Kamefuchi stated. The integrals /, 
and /, have singularities at z=0 and on 
integrating from —co to —2% and from 2, 
to ©o we find that 


h=24+l+—, lim (+4), 


210" 2), 2 f20\ 3, ol 


lim (Mog y's) —log yu"z)) 
=>, zof> 
The integrals have no well-defined meaning 
and therefore no method of evaluating the 
self-charge term can decide whether or not 
it diverges quadratically. We chose to de- 
fe the diverging integrals by their principal 
values, this choice being an ad hoc assump- 
tion to avoid the physical difficulty of having 
an imaginary contribution to the self-charge. 
We may therefore conclude that the 
theory of vacuum polarisation by mesons 
with spin 1 contains ambiguities which 
cannot be obviated except by some new 
postulates. The postulate that principal 


values of diverging iniegrals are to be taken 
in all cases has the physical basis that a 
purely imaginary term in the expression for 


the self-charge is thereby excluded. It also 


reduces the degree of divergence to a 
logarithmic one. This in turn may be 
compensated by self-charge contributions from 
the current induced in rhe vacuum by the 
virtual pair production of particles with 
spin 0 or 1/2. 

I wish so thank Professor W. Heitler 


for stimulating comments. 
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Erratum 
On the Nucleonic Components 
producing Large Cosmic-Ray 
Bursts under Thick Shield 


[Prog. Theor. Phys. 7 (1952), 1] 


T. Kameda and M. Wada 


Fig. 8 and Fig. 10 in the recent paper 
should be altered to the figures shown here 
respectively. And the equations (2), (3) 
and (4’) should be altered as follows ; 


NVV=30 S11620.03 : 4 <= S08 


ee: (2) 
1.48+0.05 
N= 1000 (>) S> 20, 


N=60 5S) peste ORS ie 


§ 1.4°2+0.06 
N=1300(~*) ; See sy 


Burst size for Model C Meter 


Burst size for Model C Meter 
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Burst size for SRI ion chamber 


Fig. 8 Comparison of burst sizes 


Burst size for Neher ion chamber 


Fig. 10 Comparison of burst sizes 


Owing to the relation (2), the conclusion 
that recombination and difference of the 
shape of chamber do not affect the size- 
frequency distribution of the bursts is not 
correct. ** 


* Size 1 corresponds to 1.91 x 10° ion-pairs. 
** As seen from the differential form of (2) or (3) 
aN iV 
ay 
where x is the power factor of (2) or (3), these 
relations may be easily interpreted by considering 
recombination of ions. However, the experimental 
facts that x does not vary much with pressure and 
kinds of the gas make it uncertain to attribute the 
above relations to recombination. 
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Theory of the Antiferromagnetic Resonance Absorption in CuCl.2H,O 


Kei YOSIDA 
Department of Physics, Osaka University 


(Received March 22, 1952) 


T. Nagamiya has developed a theory of antiferromagnetic resonance absorption in the case that the 
applied static field strength is weaker than the geometrical mean of the exchange field and the anisotropy 
field. In this paper his theory is extended so as to apply also to the case that the former field is 
stronger than the latter geometrical mean, and is compared with the experimental results obtained for 


CuCl,2H,O by Gorter e¢ ai. 


§ 1. Introduction 


By the experimental studies by Gorter ef a/.”, there have been obtained two important 
results on the antiferromagnetism exhibited by CuCl,2H.O single crystal. One is the ap- 
pearance of the critical field. Under the smaller applied field than the critical value, the 
spins of the magnetic ions have an antiferromagnetic arrangement, pointing to the direction 
parallel or antiparallel to the preferred axis, i.e., +-axis, whereas, when the applied field 
strength exceeds this critical value, they turn to the perpendicular direction to the magnetic 
field. The writer discussed this phenomenon and derived the theoretical formula for this 


2,3) 


critical field in the earlier papers. 
The othersinteresting result is that on the antiferromagnetic resonance absorption. T. 


Nagamiya” has developed a theory of antiferromagnetic resonance absorption introducing the 
anisotropy energy in the Van Vleck model in the case that the applied field is small compared 
with the square root of the product of the exchange field and the anisotropy field which gives 
a measure of the critical field strength. According to his theory, it is expected that below 
the Curie temperature, the resonance absorption cannot be observed in the ordinary antiferro- 
magnetic materials such as MnO, Cr,O,, etc. by the usual microwave with the wave-length 


of ‘several centimeters. This expectation is consistent with experimental results for Cry 


by Trounson and others.” In CuCl,2H,O having a very low Curie temperature, the 
circumstances become a little different from those of the former materials having compata- 
tively high Curie , temperature. Since in this substance the critical field is comparatively 
weak, we must take into consideration the rotation of the spins in the calculations of the 


resonance frequency. The writer calculated the resonance frequencies when the external static 


field applied to the directions of three principal axes in the earlier paper (reference 3). 
In this paper we’ shall treat this problem in a little more details and compare the theoretical 


results with the experimental data recently reported by J: Ubbink,” 
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§2. The magnetic moment on each sublattice 


under the static field 


When the static field 7 is applied in the xy-plane to the dirction making an angle 
8 with the s-axis, +and—magnetic moment on two sublattices deviate from their easy direc- 
tion, i. e., 4-axis to the direction perpendicular to this field by an angle g—f, o) being 
an angle between the external field and this new direction of the magnetic moments. * 
And moreover the parallel and perpendicular components of each moment to this direction 
increase by (1/2) y\// cosy and (1/2) 7,Hsin f respectively, 7, and 7, being parallel 
and perpendicular susceptibilities in the Van Vleck theory. Therefore, denoting the + and 
y-components of the magnetic moments on two sublattices by JZ* and M,*, we obtain 


the following relations : 


M,* =(M, ud ,/7 cos () cos(—f) + 5 7,77 sin ¢f sin (—f), 
x 


M; = —(% + tatoos ‘') sin(gy— 2) + 3 7H sin ¢) cos(4'—f), 
uv 


Mii —(m%, — Ft Hess ') cos(—f) + 7, Hsin ¢ sin(Y—f), 


iM, = (1, = 4 H cos ¢!) sin(y—B) + 4 Hsin ¢ cos($—B), 


where J, is the magnitude of the magnetic moment in the absence of the external field. 
If we let the sum and the difference of the magnetic moments on two sublattices be 


M and M’, the x and y-components of /W and MM’ become 
M=yyH 008 cos(—B) +4, Hsin $ sin (j'—B), 


‘2. 
M,=— 7, Hos $ sin(Yv—8) +7; 7 sin f cos(s— ?), (2) 
M/=2M, cos(f—f), 
M)=—2M, sin(—f). (3) 


As shown in the earlier paper (reference 2), an angle between the applied field and 
the direction of the magnetic moment on each sublattice ¢/ is determined by the following 
equations : 


ereias cos 2P—A a 
ee fda, tj== 2AK, ste, | (5) 
He CY Mu, 


where //, is the critical field and A is 1/y, and A, is the anisotropy constant in the 
ay-plane. AM, represents the exchange field and A/V, the anisotropy field. 


* If we assume that the anisotropy constant in the «z-plane is larger than that in the .cy-plane, we can 
consider that the magnetic moment is in the «y-plane in the case that the external field is applied in this plane. 
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Since AM, can be expressed by 


Au,=le Treen CA A ee (6) 
LY te 2. 2 attns afte 
the exchange field J/, is estimated as 0.74 x 10° oersteds, using the experimental value 
of 5°K for the curie temperature ©. On the other hand, using the experimental value 
of 7000 oersteds for HY, and assuming ¥,~0, Eq. (5) and just estimated value of AM, 
give the value of 3.3 x10? oersteds for the anisotropy field Aj/J/,. Thus in CuCl,2H,O 
the anisotropy field is small compared with the exchange field. 


§ 3. The resonance condition. 


The magnetic anisotropy energy for the crystal of orthorhombic symmetry is expressed 
by the following form* : 


PoL(K M+ Kr) 41 KP Ky), (7) 


where #* and 7* are respectively the direction cosines for the y- and z-axes of the magnetic 
moments on two sublattices, and we assume that K,> K,>0. Then the torque acting on 
the two magnetic moments .W* and M~ due to this anistropy energy is given by 


[-2 ems, “ems, —“mem3|, (8) 
Ne aE MM? My 
Taking into account this torque, Kittel’s equation of motion for JZ* becomes 
wt BG 

1 dM* _ays,. (H— Am) +| -P= 2) years, 

7 ieyiat M 

Aeyeus, —S eas], (9) 

ff. My 


where AM®* is the exchange field and A is equal to 1/7). 
From Eq. (9), we obtain the equation of motion for the oscillation part 0. * of 


IM +* as 


1 dM * _3y* x (HAM *)+M*(6H— AdM *) 


fe at 
+ | Ki ayeyt4 utes), “(6M t+ POMS), 
M; My 
— 4 oursm s+ mseat) |. (10) 
My : 


Transforming the equation of motion (10) for 0M * and d/M~ to that for OM 
=d0M+*++0M~ and 0M'=0M*—6M~ to simplify the calculations, we obtain 


; ; epee: = Be a A eee 
* We should rather adopt as the anisotropy energy the following expression: = —X{B*+B-—Agyty-. 
However, in our approximation used here, the same results are obtained. 


ie 
i 
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1 OM _ sary 4 Mx 6H +| —2— 2 (0M, + MOM, + OM, 
je HE = vA 


i 


+ MOM), A (oa, M+ M,0M,+ 6M! M!+M'\0M,), 
2M o 


— (6M, M,+ MOM, +0M,M,+ MM) i et 
2 Me ; . 

1 OM" _ jay (HAM) + M'x (0H AdM) + | — fe (OM, 

y dt 5 2M 

K 


4+ MOM) +3M1M,+ M10M,), MM + MOM) +6MiM, 
0 


xt 


+ MOM), — MM, + MOM! + oarM,+ MoM) | (1b) 
Lo 


Here we put H,=Hoosf, H,=// sin 8 and A7.=0, and use the relations (2) 
and (3) for WZ,, M,, M! and M’,, and M,.=M/=0. And moreover we put 0/7=0, 
and neglect the anisotropy fields Aj/J/, and K,/M, compared with the exchange field 
AM,, taking into consideration the estimation of these quantities made in the last paragraph 


of Section 2. Then we obtain the following equations : 


20 9 = —H sin 8 0M, + S2—“4sin (b — 8) 0M, 
7 My 


: “OM, =/T cos 8 0M,+ As cos (W—P)0M:, 
7 M, 


TOR a se y Ky y47! 
(O36M.=H sin 8 0M,—H cos 8 0M, + ap ins P)éM, se cos(— 9) dT, 
if eee M 


4h 0 


(03M! =aH cos # sin(¢— 8) dM. 4+2AM, sin(¢—f) dM, (12) 
: 


1©6.M)=4H cos $) cos(p— 8) 0M 4+ 2AM, cos(—)0M., 
P 


13M = —0H cos ¢ sin(— 8) 0M) —4H cos $ cos(— 8) dM} 
r 


—2AM, sin(¢—P)0M,—2AM, cos(P—f) dM, 


where u is equal to 1—y,/y, and zw is used tor d/dt. 
The resonance frequency is then determined by the condition that the determinant 
constructed by the coefficients of JM,, 0M7/,,---+-: , etc., should vanish. After some elemen- 


tary calculations, this determinant can be written as 


a ts (S)ure cos’ i +1) +2AK,—2AK,|2 sin?(b—B) —cos*(b—B8) } | 


+ 1" cos’ $—H?|2AK;! cos # sin sin (— 8) +4 cos’ f cos 2(¢—/) 
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+4 sin 8 cos ¢ sin(¢—8)}+2AK,(u cos? ¢ — sin? ?)] 
+2AK, cos 2(¢’—) {2AK,—2 AK; sin?(g—f)}=0. (13) 


It is this equation that gives the resonance condition. 


§4. The resonance condition in the case that the static field is 
applied to the directions of three principal axes 


(1) The case that the static field ts applied to the direction of the x-axis 
In this case, since #9 is equal to zero, we obtain /=0 for H<H and g=7/2 for 
1 > Ff, from the equations (4) and (5). Accordingly the equation (13) becomes 


4 2 

(*) =| = ) { ff? (1 +-u*) +2AK,4+2AK,}4+¢H! 

r: 7 
—4ff’(2AK,+ 2AK,) +2AK,:2AK,=0, for H<Ho, (14): 


_ and 


aoe 
eS) aie) (H*+24K,—4AK,) + H?(2AK,—2AK,) 
—2AK,(2AK,—2AK,) =0, for H > Hy. (15) 


(14) and (15) furnish the following resonance frequencies : 


(0) = Lira tet) 424K, 424K, 
: 


+ V7f'(1—o)?+ 2A (14+4)?(2AK, +2AK,) + (2AK,—24K,)*], 1<Heo, 
(16a) 


(2) = [ee 4) 424K 424K, 
if 


—V 1 —u)?+ 2A" (1 +4)9(2AK,+2AK,) + (2AK;—2AK)"|, H> Ae, 


(16b) 
and © 
(2) =24(K-K), H< He (17a) 
: 
(°) =H°-24K, H> He. (17b) 
: 


(2) The case that the static field is applied to the direction of the y-axts 
In this case, we can put S=7/2 and /=7/2 without any limitation for the magnitude 


of H from the equations (4) and (5). Then we have 


(2)-(2) (H?24+2AK,+2AK,) +2A4K,(H?+ 24K) =0, (18) 
i 7 
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which gives the following resonance frequencies : 


(2) =1+24K, (19a) 
(= iE QAR (19b) 
: 


(3) The case that the static field is applied to the direction of the #-axts 
In this case we obtain the following resonance frequencies by the interchange of A, 


and K,: 


(= V=H?+ DAK, (20a) 

Ve 

iss )=24K, (20b) 
if 


§5. The comparison of the theoretical resonance frequencies 


with the experimental data 


In their electronic resonance experiments, Gorter ef al.? have used the microwave with 
the frequency of 9400 Mc/sec.. The value of w/7 corresponding to this frequency becomes 


(2)= _” = 3,36 x 10* (oersteds). (21) 
r/  7/2n 

On the other hand, at the sufficiently low temperature (244;)'” and (2AK,)'” have the 
value of the order of 7000 oersteds, estimating from the experimental value for the critical 
field strength. 

Accordingly the resonance magnetic fields possible for observation are only those cor- 
responding to (16b) and (17b) for the case that the static field is applied to the direction 
of the x-axis. One of these resonance fields is smaller and the other is larger than the 
‘critical field. In the case that the static field is applied to the direction of the x-axis, 
Ubbink® has observed two resonance peaks at the temperature range 1.2~1.4° A which 
correspond to 7300 oersteds and 5000 oersteds. At this temperature the critical field given 
by (2AK;/u)"” is about 7000 oersteds according to the experimental results obtained by 
Gorter ct al... Therefore, if we substitute w/y=3.36x 10°, 24K;=ux 49x 10° and 
H=7.3 X 10° into Eq. (17b), we obtain u=0.86, this value being considered as a reasonable 
value. Furthermore, if we put w/y;=3.36X 10’, 2AK,=ux49x 10°, u=0.86 and 
2AK,/2AK,~3.3 in (16b), we obtain the resonance field of the value of 5000 oersteds. 

Thus two resonance peaks observed by Ubbink” at the both sides of the critical field 
can be explained by the above developed theory. 

Next we shall consider the case that the direction of the static field deviates from the 
a-axis to the y-axis in the xy-plane. For the branch corresponding to // > F7/c, we can 
approximately put #=7/2 in (13) from Eqs. (4) and (5). Then Eq. (13) becomes 
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ee 
: ig {77° + 2AK,—2AK, (2 cos? 8 —sin? 8) } + Hf?! —2AK, cos? B 


+2AK,} + 2AK,-2AK,(sin® B—cos? 8) —(2AK,)? cos? B (sin? B—cos’ 8)=0, 
(22) 


which furnishes the following two resonance frequencies : 


( : \= 2AK,—2AK, cos’ B, H> He (23a) 
) =H 2ak, Cos 26, 7 Les (23b) 


(23b) coincides with (17b) when f tends to zero. Therefore, the resonance field correspon- 
ding to 7300 oersteds for 8=0 decreases with increasing ? as shows Curve A in Fig. 1. 
It is, however, to be noted that (23b) ap- 
proximately holds only so far as /f > H/, and 


A 
PONS when the resonance field calculated from (23b) 
hh Oa 
we<tes ( y, enim becomes smaller than AZ, we cannot observe 
‘ fy is determined by the resonance any longer. 
(16b).: 


For the branch corresponding to // < //c, 


Pley assueuosed 


we can assume that the direction of the magne- 
tic moment lies approximately in the x-direction 
which corresponds to the preferred axis as /7 
is considerably smaller than Hy. Then we 


A can consider the +- and y-components of [TZ 
Fig. 1. The relation between the resonance field separately. The ¥ ‘component // sin 3 fur- 
and the direction of the static field in nishes the resonance frequencies corresponding 


tke xy-plane, 8 being an angle between 


“Ste is FRR pS a iar to (19a) and (19b) which cannot be observed 


as mentioned above. The x-component // cos 
8 furnishes the observable resonance corresponding to (16b). Therefore the resonance field 
corresponding to 5000 oersteds for 70 increases with increasing as shows Curve B in 
Fig. ile 
The behavior of the resonance field with increasing /7 just considered , above is in 
qualitative agreement with the restlts obtained by Ubbink."” To obtain mote precise knowledge, 
we must perform very complicated calculations using Eqs. (13), (4) and (5). 
When the direction of the static field deviates from the x-axis to the s-axis in the 
g-plane, we can consider again the +- and z-components of // separately since 214, is 
about three times as large as 244, and so we have not to take into consideration the 
rotation of the magnetic moment in the +j-plane. Then the z-component does not give 
any observable resonance. For the 1-component we can expect two resonances corresponding 
to 5000 oersteds and 7300 oersteds for the case that the static field is applied to the 


a-axis. These two resonance fields are given by the following equations : 


H, gt 


9 
aT TT 
oP sok 


(24) 
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field and the x-axis and //, and /7, are respectively 


where 9’ is an angle between the static 
Thus two resonance fields which 


the resonance fields corresponding to the case of (/=0. 
are equal to 5000 cersteds and 7300 oersteds when ’=0 increase with increasing /)’. 


results observed by Ubbink.” 


These tendecies are also qualitatively in agreement with the 


$6. The temperature dependence of the resonance field 


According to the measurements by Ubbink, the resonance field belonging to the upper 
branch increases, whereas that belonging to the lower branch decreases with rising temperature. 
However, Eq. (17b) shows that the upper resonance field decreases with rising temperature 
since the anisotropy constant should decrease. This discrepancy between the theory and the 
experiments could be interpreted as follows. 

ccording to the experiments, the critical field increases with increasing temperature 
and therefore the resonance field calculated on the basis of (17b) becomes smaller than the 
critical field above a certain temperature. If the resonance absorption occurs over a suf- 
ficiently broad range of the field, the resonace peak would appear at the critical field strength. 
Actually, the upper resonance occurs nearly at the critical field.and have a lower peak and 
a larger breadth than those of the lower resonance in the experiments at Hdiee rs 

The lower resonance field depends upon the temperature through v, A and Ky as 
shown by (16b). The experimental data for the temperature dependence of the critical 
field would enable to calculate the temperature variation of the lower resonance field. 

From the above considerations it would be concluded that the experimantal data on 
the electronic resonance absorption in CuCl,2H,O can qualitatively be explained by the 
theory of antiferromagnetic resonance absorption which has been developed on the basis of 
the idea originally proposed by T. Nagamiya that the anisotropy energy plays an important 
role in the antiferromagnetism, and have had only the experimental proof that the resonance 
absorption disappears below the Curie temperature in ordinary antiferromagnetic materials. 

In conclusion the writer would like to express his sincere thanks to Prof. T. Nagamiya 
for his illuminating discussions on this problem. 
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The notational ambiguities in Feynman’s calculus are all remedied here by setting a more natural 
foundation of the ordered exponential operators, which will be called briefly “ expansional ”’ operators in 
this paper. The essential point to be stressed is that the pure exponential operator is merely a special 
case of the more wider class of operators, i.e., expansional operators, and the latter type of operators 
generally appears in quantum mechanics. A clear-cut distinction between these two types of operators 
is allimportant. The so-calied disentangling process is a device to decompose any cne expansional operator 
into a product of some ‘simple exponential operators. In the first place the general view-points concerning 
the expansional operators are presented, in which a rigorous organization of disentangling procedure is 
accomplished. Next are given some examples treating a generalized forced harmonic oscillator, where 
the transformation operator is completely disentangled and its representative yields automatically the 
classical action in its compact form, which process constitutes the original intention of this work. No 


accounts are given here concerning the quantized fieid theory. 


§1. Introduction 


The present work embodies a study of some aspects of operator calculus of quantized 
operator, in so far as it has concern with non-relativistic quantum theory. This study 
has been guided by the conviction that the relation of classical action to quantum mechanics, 


which was first suggested by Dirac? and dominant in Feynman’s “ Space-time approach to 


non-relativistic quantum mechanics,” can be traced somewhat more concretely. More 


the classical action is furnished quite automatically by the quantum mechanical 


precisely, 
hout solving well known Hamilton- 


transformation operator on taking its representative wit 
The performance of this plan inevitably provokes an operator calculus of 


Jacobi equation. 
e evaluation of matrix element of any transformation operator 


quantized operator, since for th 


the clear-cut positional separation of canonically conjugate operators involved is indispensable. 


This procedure, being termed “ disentangling ” according to Feynman,” has been organized 


almost on the same line of reasoning as with Feynman’s and successfully utilized to the 


above-mentioned programme.” From the practical point of view we find no essential, 


differences between his plan of this process and that presented here. But in my opinion, 


the former suffers from some inconvenient features in its logical side. What is wanted, 


is a logical well-ordering of main ideas concerning the operator 
calculus. The present study is entirely free from ambiguities in Feynman’s notation, which 


might obscure the fundamental concepts of operator calculus and hamper the rigorous 


organization of the disentangling technique. The key to this solution is the following 
ntial operator 


simple remark, that in general the transformation operator is not a pure expone 


and what I have striven after, 
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defined in the same way as a numerical exponential function, but a more wider class of 
operators whose generating operator is not of so simple character that it will be impractical 
to use the same symbol for these two types of operators. The latter type is called here 
“‘expansional ” operator and symbolized differently from the usual exponential operator in 
order to accentuate the situation that this is merely a special case of expansionals where 
the generating operator is commutable. As will be seen in § 2, any one expansional operator 
permits a decomposition into a product of any numbers of expansionals. Now for evalae: 
ing the matrix element of any expansional operator, it is at least essential that its generating 
operator is commutable. However, this alone does not suffice for our purpose, for there 
remains the above-mentioned difficulty concerning the mixed up occurrence of canonicelly 
conjugate operators. Accordingly the final result of our disentangling process appears as a 
decomposition of the complicated transformation operator into several exponential operators 
in such a way that the hopelessly entangled operators are systematically redistributed over 
all these exponentials in order to effectuate the direct evaluation of the matrix element. 

The following two sections are devoted to the indication of above-mentioned circum- 
stances characteristic to operator calculus and to the establishment of the disentangling 
technique. In the next section, we find an illustration for these general accounts treating 
a generalized forced harmonic oscillator, where the transformation operator is completely 
disentangled and its matrix element yields the classical action function in its well known 
form. Relating to this problem we must confess that the case in which the potential 
involves the space-coordinate to higher powers than the second or to inverse powers is far 
beyond the ability of our disentangling technique. Above all the omission of Coulomb 
potential is regrettable. In addition, two topics are appended, one is the operational 
‘treatment of the eigenfunction expansion of free oscillating kernel, which is intended to be 
an exemplification to the perspicuous symbolism due to Dirac.” The other is non-relativistic 
motion of a particle in a constant uniform magnetic field, which may be interpreted as a 
superposition of two harmonic oscillators and easily managed on the basis of § 4. 

As has already been stated, our interests are exclusively directed to the operator 
calculus itself and to its application to non-relativistic quantum mechanics. Respecting the 
former, no essentially new notions are introduced, but the business of this work is to 
render the process of disentangling explicit and—so far as may be — efficient. Respecting 
the latter, the topics included are indeed worn-out problems and there are no fundamentally 
new results. However, there is a pleasure in recognizing old things from a new point of 
view, as Feynman said. 

While no accounts are given here concerning the quantized field theory, the utility of 
the present work for this domain of study will soon be demonstrated by others. 


§ 2. Expansional operator 


We have an operator function A (A), which involves one real parameter A and any 
numbers of constant operators having any prescribed commutation rules. The transforma- 
tion operator generated by /7(A) corresponding to the lapse of parameter from o to ¢ is 


c 


4 
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an infinite product of the infinitesimal transformation operator [/+d@A//(A)] arranged in 


' positional order from right to left corresponding to the succession of ordering parameter / 


from o to c. When expanded in ascending powers of generating operator /7/(A), this is 


called “‘ expansional”’ operator and symbolized by the following notation : 


t (azz a) © r 
Exp (| MH) |=E)* =—/+%S) Exp[| aH (A), Ci) 
o n=1 Go 
where of course 
Exp [| aaa) J=\'aa 70), (2) 
Exp"*?[| aa1a)|=| du A) Expl] H(@)] (21). (3) 


Here the capital letter ““E”’ is an indication to discriminate our expansional operator from 
the familiar exponential operator and the integral notation in “ exponent ” is of symbolical 
meaning standing for the above-mentioned positional ordering of infinitesimal transformation 
operators. It must be noted that the introduction of expansional operator is a direct 
consequence of the general situation : [H(a’), H(4") |40 for NA, which necessitates 
the conception of ordering. The special case where the generating operator commutes is 
especially simple, which will be referred to the next section. By the way, no restrictions 
are imposed on the integration limits o and rt whether o<t or o >T, and especially for 
g=t the expansional reduces to unit operator. 


On differentiating eq. (1) by its upper limit 7, we have 
o Pas [| ara) ]= ee [| arr 2)], (4) 
and since the expression (3) may be rewritten as 
Exp" ml aH 1 iz xp [| Al] H(i) (3) 
the: differentiation of eq. (1) by its lower limit a gives also 


<. Pap [| a= paar | DHA) ]-H(o) - (6) 
CO oO io} 
Now differentiate a combination of two successive expansionals Exp[| dal{(a)| and 
Exp [| aa (A)] by their conjunction //, and it vanishes identically according to (4) and 
(6) wherever the conjunction may be (including the region outside the limits o and 7): 
+ a 
2 \ Exp (| diH (2) |-Exp ( AHA} =o. (7) 
ie » o 
Hence the resultant of this product is independent of the specification of 2 and the same 


as for taking “=o or P=, Le., 
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“HAY Exp [| a2) Exp [| cA). (8) 
pe Ja G 


Exp [ 


ry 


The special case of this expression for ¢=7c affords an inverse expansional : 
py oY =i a . . 
{Exp || aHa))| =Exp [| @7(2)], (9) 


that is, we have only to interchange the upper and lower limits in the integral in order 
to get an inverse expansional operator. Hitherto we have confirmed that for the symbolical 
integration in expansional the additive law for the upper and lower limits holds as usual. 

The next stage of our consideration is concerned with “integrand”. Splitting the 
generating operator into two parts: //(A)=/(A) + G(A), we assume correspondingly that 


the expansional Exp [| FT(/) | can be decomposed into two parts in the following manner : 
Exp [| a {F2) +6(2)| |= Exp [| iP) Exp [kG Q))] (10) 


=a [| are Sale [a Efe (11) 


In order to determine two unknown operators / and G, first differentiate eq. (10) by its 


upper limit c: 
G(=) Exp [| WO) +6 2)} ]=Exp [[ FQ) ]-G©) -Exp [f AED]. (22) 
Converting this equation and rewriting A for zt, the operator G reads 
G2) =Bxp (fae) Exp | | ee). (13) 
By similar procedures we get the expression for /’: 
FR) =Bxp Ef eG (0) ]-F QR) Exp [le G(y)] (14) 


Accordingly establish the decomposition rules : 


Exp [| a") +6} 
=Exp [| 2 (2) ]-Exp | [a Bap E"e2"()]-6 2) -Exp (faerey]| as) 


=Exp| | ai Exp [| oe G(p)]-FU) “Exp (|e) Bp ([c@], (6) 


where the roles of / and G are always interchangeable. The meaning of these formulas 
may be stated as follows. First the interpretation of eq. (1) is —as has already been 
mentioned — that the infinite product of infinitesimal transformation operators is converted 
into the form of discrete plotting of generating operators /7(4) on a continuous sheet 


composed of infinite numbers of unit operators. . Now this sheet of unit operators is 
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replaced by that constructed from infinite numbers of the infinitesimal transformation operator 
 [7+ahF(A)] generated by /'(4), on which is discretely plotted another generating operator 
G(A). This point of view corresponds to eq. (15) and interchanged roles of / and G 
are found in eq. (16). 
Formal rewritings of eqs. (15) and (16) immediately give the composition rules for 


two expansionals in the following form: 


et 


Exp [| #22) |-Exp (| ‘AGA 


eter | | 4r@ ay inca, GQ) -Bxp Cf ae oy] | (17) 


=n | NG) +Exp [| “ipG(p)] Nac ase [| am Gl | Stas) 


The direct apprehension of their meaning is not so easy a task. Furthermore, it may 
sound rather strange that one single expression permits two equivalents. But the latter 
question can be settled as follows, that is, interchanging and t—at the same time F 
and G in eq. (18), we have 


Exp (| G (A) |-Exp [| F(A)] 


Zip | [a FQ) Pip [| F()]-G(A) -Exp [| ae F(p) 1 | ; (19) 


which is the very inverse of eq. (17) and we find no essential difference between these 
two expressions. Simply iterating above composition or decomposition rules, we can easily 
attain the general composition and decomposition rules for any numbers of expansionals. 
Here we are to mention only two important cases of triple composition law which will be 


used in the later examples : 
Bxp (\@ F(A)]-Exp [ | a G(a)]-Exp (| “A H(A) | 


te. ( Xa "So 
= Exp | adh a) + Exp (| apF(p) | G(A) Exp (| ak (pe) | 
JG Aue) A 


r 


+ Exp ican Exp (| a G(#) | H(A) Exp [| ae ate (fern) i | ( ) 
20 


P35 ia yRReT | a HG) 1] GO) Exp| ja Hy] 


a Pa : : ; 
+ Exp (| dp HH (2) | Exp i dG (p) | (A) Exp | we G () | Exp [| H(t) 1} | ; 
(71) 
Concluding the abstract accounts of expansional operators, it may be valuable to 


: ae : ; : Py " 
accentuate some of their characteristic features. The integration in the ‘exponent of 


| expansional operator is of symbolical character enforcing the ordering by parameter. Hence 
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there is no reason in general to perform the integration as it stands, excepting only one 
special case which will be discussed in the next section. Moreover the positions of 
integration limits are of importance admitting no interchange, for they regulate the positional 
ordering of infinitesimal transformation operators. The duplication of the integration symbol 
is meaningless: Exp [\ a {77(A) + G(A) }] A Exp [\uFa) + \a@G (4)]. But the follow- 
ings are permissible, first to make a linear transformation in the ordering parameter, secondly 
to ‘put out a numerical constant factor in the generating operator before the integration 


symbol: Exp [\aZ cH (A) |=Exp [el aa Aye 


§ 3. Exponential operator 


In the last section, we have assumed a general circumstance; [//(/’), H(4”)]40 
for 4’4"", which has enforced the conception of ordering and consequently the introduc- 
tion of expansional operators. But there arise no such complications for commuting 
generating operators, for these are not to be distinguished from numerical functions and 
completely dissolves the reason for their special treatments. Now the concept of ordering 
is irrelevant, the abandonment of which converts the expansional operators into usual 
exponential operators. Accordingly, as soon as the commutativity of the generating operator 
is established, the characteristic capital letter ““E”’ must be turned into its small letter 


and the integration in exponent must be performed according to its usual definition, that 
is, Exp [ar H(A} | > exp [\aa (A) ]. Of course each term of their power expansions is 
to show the following correspondence : Exp [| AHA) ] (1/n!) {(aa (a) }”. For 


example the inverse operator is [see eq. (9) | 
t —1 a Tv 
jexp [| 72) exp [22 12) exp [-| amy), (22) 


as is well known. Furthermore there occurs a quite different situation concerning the 
parameter derivative of an exponential operator compared with that for an expansional operator 
[see eqs. (4) and (6) |, where the generating operator stands only on the right or only 
on the left of the expansional operator to advocate the conception of ordering. Here we 
find no such restrictions, since the generating operator does commute with the exponential 
operator itself. 

Particularly the most familiar type of exponential operators is that for which the 


generating operator has lost its functional dependency on parameter and Lecome one single 
constant operator ; for example assuming c=0 and 71, 


2 [| We [| a1 exp [7]. (23) 


Now the decomposition rule reads rewriting eq. (15) 


exp[# + G]=exp [| eae G)] 
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1 2 1 0 » 
=exp! { Cher i hep [ae ]-G-exp (f uP) 
0 0 an 0 . 


ea ot Exe [| peer G iF h] (24) 
Similarly ‘we have from eq. (16) 
exp [P+ G]=Exp [| dd {e-* Fe} exp [G], (25) 
and for the composigonrules (17) and (18) 


. 1 
exp [F |: exp [G]=Exp [| a ice goa eet ta (26) 


0 
=Exp (| a LG saag a Bde ME | (27) 

We now see that the composition or decomposition processes involving only pure 
exponential operators unavoidably induce a more wider class of operators, which is not to 
be included in the narrow category of exponentials. There is no hope whatever to exclude 
these operators from our calculus, while a temporary interpretation of an exponential operator 
as an ordered operator is often in danger of confusion and ambiguity. A strict discrimination 
between these two different types of operators is all-important, that is why we have taken 
the special trouble to introduce an operator termed ‘“ expansional.” 

The very equations (24) and (25) correspond to the starting point of Feynman’s 
operator calculus, where ‘the order of operation is regulated by an index attached to the 
operator. Now such a plan of attack is purposefully avoided and the ordering subscript 
to the operator is replaced by that composition or decomposition processes of expansionals, 
which are equivalent to successive applications of canonical transformations in essence. Of 
course the position of operator written on the paper holds its importance as usual, and 
from this point an efficient and rigorous organization of our operator calculus does start. 
It must be noted that the pure exponential operator taken as the basis of operator calculus 
is rather misleading and its proper status is to be estimated from a more general point of 
view. 

Concluding this section an important formula is appended which will be frequently 


used without reference in the following sections, that is, 
exp[—A] Bexp|A]= >) 4, , (28) 
n=0 
where A and # are arbitrary operators and 


Dae. Bet BinAl | (29) 


§ 4. Generalized forced harmonic oscillator 


Here we will work out a generalized forced harmonic oscillator as an example of the 
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computation rules given in preceding sections. The time dependent Hamiltonian is 
H(t) = ° [u(A p/m) + muf (2) g\=tho| a(t) P+ B (4)Q], (30) 
2 


where the capital letters /) and Q denote the anti-hermitian dimensionless operators 
P=p'/(2moih), QO= (mw/2ih) ¢. (31) 


According to the fundamental commutation rule: [g, f]=7%, we will introduce a_ third 


anti-hermitian dimensionless operator 
R=[0, P]= (po + 9p)/ (2:8) =pq/ (Gh) + —, (32) 
whose commutators with / and Q are 
LOO Nes? OO an eee (33) 


From eqs. (32) and (33) we have for any number 2, 


ek Pe v=e™P, ew hk O erk — 92a O F (34) 
cP RP =R+IUP, COR (haa = 240) = (35) 
eo? P = P_IR+EOQ, eo! Oe =OLARLEP. (36) 


Making a substitution A=w/, the transformation operator reads 
Dl GG) Exp (| H(A) / (ih) |=Exp [| ah {u(A)P+B(A) Qs]. (37) 


As is easily seen from ‘eqs. (32) and (33), three operators P, Q and RK make up a 


closed system under the operation to take commutators. Hence we may safely expect that 


the transformation operator (37) can be decomposed into three simple exponential operators, 
each of which contains only one of these operators, that is, 


T(z, ¢) =exp[a(<) P] exp[d(z) R] exp| c(t) QO] (38) 
=exp [f(<)Q] exp[ g(z) R| exp[Z(x) FP]. » (39) 


Six unknown functions a(z)...4(t) are functionals of the given functions u(A) and f(A) 


and satisfy the common initial condition to vanish for s=oc. The triple composition rule 


(20) unifies the latter expression (39) into one single expansional operator in the follow- 
ing manner : 


exp [ f(=) Q] exp g(~) R] exp [Z(z) P] 


=exp [|r (A) Q] exp [| ae" (A) R] exp (| a hi (+) P| 
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HExp lf ADO +e" A HM Rel 
= kh! (A) EFA pA P eT) Rare i 
=Exp| {al f'AO +e! A(R 2/ AO] +H De™(P+ fH RAPD Olt (40) 


where the use is made of eqs. (34), (35) and (36). Comparing (40) with (37), we 
get the differential equations for f(A), g(A) and (A): 


(2) expl2g()]=a2), (41) 
g&' (A) +44) fZ)=0, (41’) 
f(A) 0) F202) =BQ). (41") 
Quite similarly for a(2), 5(a) and c(A), | 
c’(A) exp[—24(4) ]=A(4), (42) 
BAe oa ay 05 (42’) 
d (A) —B(A) a’) =u). (42"” 


Under the following substitution in eq. (41’’) : 

MN ara ACC OHAOE (43) 
a second order differential equation for y(/) follows : 

yf! —(al/ay! + of =0 . (44) 


A particular solution of eq. (44) satisfying the initial conditions: y(¢) =1 and y’(a)=0, 


gy) = {yl (@) nA) — (e)72(A} /4(e) (45) 


where y,(A) and y,(A) are particular solutions of eq. (44), and the latter is constructed 
from y,(A) as 


a 
rA=n@) drale) 92) (46) 
Now the integration of the equations (41) and (41') is straightforward : 
a 
gi) =logly@], #@O=f aval) ()- (47) 


According to eq. (46), another function 2(A) defined as 


3(2) =y AC) (48) 
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is also a particular solution of (44) under the initial conditions: z(a) =0 and 2’(c) 
=u(a), since 2/(A)=y'(A)A(A) +4(4)/'(4), which is equivalent to 


ye —yZ=6. (49) 


The consideration of second system (42), (42) and (42) is an easy task, since the 
following substitution in terms of 2(4) is sufficient to fulfil the equation (42%): 


a( A) =u(A)2(A)/2'4A) - (50) 
The solutions of the remaining equations (42) and (42’) are self-evident : 
6(A) =log[u(A)/2/(A)], eAy=—9 (A) /2’() , (51) 


and for the proof of the latter expression the identity (49) is required. Therefore the final 


result of the disentangling process reads 
T(z, o) =exp[uzP/s’] exp|log (u/2’) R] exp[—y’O/2"] (52) 
=exp[ —y’O/uy] exp[ (logy) R] exp[zP/y], (53) 


where the argument of these functions y, y’, 2 and 2’ is of course 7. 
The next step of our calculation is to take the matrix element of this transformation 
operator, for which purpose we will give a few preliminaries concerning the matrix element 


of an operator exp [4pg/(i#)| for any number 4. The equation to be established is 
(A) = (p' | exp [4p9/ (28) ] |g") = (2774)-"” exp [e* p'q'/ (th) ] . (54) 
First the differential equation for €(A) is 
th 5 (A) /dA=< p"| pg exp [Afg/ (th) ] |q")=2" (0"| exp 490/(i#)] @19") 
=/'q (o!lexp U(pg+la AD/GA} Ig =pa OR), (85) 


where the trivial identity: g(fg)"=(gp)”g must be noted. Now from the initial 
condition for ¢(A) 


(0) = (0"|q') = (27h)- exp [ p'9'/ (ih) ], (56) 
the validity of (54) is cvident. A generalization of this formula is 
(2"| exp[4pq"*/(z%)]| 9") = (27%)? exp[ p’g'(1—ndg’)-""/(h)], (57) 


and the proof of this formula may be similarly given. According to eqs. (32) and (54) 
we have 


(2"| exp(AR) |9') = (27%) ~'” exp (4/2) exp [e*p'g'/ (ch) ], (58) 


and its complex conjugate 


(g'| exp(AR) |p!) = (278) “” exp(—4/2) exp [e-* p’g!/ (ah) ]. (59) 
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On these grounds we can at once evaluate the matrix element of the transformation 
operator 7c, @) as follows: 


C2" | Lz, @) |g") = (4/27he')"” exp[2S(p", 9’) /4), (60) 
SO", 7) =— (4/22") {zp / (mw) + 2p"g' — (muy!/e)9q"}, (60°) 
(Q"|T(, 2) |p’) = (2zhy)-” exp[eS(g”, p")/4], (61) 
S(g" p')= (1/29) {(may'/) "+ 290! — (2/mw) p>. (61’) 


When an external force is acting, a term —w7.(A)¢ linear in g must be added to 
the Hamiltonian (30), where y(A) is an arbitrary function in 2 and w is inserted for 
convenience. The disentangling process for this case is easily effected on the following 
considerations. Noting the commutators of g with large ? and R: [g, P]=p/ (mo) 
and [g, R|=g, we have 


eg eP=q+lp/(mw), «ge*=eg, (62) 
and accordingly from eq. (53) 
T(o, 2) gT(A, ) =exp[—2P/y] exp[— (logy) R] g exp| (log 7) X] exp [3/7] 
=exp(log y)[g+ {2(A) /may (A)} PI=V (A) a+2 4) p/ (me). (63) 


Now the disentangling of the forced transformation operator T(t, @) proceeds in the 


following way : : 


TH(<, a) Exp [f di {a(ay P+ ADO—-7Da/(MV=LE oF a (64) 
Fe, 0) =Exp [G/A)| dir @) TCo, 4) 9 TU 0] 
=Exp [(4/A) | air (A) (9 o+2@)P/(no)}] 
—exp [ (ip/tmu) \.2 v(i) 2(a)] «Exp | e/a rfRigh(2) 
x exp [= (cpftrmo (dyer) 20] geen LGp/ mo) | ter (2) 209) 
= exp [ip/tmo) dir (2) (A) ]-exp L(9/) | dar) 9) 
x exp [—(é/tmo) | diy) 9A ‘dur 20). (65) 


Once performing the well known Gaussian integral, we get the matrix element for this 
operator, using the identity (49): 
(ITH, o)lay=| UIT, O12) BP ole) 
= {nw /2nhiz(t) 1? exp[2S7(9" g')/h)\, (66) 
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where the classical action function is 
SCG", gf) ={1/2(2) Hone /2) ta" (a) g/ale) +y(=)q2— 29") 


+9) Br Qe) 92) —~I@)2@) + gf"| ai (2) 200) 
— (1/moy |r @ (IAI) 2A} ler 2]. (66) 


The usual harmonic oscillator corresponds to the specification: «(/)=/7(A) =], for which 
we have according to (45) and (48), y(A4)=cos(A—o) and 2(A)=sin(A—a). The 
substitution of these formulas into (66) and (66) affords well known kernel and action 
function for the forced harmonic oscillator. Another specification: u(4)=1 and f(A) =0, 
describes the non-relativistic motion of a particle in arbitrarily varying external field, the 


result of which is all the same well known. A slightly complicated example is 
a(A)=1, PB(A)=2(xu+1) sech*/s (1 —2% cosech’/). (67) 


According to eq. (44), one particular solution is y,(4)=(tanh/)"*' and another is 
evaluated by simple quadrature from (49) : 


a 
Jo(A) = (tanhd)” BI ad(coth 2)? *?, (68) 


Then y(A) can be constructed by (45) and for (A) the following prescription will be 
more convenient than (48) : 
#(A) =y2(o) (A) —9,(2) 70(A) - , (69) 

Detailed discussion of this example is omitted here. 

In conclusion we will briefly refer to the practical side of our disentangling technique. 
As is easily seen in above considerations, the most fundamental computation rule in this 
procedure is the transformation (28), in which generally appears an infinite number of 
multiple commutators and the commutator plays a principal role. Consequently the key 
for this process to be successful in a finite manner seems to be that the series expansion 
(28) should terminate in finite terms, in other words, different operators appearing in this 
should form together a closed system respecting the commutator operation. Judging from 
this criterion, the only favorable case in non-relativistic quantum mechanics is our generalized 
forced harmonic oscillator. Other examples, in which the potential involves the space- 
coordinate to higher. powers than the second or to inverse powers are all excluded. Above 
all, the omission of Coulomb potential is quite regrettable, while we see a subtle clue of 
regularity. 

My most grateful thanks are due to Prof. T. Inoue for his impartial interest in this 


work and to Prof. Z. Shirogane for his continual encouragement. 


Appendix 1. Kigenfunction expansion of free oscillating kernel 


In this appendix an operational treatment of the eigenfunction expansion of free 


oscillating kernel is intended, which otherwise necessitates cumbersome computations in 
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terms of the Hermite polynomials. In order to treat this problem operationally, or to 
free the calculations completely from representatives the bra-ket symbolism due to Dirac” 
is indispensable, accordingly a few preliminaries of which are presented in the first place. 
Now we will introduce the conception of standard ket, which is to be grasped as the total 
summation of eigenkets for any one particular operator over all its possible eigenvalues. 
Respecting the coordinate operator g, we have a standard ket 


Is(a)) =|" ala’) (A-1) 


where of course g|g’)=g'|9’). The characteristic property of this ket is as is well known 
(g'\s(g)) =1 for any eigenvalue g’. Correspondingly for the momentum operator P, we 
have 


is(p))=| ap'lp’) and (p'ls(f))=1, (A-2) 


for any eigenvalue f’. With the help of the transformation function (56), any eigenket 
of g may be transformed in the following way : 


La )= |e ydp6e'|a') = 2x8)" exp 2°08) |P')aP 


= (278) exp [g'2/ A) | |(A))- ESS, 
Especially for g/=0, the eigenket of ¢ is identical with the standard ket in f-space, that 
is, |0(g)) = (274) "| s(p)), where 7|0(7)) =9- Hence for any g’ we have | 9’) =exp 
[g/p/(éh) | \0(g)). The same is also valid for p: |p!) = (20h)? exp(ép'g/4) s(q)), 
|0(~))= (274) ""|s(g)) and | 7’) =exp(ip'g/h)|0(~)). A connection between these 


two standard ‘kets is easily established once performing the Gaussian integral : 
exp (P/int) |s(P)) = (tome) *” exp (0/8) |8(9)) (A-4) 


where #4 is a number. By the way, since P\s(g)) = (2m) 7" P |0(p)) =9, we have 
identically 


exp(P/i)|s(9) )=|s(9))- (AS) 
The key to the present problem is the recognition of the following simple transforma- 
tion, which may be easily established on the basis of eqs. (35) and (36): 
7 H=i(P+ Q) =exp (22) exp(—zP/2) K exp (P/2) exp(—7Q) . (A-6) 
hw 
Then for the free oscillating transformation operator an operator exp (—7AR) plays a 


principal role, which may be transformed according to eq: (58) : 
exp (—iAR) = {{ |!) (p'| exp(—i2R) |) a" 
= (20h) 7" exp(—i4/2) \\ |p’ yap! explo“ p'q'/ (A) da'(9'| 
= (278) >} (1/n) exp {—ia(ne 5} PSD (6) [Cal (A-7) 


“. 
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Therefore the transformation operator reads 


F¢), 0) =exp[A(P+ Q) ]=exp(¢Q) exp (—7P/2) exp(—72R) exp(7P/2) exp(—7zQ) 


aS exp {—i(n+ 5) Ty (A: 8) 


n=0 


On the basis of eqs. (A-4) and (A-5), this linear operator 7), can be transformed as 


follows : 
T= (208) -1"(1/0!) exp (iQ) p" exp(—iP/2)|s(P)) 
x ((g)| (9/i#)" exp(éP/2) exp(—i0) 
= (me/zh)'"(1/n!) exp (iQ) p" exp(—iQ) exp(—7Q) | s(g)) 
x (s(g) | exp(—iQ) exp(/Q) exp(—iP/2) (9/ih)" exp (4P/2) exp( —iQ) 
= { (2m mw) —"e8? pe-*}" (1/n!) ?(ma/th)" e-*| s(g)) 
x (s(g) |e! (omen/mh)(1/m 1)! { (Zharaew)"? ee“ (gi) eh etm 
(A - 9) 


According to Dirac” the normalized eigenket of the 7-th quantum state takes the follow- 


ing form : 
In) = (1/0!) (snen/8)"" 9" exp(—40)|s(4)). (A-10) 
where the dimensionless auxiliary operator 7 is . 
= (2himw)—"( p+ img) = (2ttmw)~"" exp (iO) pexp(— iQ),  (A-11) 
of which the hermitian conjugate is 
4° = (2hme)'” exp(iQ) exp(—iP/2) (g/ih) exp(zP/2) exp(—7Q). (A-12) 


Now the above linear operator 7, ‘eads simply: Z,,=|2)(n|, and the Schrédinger 
representative of the w-th eigenket is 


(g’ |2z)= (1/2 1)'? (mw/th)' (2hinw)—"!? (a! | e@ pe 22 s(q) ) 
=i"(i/1 1)" nen/ 8)" 8/20)". (60 a /agl)me-22} 


=" (1/1-!)"? onw/ 2h)!" exp(—1°/4) {exp (4°/2) (—0/dx)”exp(—+7/2)} 


=i" (2men/A)'*, (2), (A-13) 
where += (2mw/#)'9' and ¢,(x#) is a normalized Hermite function 
Pi (%) = (a!) (27) “14 exp (7/4 ET oe (A-14) 


and //,(#) is a Hermite polynomial, i. e., Fn (x) =exp(#°/2) (—3/dx)" exp(—+x°/2). 


Accordingly the final result of our calculation is 


T(A, 0) =>! exp [-ia(n+ 3) “ln Cal, (A-15) 
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and the colinear expansion of free oscillating kernel is as is well known 


K(q", J) =(¢" |, 0) |9) = (2mu/h)'” 


n=0 \ 


= (ees, 1 4 
x >J exp j~iwt(a+ —t DAC {2mw/h Pg") Prn® A 2mw/h}Pq'). (A-16) 


Appendix 2. Non-relativistic particle in constant uniform magnetic field 


This problem is essentially three dimensional, and we have three pairs of operators, 
(Pi 91), (By G2) and (f., g;). When the magnetic field is directed along the @,-axis, 
the third pair is irrelevant only describing a free motion along this axis, which will be 


neglected throughout this appendix. Now the Hamiltonian reads 
Sf sic.) 200. (A-17) 


where /],=f,—moq., I],=f~,+mwg, (mw=eH/2c). In view of the commutator 
[/Ts, [1,]=ih-2mw, we may expect that there exists a canonical transformation, which 
converts the pair (//,, //,) into the pair (g,, ~,)- For this purpose, first introduce 
two anti-hermitian operators 


P=f,p./(moih), Q=mog,g./ Gh)» (A-18) 
whose commutators with small letters are 
[o, Pl=p./(mo), [an P\=A,/(mo), 
(0, pJ=moq,, — [O, pil=mogy- 
Next we will introduce a third operator 
R=[O, P|= (a:b: + Po92)/ (th) =I + (Pig +P29s)/(#), — (A+20) 


whose properties are (QO, R|=2Q and [P, R]=—2P. Consequently these three operators 
P, OQ and’ R are algebraically identical with those introduced in § 4. Consider a transfor- 


(A-19) 


mation operator / (2) =exp[v(?+Q)] for any number /, which ‘can be disentangled 
according to eqs. (52) and (53) in the following manner : 


U (2) =exp [ (tans) O] exp (log cos jz) R’] expl (tan yx) ?] 
= exp[ (tanjz) P] exp[ (log sec) ] exp[(tan/#) Q). (A-21) 
Therefore the specification u=7/4 gives 
[= V2..U* (#/4) pO (a/4), 
I= V2 mw -U* (2/4) 9,0 (2/4), 


(A +22) 


and the Hamiltonian reduces to 
H=2-U* (2/4) - (w/2)[pr/ (me) + mug; |-U(a/4), (A-23) 


which is essentially that of harmonic oscillator excepting a numerical factor 2. Now the 
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transformation operator reads simply U ‘ (2/4) 7(22, 0) (2/4) and its matrix element 
is easily evaluated on the basis of § 4. According to eq. (58) we have 
(pi pd | (2/4) | a gf) = V2 (278) 
x exp| {Ai ps / (mw) + magy'qe' + V2 (p19: + Pel g2 )} / (eh) ] » (A-24) 


and from eqs. (60) or (61), once performing the Gaussian integral 
(p:'| T (2A, 0)| Oy!) = {2akmwi sin (22)}~ 
x exp[z { (cot 22) (p,?+ py”) —2 (cosec 22) p/"p,'} /(2Zhmw) ] . (A-25) 
The final result of our calculation is 


(91 '9q"|U* (@/4) T( 24, 0) U2 /4) | 91'90") 


=|[|aonaas ev" (77/4) [Pi Pe ) ap pi 4 T(2A, 0) Lp’) ap! ps po! q1'92') 
= {mw/(2rhi sind)} exp[7S(g1"9."" 3 91/92’) /2| . (A-26) 
where the classical action is 
S(q19e!"5 91/92) / (mw) = = cota{ (gy —9,')?+ (go — go’)*} 
+ (91'"G0' — 90'"91') ; (A+27) 
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Following the suggestion of Feynman, we analyze the operators corresponding to the electron- 
positron field by means of the operator calculus. Thus we can deduce operationally Feynman’s theory 
from the second quantized theory. With the aid of the external spinors, which are considered as the 
analogues of the Schwinger’s prescribed source, we obtain formally a closed form of the S-matrix. Using 
this result we can derive the diffusion equation for the Dirac field very simply. The relations to the 
Schwinger’s new theory of Green function are also discussed. Finally the formula for multiple boson or 


fermion pair-production are presented as illustrations for applications. 


§1. Introduction and summary 


Recently Schwinger” and many others have made attempts to obtain the closed forms 
of the S-matrix and the Green’s functions of quantized fields, avoiding the use of the 
perturbation procedures. We have here discussed a closed form of the S-matrix formally, 
at least in the case of the external electromagnetic field, with the aid of the operator 
calculus. The calculus of quantized operator has been, originally and extensively, used by 


Feynman” but we adopt here its developed scheme given by Fujiwara” : 


Using the operator calculus, in this paper two matters are intended ; one is the proof 
of the equivallence of Feynman’s theory and the usual quantized field theory of Tomonaga- 
Schwinger, and the other is the above mentioned closed form of the S-matrix. The first 
problem has already been discussed by many authors, Dyson proved this equivallence in the 
frame of perturbation expansion and Feynman’s proof was attained by means of his operator 
calculus. But Feynman did not take up the quantized Dirac field, and used the results 
of his own positron theory, and carried out the disentangling of the radiation field only. 
We now here disentangle the quantized Dirac field operators and provide the direct proof 
of the above equivallence operationally. Our aim is to deduce consistently as many results 
as possible from the definition of the transformation operator U and the commutation rela- 
tions between the field variables. It, means that without explicit applications of physical 
considerations except basic prescriptions set up above, we resort only to the means of 
the mathematical procedures of “ disentangling avoiding the expansion with coupling 
constant: for example, for one-body kernel of which we know only its definition : 
(PSP) (2)) )oé (L232) swe seek the integral equation which it satisfies. 
gested by Feynman”, but contrally to his conjecture the analysis 


The program was sug 5 


of this problem does not throw any new light on the problem of disentanglement of the 


form | exp (i(7o+™) W |dW, because, although in this form anticommuting quantity 7 
0 
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appears in the /ézear form and causes essential difficulty owing to ie, Tene ae a 
in our problem the anticommuting quantities ¢ and ¢) appear always as agin a 
and do not cause any trouble owing to its aficommutatibity. A prope ne point of the 
concept of Feynman’s ordered operators is that we can disentangle the diferent fields 
separately step by step, i.e. during the process of disentangling of one field (in our ate 
¢, and in Feynman’s” case A,) we can treat the other field (in our case A,, and in 
Feynman’s” case ¢’) as if it were a c-number, but we must remember that the latter 
field operates in time order, not in positional order.* 

In a blief outline the procedure is the following. In § 2 we have disentangled the 
transformation operator (/ with respect to the Dirac field and illustrate our mathematical 
method in some details. Even though it is complicated a little in the integral equation 
method treated there, there seems some possibility of handling the bound state problems. 
In the Appendix we give a sketch of the differential equation method, which is simpler 
than that of the integral equation. In § 3 we have taken the expectation values of U- 
operator and have discussed the relation between the S-matrix and the kernels, and also 


the integral equations which are satisfied by them. 


In § 4 we introduce external spinors d and ¢ which are the analogues of the Schw- 
inger’s prescribed source 7 and 7, and intend to describe the real spinor particles in the 
initial and final states, which are present on both edges of the electron lines in Dyson- 
diagram. Using this new techniques we can construct the S-matrix in a closed form 
formally, and prove the equivallence of our procedure and the usual one. These forms 
have recently been obtained by M. Neuman” independent to us from the point of view 
of the Fredholm theory of integral equations. In §5 are presented the simple derivation 
of diffusion equations for the Dirac field which were introduced by Fukuda and Tomonaga” 
after very elaborate calculations. We derive this equation operationally as was done by 
Feynman for the case of the radiation field. Of course the diffusion equation can be 
obtained directly, if we use the functional derivatives” or the Wick’s product symbol” 
formally, but this does not mean, I think, any important advance to solve the problem. 
The relations to the Schwinger’s new theory of Green function” have been also discussed. 
§6 are devoted to some illustration of our operator calculus and derivations of the formula 


for multiple production of bosons and fermions ; the boson case was already treated by 
Glauber*, and of course his results agree with ours. 


§2. Structure of the transformation operator (/(a,, ¢,) 


Concerning the systems treated, we may restrict ourselves with 


Quantum Electrody- 
namics without loss of generality. 


Starting with the interaction representation, we take 
the interaction Hamiltonian as**) 


*) Concerning the principles and techniques of our operator calculus the reader are requested to refer 


to the Fujiwara’s work). But we have not gained any new results, since we do not use any new principles 
and techniques, and it is only a mathematical re-expression of old materials. 
**) In this paper we use Schwinger’s notations®) mainly and take 7=c~1. 
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H=—idAd, A =cey,A,, (2-1) 


where # and ¢/ are the quantized Dirc spinors, and A, is the quantized electromagnetic 


field, but we can treat the latter as if it were a cnumber in the meaning of Feynman’s 
& y 
ordered operators. We decompose the spinor fields into positive and negative. frequency 
parts. The commutation relations are 
id (a), & (’)t=—1SM @—27), 
id“ (x4), Pt (4')i =—1S© (4-4), (2-2) 
Other combinations anticommute. 


As it is well known, the transformation operator (/(a,, ¢,) is defined as 
Mee a.) =Exp|—{ ’ eH(z)h, (2-3) 


where Exp means Fujiwara’s expansional operator. We disentangle the C/-operator so as to 
bring the annihilation operators ¢/* and g)* on the right side and the creation operators 
go and (i on the left. Feynman” and many others desentangle the operators Ay and 
Aj, first, but contrally to their procedures we would like to disentangle the spinor fields first. 
We follow Fujiwara’s method of diesntangling of Exp-operators and put 
P=-ft Ap, R=-—GAP +P AG), Q=-FAy. 2-4) 
In the following the terms, in which ¢’s are contained in the form ¢*¢*, fy, ppt 
or Y*g, are referred as P-, Q-, R-part respectively and we use the same capital letters 


to represent them. Following the above program we put” 


ees.) =Fxp) | dz(P,+R,+0,)| 


=exp!| | dQ) Exp || azR} exp } [ iP} (2-5) 
Citra! asian vera" a Ri Nott! Rf _ Sarre 
=Exp|| dati O+ ge Re +¢ (E PE Je \], 
where ot i. vig 
Pai fpr, Rat ge 4 eh Oey (2-6) 


And now we must determine the functional dependency of f and g on A. With the aid 


of the commutation relations (2-2) we get 
0, P= 8S SONG FP SOPH) oo Repa 
[(O, RJ=-i¢f SP gIGT Pg SOF Gr) ee Q-part (2-7)*# 
[POR = =7 Gf SO gel P te SUE GF) a P-patt 


le} 6 a 
*) For the sake of simplicity, in this section we abbreviate I""as | and \ dr! Rl= "i dr’ R(x’), 
re 


a 


\ dr! KY’ 3G dr’ R(x’). @ means the space-like surface passing the point «, and since [Q, O7]=[7,77] 
JG 


~o 
y —\d 
=0, we can write pee see poke 5 Te bat for X-part we must use the Exp. 
**) In full writing this means 


[Otx), P(x) = 84> (IPO) SO (ea fa G* — Pt (a) f(a) SH) (a? — x) f(a) O~ (1), ete. 
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and 
5 LD AOL SOR fSOg¢d- — dg Sf dl) 
Sarrer sy, Marrero gear pr eget SHE Gl) (2-8) 
gt py D_ state GI SOP PIS 
— (=2)7\ae Nae ey SESS hal i SS STS! fe ee 
4 s Carthy 6 dtl RI : 
From (2.8) we see that eS?’ Re—S""'has no P-part. EY PEs contains /-part 


2 a . . 
only, and yet, even if we now multiply e\’’®’,c—\"*'’" from both sides respectively, it does 


not yield any new P-part. And so identifying the /-parts in (2.5), we get 


ATI! 


BE LE‘ dz Rs =P (2 . 9) 


Similarily identifying the 7-parts in (2.5), and using (2.9) we have 
Wee part Orn eet es 9 = ee ie 


And now when we apply (2.8) in this equation we get, 


xs 


R-R,=| de WET em: (2-10R) 
‘In the same way the Q-part satisfies 
0=0,4+\'a'[R, a+ il ala "(0', [0", Pl]. (2-100) 


(2.10R) and (2.10Q) are the equations which must be solved. 

It is rather an easy task to solve these equations in power series of 4 and to prove 
the general validity of them with mathematical induction. 

But we avoid the perturbation procedure and use the integral equation method to 
solve (2.10). Jn the following, we use familiar Feynman’s A, function, instead of S‘” 
or S‘.© First we take up (2.10Q). Obviously we can put. 


la} a kgs o 
| OTD —| de Ag +| «| 
Sq a oq 


ie} 


g — - 
a"G' AKA, 5,)A"p-" 9) (2-11) 
a 


6 


and we seek the integral equation which A’,“(c, «,,) satisfies. From (2.11) we have 


=— 9 Af + | dl (f AK A,6,)A'b' +40 AKA (Gg, o,)Ag-) 


Oo, 


*) As is well known, Feynman’s A™. function is defined as 


ee Geote for 29 >0 

FT ANGRESI SE Ge) stove yO, 
then we see that S(+) and 5(-) functions appearing in the above and in the following equations can be subs 
tituted by Ay function. 


\ . . 5 We) x 
**) In full writing this means j az’ \ ac!’ p-(a/) A(X’) KA (x1, x3 0, 60 )A(a) b- (4). 
Ca Oa i 
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o 6 can JZ A 
+| a | abet" At ORG Fa) gig, (2-12) 
6 Sa 00 (4) , 
and in the same way we express the other terms of (2.10Q), and inserting them into 
(2.10Q) we readily obtain 


o 


[de PAIK AGG, a) —Ki4 | de” KAY KA, 0) Ap! 


Og Go 


+| dt’ P'AVK ACG, a.) —K.+ |" de ICG, a.) AUK, | Agr (2-13) 


Ga Gq 


+’ de F este Gilead So A a). 


Sa 0a (a) 


+ (K.—[ di" KM(a, 0,)A" KJ ACK. —\ aN KAYK AC, o4))} ANY” 


=0. 
To solve this equation we get the inspection that A,“(¢, ¢,) should satisfy 
K,4(a, a) Ke |! KA’ KA(o, 04) =0. (2-14) 
Then the first and the second terms of (2.13) become zero.*.) Now we must show that 


KA function defined in this manner makes the third term of (2.13) zeeo. By the opera- 


tion on (2.14) we have 


a (x) 


N77 A (ies 
OKAG, Fa) KK AK Alo, 04) + \ KA 


da(« On 06 (1) 


OK A(a, On 


If the expression obtanied from (2.14) for K, is used for A, in this equation, and 


if we put 


77 A 
DE porta hie (6, 0,)AK 4(6,°6,) =R(6 (4), Ga) 
0a(x) 


then we can easily see that & satisfies 


ROY, "o.) + {. d' K, A! ®(a(4), 6.) =. (2205) 


On the other hand we see from (2.14) that }-----: { part in the third term of (2.13) 


*) The condition : 


ie 4 
KuA(6, Ga) — A+ +\ at! K+4(a, 64) A’ K+ =0, 


| 
that is required for the vanishment of the second term of (213) is automatically satisfied by (2.14), when 
(2.14) has unique solution and the Liouville-Neuman series converges. In the other cases we must impose 


this condition in addition to (2.14). 
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in question is just R(a(x), o,). Now, (2.15) is just the homogeneous equation be- 
longing to the integral equation (2.14), and according to the general theory of integral 
equation (2.15) has no solution except zero, when the coupling constant ¢ has a general 
value. And thus in this general case (2.14) has a unique solution. Thus we see that 
(2.14) is necessary and sufficient in this case. If ¢ has a special value, (2.15) has 
solutions except zero, and in this special case there is a possibility of the existence of the 
solution of (2.14), -ut this solution has ambiguous in some extent and does not satisfy 
R=0, in general. And even though (2.14) has no solution, there is also a possibility, 
that the sum of three terms of (2.13) vanishes with an extremely special A. Correspond- 
ing to the problems here treated (mainly the scattering problem in which ¢ have a general 
value), we do not discuss this hard question here and will restrict our discussion to the 


case, when (2.14) has unique solution. We arrive at the result 


5b Sb as 5b 
| «Q=—| at fA (| | AIK A (On Fa) AY") 


“Oh po# Gh (2-16) 
a = de (fr =| de $'A'K A (ay, 6,)) A. 


Sq 


To determine the A-part we insert (2.16) into (2.10R) and readily obtain 


ea —Haf-—| 


ihe EI Gos a.) A"! - —| de! hb AK A( a, 64) | Ag. 


Go S¢ 


(2.47) 
If we, remembering (7,0,+72)K,=—1i, apply (7,0,+2) to (2.14), we obtain® 
Vu (0, —teAy) +21 K,4(0;, a.) =—i for o,<0 <a, 
2-18 
{jpop 4-7 (A to,, 0.) = "—2 for 0¢,>6, or d>6, ( ) 


Now we see that our A¥,4(.co,— 00) is identical with the well known Feynman’s one-body 
kernel with interaction, but it does not contain the vacuum poliarization effects. Our 
K,4(a,, ¢,) is the solution of the differential equation (2.18) with the boundary condition 
Ho Oe O, Pee 2 


Now if we put 


5h 
P (a;, a= —|’ dt KA G..dg) A (2-19) 
we see that $™ satisfies the following Yang-Feldman type equation 
5b 
$ (i; o) =o — i dc! KA'p"!, (2-20) 


and 
\Vp(O,—7eA,) 7) Gd, =O. (o, <6 
Similarly we also define g>. 


IA 


90). (2-21) 


Since we restrict our discussion to the case when (2.15) has no solution, we can 
/ ? 


) In Feynman’s notations our 4 becomes 74. 
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write (2.14), (2.19) symbolically as 


5b G 
KE (oy, 64) =[1 +| Penne |nike (1 +| ‘ DAA Nc. (2-14’) 


Sa 6. 


= b 


on ro 
9 (4, o,)=[1+ d/K,A'\ ¢-, $$ (oe, 6,)=¢ [1 +| aA Te) ee 


(2-19') 
Making use of (2.12) we obtain 
O=—$ (a, a,yAP (a, 4,). (2-22) 
If, in the outset, we take the charge symmetirized Hamiltonian® 
ibe ae e [¢, Ag), (241s) 


we can easily see Q,=Q, and get the following results for /-part. 


Fa 


R= — & (bt Ad —p- A? f*) +9" Al de Ka, ayAly-! 


Ga 


-" (b- Apt —' A? d-) +| a: & AK (6, 02) AY” 
2 6 


= (a, 0.) At b* —¥$ (a, G,) Ap* = [a S(CUK AK (6, ¢,) 4) = SoS Oi ae 


and the last term vanishes as was shown by Schwinger” from the symmetry property of S. 
At the last step we must determine P part from (2.9). But as we know that P 
and Q-part must be symmetrical**), so we get on account of 2.22) 
o oO 
So CUR! +3 Soq te a 
Pat (—P AP") & = —$* (6, 4.) AP* (9, G4); 


ia} a} 
Ae AR! a ‘ atl / 
bth" sh Sa pt (a, o)ss (2-23) 
And also from the symmetry of Q-and /-part we get 
Lh) es %% IRI 
N dave ‘i r Jo 2 R 
EB p- =P" (a, o) LE (2-24) 
These equations are useful in the next section. 
And thus we attain to the demanded result, that is, the complete disentangling of the 
U-operator with respect to 4’ and ip. 


a = ob Z ; Pye 
eee, sue AD (On Fa) Po pt ude D(a, 04) ANS 
b» ae By 


*) We designate the charge symmetrizd quantities with subscript '. 
**) Or repeat the above analysis by interchanging the role of (-and /-part. 


of (A 2) in the Appendix). 


(See also the first equation 
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5b = Ph Ob at : he 
x 1 Sag at wy) D (a, Ou ) Ad - Saq ary ) AD ( Th» On ) g (2 . 25) 


ads oud! Sp(K,AD (a, 4.) KA!) 
F 


where 


D(a, o,)=[1+]" ark wy? (2-26) 


Of course in these equations ¢/ and q operate in positional order, but A operate in time- 
order. 

We can treat for example the meson-photon system in /-formalism in an completely 
analogous manner, and obtain the same form as (2.25) save for a sign change in the 
last term, which arises from the different statistics associated with the integral spin field. 
In this case, of course, A, means the propagation function of mesons in /3-formalism. 
As we will show in the next section, the last term in (2.25) just represents the vacuum- 
vecuum amplitude C,. Thus we obtain the Feynman’s results, that is, C,=e” for bosons 


and (,,=c~” for fermions, without any physical consideration. 


§ 3. Relations between the U-operator and the kernels 


t) Vacuum-vacuum amplitude. If we take up the vacuum expectation value of 
the spinor field (2.25), and therein make use of the defining properties of the spinor 
vacuum : 


$*),=$"),=0 and (Y-=,(G=0, (3-1) 
we obtain 


Sh 


(Toy, 0.) =CiO 6, =exp| =| a: (a Sp(K,AD(a, aK AYI, (3-2) 


Se 


since in (2.25) all the spinor operators now vanish. As we can easily see 


Gp taj ta) o 
ib dt \ az, | dey| Pint Sih KAR, AOR a. Kea 


1 (2% Gh on 
=+| at | de-| @in_y SP(K,AK, Ay Ke LNs 


2 Ja Sa 
if we expand (3.2) with respect to A, we get 


(2) ail n—1l poy ob 
Moga =exp{y ») | y| de, SPUGA,K AR Ay |, (3-3) 


\n=2 Sa Sa 


and we recoginize that it agrees completely with the Feynman’s result’, when we make 


Tu. — ©, d+ 00 (cf. the footnote of page 454.) And we can write symbolically, 


Cy (GK 0; =exp| Sp log(1 + |" a! KA) (3-4) 
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5 %b = 
since | dt'Sp( KA’) =0. This expression has already been obtained by M. Neuman”. 


ti) . One-body kernel and two-body kernel. To simplify the notations we write 
(2°25) as 


U (a, 05) =. Q(61, 62) E R41, G2,) ,P (01, se Ue ea a) , (2 -25') 


and then, making use of the equations of previous section we obtain*? 


UT (ou on)$h(2) es ENC (2) — (He, K(2,3)ABIPNB 5 ou ane" Oley 
+ U (a1, 02)" (2), 
or from (2.24) 
age OA Dace es | oe PP 8Ce 2 CA G5 15) + OG (oy Go) O* (23 0; a 
=== (2 2.0, Gs) (0;,, dg) +17 (04,03) 9" (25 45 52). (3-5) 
Similarly 
PEDO (G., Ge P (2d O,) OGG.) HUG yd) (2 305503) 


In these equations we see that Q-, P-, R-parts represent pair-creation, pair-annihilation, 
and radiative correction respectively, or in Feynman’s word /°(Q)-part represents the po- 
tential repelling fermions to the past (future) direction. 
(Figs 17) 
From (3.5) we obtain 


$1) (a, 2) $ (2) )s= {pt (Ly: gp (2 > Fi Gy) i3(U (a4, d2))s 
=—C(a;, Gy) ee (25 193. 4; Ts); 


More generally / 
U(4,, 02) P(2)U (ae, da))s=U (an Fo) P (25 Fo Gq) U (G2; Fa) )ss peat 


and we obtain from (2.14) 
KA Oa) =[ (4,4 (4, a;)) ns lca. (44, a) ) ge 8 Pied | (3: 6) 


The arguments (¢,, ¢,) etc. in this equation can be considered as showing a domain 
wherein coupling exists. After some manipulation we obtain 


o1 


lace) GOQ)U ont) ll +| a K.4y et +| ae Kapa ZA +| de KL Ay" 
J 62 ‘J Gg 2 


GL 02 62 —1 
(| the K.A)\i+| aK Ay"(—{ dK A) | (2) (oy 0))s 


ab + [axa] 9) O{oy o¢))s 


*) g,, o. mean the space-like surfaces passing 1, 12 respectively. 
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and finally 
AU(e,, 4) Q)U (a, %)9(2)C (as 2.) £2, = Clog o,) Kaa oe 
(-7) 
Similarly we obtain 
U (Gy) 69) (2) U (ay, 4) PA) (4, Fa) )5€(2, 1) = + C, (Gn, Ga) K4* (2, 15 % Ga). 
3-7’) 
If A represents the external field, C,, represents only the normalization constant, and in 


this case if we define the one-body kernel as*’ 


K44(1, 2) = PG (4,— ©) 62) 01) Yt (12) AK es 2) )5 BB) 


we can derive the Feynman’s equation 
LC G2) eG. 12) —| di, Ral, syd s)he ose), 


from the second quantized theory, only by the use of the commutation relations and 
mathematical manipulation. And thus we can prove operationally the equivallence of 
Feynman’s theory and the second quantized theory. 


In an analogous manner for two-body kernel we obtain 
P(U (co, — 0c) (1) (2) 6(3)$(4)),€ (1, 2, 3, 4) 
== CAG, Is) Ko (43) ak 7 2, Bye 4 cis (3-9) 
but the actual derivation of these equations needs some clumsy calculations. We shall 


give in § 5 more simple and compact derivation with the aid of the external spinors. 


§4. <A closed form of the S-mairix 


Instead of (2.1) we take the interaction Hamiltonian as 


i= [$+9, A(p+9)], ~ (fai 


Se! 

2 

é and ¢ are the external spinors, which are analogues of the Sshwinger’s” 7 and 7, and 

represent real fermions in the initial and final states. é and @ are to desctibe the separate 
real fermions, and so they all anticommute with each other as well as g and .**) 

The calculations proceed in the same line as given in the previous section, (The 

details are also given in Appendix, which are simpler than those of § 2) and we obtain*** 


S=U(co, — co) =exp} —($ ADb- + $- AD$+GAD$-) | Exp | +¢-D, AP} 
x Exp} —- AD, he { exp — (gt ADgt +9* AD$+ GAD ¢$") ; e : , 
x exp | Sp log(1 +| dz'K,A') | exp (—6AD¢) 


*) We abbreviate A’.4(1, 2; 00, —oo) as A+4(1, 2) and C,(co, —oo) as C,. 


**) Incidentally our ¢, 6 correspond to Dyson’s Sree operators. 
otk ; : : ; , j 
' In this section we consider S-matrix only instead of U-matrix to avoid the unnecessarily complicated 


notation. 
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where 


¢- ADS =| a gb A[i +f are ay y- 


Ss ™ s (4-3) 

g AD * = dz ¢- All +| ae AAO 
-© © etc. 

Taking the vacuum expectation values of the virtual spinors ¢ and ¢/ in this equation (4.2) 


we obtain 


A Sie GC 
C,,=exp{ Sp log(1+ 4,4) | (4-4) 
Caexp! —¢A[1 + K, A)! 
Here we omit the integral sign \ az to simplify the notations. 
C,, and C, describe the closed loops and the real transitions respectively. Actually in 


our theory O-~—0O expectation value of the S-matrix with respect to the virtual spinor 


fields is the only quantity of physical interest. If we expand C, in power of é ¢, it is no 
other than the expansion of the S-matrix in the number of real fermions, and it is almost. 
evident that the terms containing (dd)” represent the 7—vy expectation value of the usual 
S-matrix. (cf. also next section.) 

And thus we obtain a closed form of the S-matrix in the situation, when the arbitraly 
numbers of real fermions are present, or at least in such a sutuation as the case of ex- 
ternal electromagnetic field. And in this case C’, and C, are disconnected, and C,, is the 
only normalization constant. é 

If A, represent the quantized field, as we have emphasized it above, the expression 
(4.4) is the operator equation of A,, not in the positional order but in the time 
order. And now we use Nambu’s” procedure. We review it here. Let F(A) be any 
functional of operator A,, not in the well order, (ie. 4 on the left and 4), on the 
right) but in the time order. Remembering the commutation relations : | 4i(7), Ay Ce) 
=id,, D*(x—x') and [Ay (x), Aa (11) ]=i0,, D©(~—2'), when we bring (A) in 
the well order, and denote the well ordered (A) by /'(4), we obtain 
0 


tds) 


Z Oe ees Dae Ao oi 0 i fmcns| aay RO bas 
A(e) =Ag(2) +i [ de’ 2 FIRED) + Az +) if-ae'D' (x aC) 


fi ted 7) 
OC Sl de Ue eee 4+5 
Aya) +2 {del Dele 2) 9p (4-5) 
where 
21D (x) if %> 0, 


Dye) = 16 (2D. (x) —ie (4) D® (2) |= 


ade (ar), th tg 0; 


*) « means that the equality holds as far as 4y+ and 4% - appear in the combination 4p* + dyp-. 
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and also A,(4) can be written 


Aha) 2 Ana 


= Aue ee | eee ee ee |. (4-6) 
V=exp| — i ale Awe X Sere exp 4 6A "0A, 


io 
Thus we can write (4.4) as 
(S),=exp{ Sp log(1+ K,A) (exp } —gA{1 + Ke Al Gs 
or (4-7) 


it 2) Ome { r | ( f Ar r ey 
= a pe Splog(1+K,A —¢Al1+K,A . 
exp| | oA, Oe p exp | plog(1+ 4,4) ee ee [ C,Al"9 


In the latter equation we can treat 4, as a true cnumber, but this does not make any 


important advance above (4.4) in practice. f 


: mmane : al ; 
Thus, if 4,’s in C, andJ ,’s in C, are contracted, (i.e. a in C., operate on 1,,’s 
0. 
uw 


in C, in (4.7) and vice versa) it represents the effect of vacuum polarization, and if A4,’s 
in the same $14 of C. are contracted, it represents the self interaction of real fermions, 


and if A,’s in the two dAD¢ of C, are centracted, it represents the mutual interaction of 
real fermions. 
To prove that our procedure is equivallent to the usual one™, we take up the case 
of quantized radiation field. In the usual theory, as we have seen above, if we replace 
: 1 0 
the operators A, (1) by A, (x) + je’ D,(%—2x")— LZ we can treat the operators 
2 Or av 
AG 


iene i : Coes 0 caf 
A, as if it were a cnumber, and carriying out the differentiation _ the remaining A, 
a) ’ 
“ty 


represent the real photons. On the other hand we use in our treatment separate variables 
to describe the real and the virtual particles. The viriables 4%, (or ¢ and ¢ above used) , 
which vefer to the real particles or to the given external potentials, commute (or anticom- 
mute) with each other as well as 4,**) which refer to the virtual particles, when A, 
obey the Bose statistics (or Fermi statistics). Remembering that we take always the vacuum 
expectation value of the S-matrix with respect to the virtual particles, our prescriptions 
are summarized as follows: Replace A, by 4i,+ 4%, where 4, mean the external (cnum- 
ber) potential and take the vacuum expectation value of the S-matrix with respect to the 


virtual photon 4’, 


iy 


Since li, can be treated as 4, in the usual theory, we can treat 414+ A% as if it 


; 1 0 
- a e a 
were a cnumber after replacing them by A, + 4,+4{D, 3 and if we follow our 
4 OZ. ei 
AN} 

4 He . . . t . . . oO . 
Prescription, we must put all the remaining .4), zero after differentiation ; . Now since 


pe 


*) 


The author is indebted to Mr. H. Tanaka for pointing out this proof, 


) The superindex ¢ and 7? in 4u¢ and Au’ are the abbreviations of external and internal. 
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5 , AN) 
Al, + Aj, always appear in the S-matrix in this combination, Aut Apt | De! is 


\ fi 
OAL 
‘val - fei ( °00 : oe 
equivallent to 4, + 4, + —\- Ese , and so, according to our prescription that we take the 
ode O le 
= hy 
vacuum expectation value with respect to ,, we can put Aj,=0 from the beginning. 


iN 
: , beh 0 : : 
(Because there is no differentiation _——.) After we have treated Ay, and A in this 


0A, 


manner A‘, in our theory play the role of A, in the usual theory, and thus we can prove 
their equivallence. 


§5. Diffusion equations, and the relations of our theory io the Schwinger’s 
new theory of Green function 


In the previous section we have obtained a closed form of the S-matrix. Using it, we 
can derive the so-called diffusion equation for the Dirac field very simply, though it was 
introduced by Fukuda and Tomonaga’) after very elaborate calculations. The diffusion 
equation for the radiation field was introduced by Feynman’ and also was derived very 
simply by the same author by means of the operator calculus”. We here take the opera- 
tional method. 


After the so-called Fukuda-Tomonaga transformation: (it is only a scale-change of the 


field variables.) 


— 1 il 1 
ebVva, Bye Ae ara: d— we etc. 


the fundamental equation of our theory (4.6) now becomes*? 


S=C,C,=exp} Sp log(1+6K,A) exp) —A[1+ 6K, A] '4$ (5+1) 
Now 


nN? 
or 


6. 6 3(S),=Sp(K, Af1 +6K AT "),CS); 


Tees 
(5-2) 


4+ (GA[1 4+ 6K, A] 1K, Ali + 6K, AJ 9) (S)s 


In this equation the first term ‘vepresents the construction of one closed loop, which has 


» 


0 
Ogod 


second term of the equation (5.2) represents the construction of one real electron line, 


been produced by the operation bn the same real_electron line,**” (Fig, 2a.) The 


which has been produced by the operation S 4 on the separate real electron lines (Fig. 
00 
2b.) 


*) We put A=TpAp. 


**) Real electron line means the electron line which has ¢ and ¢ on both edges of it. 
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= 
7) 3 NG 
etme: Ny 
p 
? # a= K, 


ee 


Fig. 2a. Fig. 2b. 
On the other hand 
BO Sy (fa re aa ) 
es (5-3) 
Ore (GA4[14+6K, A}? K,A[14+8K,A]-4) C 
Q 
Collecting (5.2) and (5.3) we obtain 
AS See ee oe. < ops. 
db Ob, 2 Og 
or 
AKS) 5 = lsat iz Aaa Cos E:Ae 4 ’)~ a AS). (5-4) 
db —c 06, (27) 06, (2) 
This is just the same diffusion equation of Fukuda-Tomonaga. 
If we put 
ate To |=ju eb A=7, icAb=y, iy, d=/,, (5-5) 
our interaction Hamiltonian (4.1) becomes 
— (fuAn t+ qe +9 +),An) (5-6) 


4, 4 and /, are just the Schwinget’s prescribed source, and our theory agrees completely 
with that of Schwinger’. In this notation (4.6) becomes 

3(S),=exp{Sp log(1+eK,A) }e-? #4 pty Ay 
or (5-7) 


is — fend [2 nde'n (2) KA(x,2')n(2") i\2ude], (x) A, (2) 
=C,¢é é 


Tt is interesting to compare this equation with 


a Pac hae CS Dy(4,2')7,,(4’) if2ude 7,(z)B,(e) 
rS)p=e 3 (5-8) 
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The  brac a>: i 

i 1 p\ )p denotes here vacuum expectation values with respect to the virtual 
. photon field, and 2 : i 

p ‘ 5, represent the external potential. (/, also represent real photons in 
our treatment.) Obviously 


GS \. oS = 

—S — =, ————. }, == =, P. S h x! 

ee ie ath) 
a2(S), 


ee = PSE (2) 02) € (ak 


09 (x) 4 (2') 


and on account of (5.7) we obtain 


8, de ye 
Fa AEDT " |--aKe (x, gyeld fee 


and thus 
MPSA) 2) [= CK AC EAM (5-10) 
n=1=0 
This is just (3.7), when the external source /, exists. From (2.19) and €5.10), 
if 7,=7n=0, 7,40, and if we put 
APUSY (4) 6(7))) €( e) =A, 27), 

we obtain 

ir (0,—2eAy) +i K(4, 2’) a SO ey le 
where 


AS), =exp| Sp log G+ .A) fee 


This is the operator equation of A, with time order, and so we obtain* 


{re (0. — i) +m LK x") )p=2(S)I(% x") 


or 


; } ay A cae ap ROEM Oe ee 
Tike — ee, +m\bAE * ))p 78 (x, x!) ter, PAA 
co es v6 S)o oh GS) 065) 


The factor ,(.S), in the denominator is needed for the normalization, ie. to make the 
yacuum-vacuum (here vacuum means ),)» i.e- \,) amplitude to be unit. This means also 


that we can neglect the disconnected Dyson-diagram. And finally if we put 
G. (4, 2) = <PUSP (4) GD) Doe @ #) foKS)o» 


we get the following equation. 


*) We abbreviate <<>> as <>. 
pis 8p 0 0 


« 
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y PC Zh, (+) S))o ee ) G. es, a! = 16) yy x) (S-11) 
{raf Bn % iS), ak m (ih, IO 


This is just the equation of Green function given by Schwinger”, and contrally to Feyn- 
man’s one, G,(12, +’) contains the effects of vacuum polarization. . 

In the same way for the two-body kernel, we have, for a typical order of the times 
(a, Pa op) eo. oe Ba), 


3 a A i; hie AS) 
KPCSBA)#H2)FB IA) | = Or {IH 2) 64 HAA, 4 


q=n=9 
cee ae (444; 3) S\aek A, 2) ae) \ aa Gee 3) a ).| 
bn(1) 09 (2) n=7=0 
= (kA RO ly) ae Od Gree, 


This is just (3.9), and thus we can derive the results of § 3 in an compact way. 


§ 6. Applications—Multiple production of bosons and fermions 


As an illustration of our operational calculus, we give here the formula for multiple 
production of bosons and foemions. Although this formula has already been obtained in 
boson case by Glauber”, we reproduce his results by means of our operational calculus. In 
his ‘calculation some special ‘considerations were needed for vacuum fluctuation. In our 
method, since we rearrange the quantized operators in well order, we can separate the 


vacuum fluctuation from the beginning and extract the real emission amplitude directly and 
attain the final result more easily. 


As it has been shown by Feynman” 


cis oe Iu —— sar Jee pie T As (6-1) 


asses i pal/ {Om 3} Ch 
where Sy =70 2/1 tf, Deja and now ¥(co)=S¥(—co). Thus if ¥(—o) =), 
and Y(co)=,,, where Y,, is the n-photon state, we obtain 


TS a er Re 
ane Ay)” oSto 


o,= (Fa; Gi) eo (i nf | Sool? nf Sat fda)” ae jy Ay Py 


We may, however, employ the easily established theorem 


([B, AJ" ata) area) 
g(b ae 
Ce ae Pe ENS Sic 


for operators A and B that commute with their commutator [B, A]. Thus 
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a 
(2!)° 


On = 


Sal? nt ([ des [deol 4iQ), 452) OA)” 
Eis ? (& Ic, deo 7 (1) : n 1 2 
Sah al Ake ees la As ee perl 2) seam, volts 


zl : : 
where /”/= fas dz' 7, D"7,'. On the other hand we easily see: |So9|’=e7”. 


Thus we obtain the Poisson distribution for wp, 


We" as, 
WO, = ———e— 6+3 
= Tego (or) 
Similarly in the fermion case, the probability w, for the production of 7-pairs from spinor 


vacuum is given by 


O= 


i 9 1 
== Ses Ge ci Pe nm == - Won 3 Fs 
Gut)? lod GR Es Ic. (C4) 
where O=—G- AD, P=—¢* AD¢* in (4.3), and W,, are given by 


W,=Gy, WH=GitG2, Wi=2G,+3G,G,4 Go (6-5) 


where 


Cum —f deers) en Sp(A (1) S4(1, 2) A(2) S4(2, 3) AGB) A (22) S4 (27,1), 


and cen0) 


s4q, 2)=S_(, 2) —['ae, K.(, 3) A(3) S4(3, 2), 


co 


S42 S20 2)—{ de Ro) SYAGYSAG? 2). 


I have performed the calculations up to I’,,; and though our method is more efficient 
than the usual one, but as the expression is so cumbersome and moreover it has no prac- 
tial interest, we shall omit them here. 

In the above arguments the systems in quantum electrodynamics are mainly treated, 
here will be no difficulties in handling with the case of nucleon-meson systems, 


but perhaps t 
especially with direct coupling cases. 

In this paper, we scarecely consider photon interaction, and the applications of our 
theory to the related problems are in progress, especially the renormarization problems will 
be treated in a future investigation. 
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valuable discussions. 
Appendix ; Derivation of (4.2) 
In § 2 we have shown an integral equation method, but here we show a sketch of 


the differential equation method. Interaction Hamiltonian is (4.1) and we now put 
To.20) =Exp| _ by de (GAG +9.16-+6AG +448) 
uO 


aU (a) ER ) PC) S (a,) 


Me ANY “ 
=exp| : bal oC eX) ae, Bre 
Hie . ‘ 
J0 \da(4£) Oa (x) : (A-1) 
- Oe Dip Ne ole oS 
mee? : s LE wo) e Wie) — sal 
00 (x) 0a (x) 


= (db T(ar)o- ap fF Fp) aia Fi Ty) 4 ( ih : “4 (7, a am ¢) ey (a, 1p ‘ ) 
xe (f(a) p) ps ats gb? Faz) =i PGs ) ¢ ) bs (a, )o 


Following similar arguments as in § 2 we obtain the relations coresponding to (2.9) and 
(2.10), 


er 0600%, OG) pr, 0) = — A, 
0a (x) 


Og(0) a. (o) 
ao(2) ert Fe ee 5 AK fle)= =A, 


uefa) ao Ve ts (on Og (a) 
da(x) Ge )& do (x ES Boee 5 K.f(a)) IKE) KRyAK (CO) = 


ox, OF (a ee | 
o-8 Be ete (c) =— Ad, and its adjoint, (A-2) 


OF (a) _ O(c) (0) K, OF a) “ah 
itor bow) ais do ages a pe OS sae, 


and its adjoint, 


des, (F(a) ac a dF (oc) eK 9) he Sai (c)) 
0a(1) ties P) 


This can be reduced to 


Of(a) 
a(x) 


As the solution of this equation with the boundary conditon /(0)=0, we get 


—+ (f(o)K,+1)A1+K, f(e))=0. 


fe) =—-\" ane ("x4 (A:3) 


| 
| 
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and from this we obtain 
g(a) =—A J! log(1+ [ A tA (A-4) 
J0 


Maing use of (A.2), (A.3), (A.4) we obtain 


\ Fe A 
Sita), +[14+|@K,A]'K, AP (oe) +[1+ (3K, A} Ad=0. 


0a (x) 


and the solution of this linear equation with the initial condition /*(0)=0 can be readily 


found 


a) = —|"40 +| KAY'S. | (A-5) 


Substituting (A.3), (A.4) and (A.5) into (A.1) we obtain the previous result (4.2). 


Note added in proof: To fill up the vacant space some remarks and formulas may be inserted here. 

a) Taking the expectation value of the S-matrix given by (4-4) with respect to the photon field 
operator 4. we would be able to obtain a true closed form of the .S matrix, though it is a very hard task. 
Not to say about the general .S-matrix itself, even about the one-body kernel Gy, or about the A441 which 
neglects the vacuum polarization effect (’, from Gy, it is hard to obtain ;(A44)p in a closed form. Racently 
we have made a formal evaluation of »<A%44)» with the aid of Feynman’s propertime formulation (Y. Katayama 
and K. Yamazaki, “Convergence problem in Quantum Electrodynamics ”, Prog. Theor. Phys., in press, and 
also independently S. Hori, private communication, makes a similar consideraticn) in connection with the 
Dyson’s argument on the convergence of the perturbation series. (Dyson, Phys. Rev. 85, (1952), 631). 

According to our results similar to Dyson’s conclusion, it seems probable that the Dyson (perturbation) 
and indeed it is only an asymptotic expansion of the true solution. Yet, this fact 
nlinearity of the interaction term. The origin of this sort of 
higher order processes the rates of increase of the number of 
Hence, if the expectation value of the S-matrix or Cy 


series does not converge, 
may be expected from the beginning for the no 
divergence comes from the fact that in the very 
Dyson diagrams overcome the smallness of coupling. 
with respect to 4p field has any closed solution, setting aside the problem for a time whether it is possible or 
not to perform the renormalization program without perturbation procedures, it seems to me that its expansion 
will be allowed only in a form of inverse power expansion of coupling. Therefore to obtain a closed form of 
S>,>p from our 54-55, the operator calculus of Feynman-Fujiwara’s form can never 
n assumption that there exists the solution which gives a convergent power 

and indeed it is also nothing but a perturbation procedure. It will need 


such an expression as p¢ 5 
be used, since it necessarily stands o 
(not inverse power) series expansion, 
some very new mathematical tools. 

8) We shall give several useful formulas for applications without proof. 


Ale Di n—2j ci 
i a = —_— 
a) Grant =2 2 Fat Zh Wa 2g—ayi al 


grt tat, 


for operators and g that commute with their commutator [4,9] = 2, and (7/2) represents 7/2 or (2—1)/2- 


for 7 respectively when it is even ot odd. 
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b) In the following a and / are cnumbers. 
i) Quadratic case (Bosons). 


exp{(/+9)a(pt+g) +o(f+9)$ 
=exp(gKiag + 5K) Exp{2\ dup K(n) af} exp( pKa +bK) exp ~| log” ) exp( 2x8), 
Co lexpl (pty)a(pt+ 9) +4(pt+q)}]£> 
exp (+9! )al pry) +H Y/Y) +b bah exp(—> log )<a/1 2”) 


where [ 7, 7] =D, K ()==(1—2aDy)— and A=X(1) ; and Dirac’s bra-ket symbols are used. 
ii) Bilinear case (Bosons). 


exp{(f+¢)a(pt+q)+0(p+9)+ (p+ )o} 


= = 2. ci is = 
=exp(gKhaqg+bhy+ Kb) Exp{\ du(gK()ap+ 9K p)af yt 


x exp( jap +b Ky +pK b)exp( —log K )exp(4 KaDs), 
where [Z, 7]=[/, 7] =, other commutators 0; and A{)=(1 SMO UEC: 
iii) Bilinear case (Fermions). 
Identical equation to ii) holds for this case, except that +gATp)a/ and —logA now read —gK(p)ap 
and +logA’ respectively: and —{ 7, g}={ 7, g}=D, other anticommutators 0; and now 4 and @ anticommute 
with each other as well with 4, g, 7 and 9. 


2 o Beale 7, a = 5 
c) Exp€/ |, deju (x) Au( = expt’ |, dejin(x) Aula) yexp { 5 | iat | ee jn(x) D7, jua} 


when jw can be treated as a c-number. 
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The beta-decay of the neutron is theoretically discussed and compared with the experimental results 
of Robson. As was first pointed out by Berectetsky and Pomeranchuk, the form of the beta-spectrum 
derived on the pseudoscalar interaction is different from the so-called allowed spectrum. The final decision 
about the type of interaction is not, however, offered from the beta-spectrum alone. Attempts are there- 
fore made to obtain some theoretical predictions which might be useful for the decision of the interaction 
type when compared with some future experiments. They are the angular correlation of electrons and 
protons and the momentum spectrum of protons. The calculation shows that in principle it is possible, 
though not easy, to carry through such experiments. 

The beta-spectrum obtained by Robson is not reliable in the low energy region, but an explanation 
is given how to account for the shape of the spectrum in this region, if the observed spectrum is cor- 


rect there. 


§ 1. Introduction 


Experimental confirmation that a neutron decays radioactively into a proton, a beta- 
particle and a neutral particle, usually assumed to be a neutrino, was reported by Robson”. 
He identified the beta-particle with the electron resulting from the neutron decay by” 
observing its coincidence with the proton also produced by the decay. By this method the 
end point of the beta-spectrum was found to be 782 Kev. with a probable error of 13 
Kev. The half-life of the neutron was found to be 12.8 minutes with an error of --2.5 
minutes. He also found that above 300 Kev. the energy distribution of the beta-particles 
was consistent with what was to be expected for an allowed transition. 

The purpose of the present parper is to give a theoretical consideration about the 
neutron decay process aiming at the determination of the type of interaction between’ 
nucleon and electron-neutrino fields. The types for the interaction including the derivative 
of wave function are certainly in disagreement with the accurate measurements’. Even 
when no derivatives are included in the interaction, the form for the interaction is not 
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uniquely determined by the condition of relativistic invariance. As is well ee ive 
independent relativistic invariant expressions can be chosen for the interaction Seema tel 
density functions, which are usually called the scalar, vector, tensor, pseudovector (or axial 
vector) and pseudoscalar interaction (and for short denoted respectively by S50 eae 
andi des Orel 2.7 ona wana pone * 

It is known that the form of the beta-spectrum in the first approximation is the 
same for these five invariants in the nuclear beta-decay processes.* So it seems at first 
sight that no information about the type of interaction would be given by the form of 
the spectrum. But as was first pointed out by Berectetsky and Pomeranchuk"**, the /. 


interaction gives distinctly different spectrum in case of neutron decay. Because, /', appear- 
> > 
ing in the /. interaction is equal to (a-/7)/2M7 in the non-relativistic approximation, 


where is Fr and (V7 are the spin operator, momentum and mass of nucleon, respectively. 
Thus it is expected that in the /”. interaction the nucleon recoil will play an important 
role”, in contrast with the fact that the large components in the other four interactions 
are not related with this effect. Such being the case, the result will be that the nuclear 
matrix element for the /. interaction can not take the constant value in the neutron decay, 
while in the usual nuclear beta-decay it could be regarded as constant. In the recent 
theory of nuclear beta-decay, this /?. interaction is called a relativistic term” and neglected 
in the allowed transition because its magnitude is only 1 /10 as large as the other inter- 
actions. But this statement is based on the assumption the coupling constants for all five 
interactions are of the same order of magnitude, and it may happen that the /. interaction 
is equally important in beta decay processes. We shall therefore study in § 2 the results 
for the neutron decay for each of five interactions including the ?. interaction too. The 
calculation is substantially the same with the above cited Russian authors’, but we. shall 
tepeat it for the sake of completeness. In the preceding papers, it was made sure that 
the reactive corrections by meson’) and photon’ play no essential role in the beta decay 
processes ; in particular, they do not effectively give rise to mixing of interactions of different 
types, so we first deal with five pure interactions separately. The effects of mixing them 
will be treated in the last section. 

In § 3 and § 4 of this paper we shall also study about the momentum spectrum of 
protons as well as the angular correlations of the directions in which protons and electrons 
are emitted. These discussions would be extremly interesting from a theoretical point of 
view, because the various types of interaction lead to different predictions in these phenomena 
and there seems to be a possibility, though not easy at present, that future experiments 


would decide the actual types of interaction by observing the proton spectrum and the 
correlation. 


* For short, ther term of “ nuclear beta-deca 
this paper. 

** (Mote added in proof.) 
42 (1951), 1411, 


y” means the beta-decay processes of complex nuclei in 


Recently this fact has also been emphasized by O. Kofoed-Hanson, Phil. Mag. 
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§ 2. Electron energy spectrum 
We shall write 1,,---, 7, for the Hamiltonian density functions as follows ; 


JT Gs OF pt) (Gof e), (2: 1) 


whereG, (v=1, 2, 3, 4, 5) are the coupling constants for the five coupling types, and 
OY and of are the Dirac operators given in the following table : 


Type of interaction aot V. de, A. iP: 
G, G, Gs G, G, G, (2-2) 
OF 1 a1. Sas hilt Ae 
of | oF i tyre 175 


Siu, being (1.1,—0,0,)/27. Further $(=9¢*1), ¢, G and ¢ are the wave functions 
of final proton, initial neutron, electron and antineutrino, respectively. Tpy is a transition 
operator transforming a neutron into a proton. ‘Throughout this paper we employ the 
natural unit; #=c=1. 

If the influence of the electromagnetic interaction between the electron and the proton 
resulting from the neutron decay is neglected, four particles can be represented by plane 
waves. Hereafter, this approximation will be used in this paper because it does not give 
rise to any serious errors, as will be shown at the end of this section. By the ordinary 
perturbation theory, the total transition probability for the decay of the neutron at rest is 


given by the expression : 


1 


2 pV 2—m? » 2 9 
fs =| dp | d(cos 0) q Pp cS SPvy 5 ; (2"3) 
2° Jos 64 My pyg (Lo + 9+ cos 4) 


0 
In (2:3) the following notations are used : 


M, and My: masses of the nucleons. (The lower sufhxes P and /V are used in 
order to distinguish between proton and neutron, whenever the mass- 
difference of these two particles (J7y— W,=e,) can not be neglected.) 

F, and F: energy and momentum of the proton. 

“~Po Pp and mm: energy, momentum and mass of the electron. (fy =f +7.) 

g: energy of the neutrino, (It is assumed that the rest mass of the neutrino is 

equal to zero.” ) 

¢: maximum energy which is determined by experiments for the electron resulting 

from the decay. (The difference (e,—¢€) is nearly equal to the kinetic energy 
of proton and in our approximation this difference can be neglected.) 

@: angle between the directions of emission of electton and neutrino. 


Sp,,’s are given in Table (I) for each five interactions. The conservations of energy and 
Vy . 


> > > 


momentum (My=/y+fot+9, and o=F+p+ g) are satisfied for four particles in this 
case. By using thses conservation laws, g can be eliminated by expressing it as a function 


of pf, and @. 
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If the whole expression (2-3) is expanded into power series of (72//7) and only 
the first term is to be taken into account,* approximate S/,,’s given by the expressions 
in the second lines of Table I are to be used in (2-3). Then the integration over i] 
is easily performed. Those approximate expressions except for the >. interaction are evidently 
the ‘same ones which were calculated by Hamilton’ in order to get the angular correlation 
of the electron and the neutrino. In this approximation, the energy of neutrino (g) is 
neatly equal to (e—f)). 

Thus, we obtain 


V €2—m2 


P= (Giu3/2)| dp No 2) (2-4) 


| ‘Robson's date 


5) 5) 


3.0 


DS) 


2.0 


i> 


1.0 


0.5 


Se eee 


0.5 1.0 15 2.0 
Fig. 1. Momentum spectra of emitted electrons. 
The expressions of (V,(/), NVs5(¢) and ,(2)/Q, Lo) 
are given by (2-6), (2-7) and (2-14), respectively. 


However, remaining terms of this expansion can contribute to highly forbidden transitions though this 
‘ f 7 
fact has hitherto been overlooked. 
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where w’s are given by the following table ; 


ty Oy Os U4 Os; 


by : 2:5 
1 il 712 V3 (m/2M) ae 
Hete, in cases of the first four types u’s are the so-called nuclear matrix elements them- 
selves, but in the case of the fifth type ua, is defined by the equation : 
[Prope =a, § wore) pdt . 
mn 
The shape of the beta-spectrum for the neutron decay can be calculated according to the 
following V,,(~)dp: 
I) In cases of H,, H., H, and H, interactions, we get NV,,=NV.»=N3,=MVy 
=/V., and 


Nal P)=P (eho) (2-6) 
This V,(~) gives the well known allowed spectrum and is shown in Fig. (1) 
(momentum spectrum) and Fig. (5) (energy spectrum), using Robson’s value 
(€=2.5372). The maximum point of the spectrum corresponds to P=1.22 m.* 
II) In the case of H, interaction,” we obtain 


Nis p) = {P+ (€—o)’— (20 (e— ho) /3 D0) P(e Po)'/ 00 (2-7) 
N,;(~) given by this formula is evidently different from V,(/). This difference 
is the result of the disturbance due to the recoil of the proton. The plots for 
N,,( ~) are shown in Figs. (1) and (5). 
Fig. 1 shows that N,,(p) obviously disagrees with the experimental spectrum obtained by 
Robson. But it will be interesting to know the magnitude of G;, which in necessary to 


give the observed neutron life-time, disregarding the disagreement is the spectrum. If we 


define that 


V e2—m2 
vif (g) =| do Nu), (2-8) 
the following expressions are given : 
for N.( 2) =Mi( 2); Cie 
1 ps pet yt Eve Flog (gt V7 +1 2-9 
«(”) =——7°— = gar Voy 1), (2-9) 
AAO) oe orale Ces er | 


for N;5(P) ? (2 i Bo 


* The maximum point of the energy spectrum corresponds to the value obtained {rom the following 


expressions : es 
fox (et V2 +8") /4. 
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Efe ES aS Eee ty ee ee 
DS lo ae 20a eae 4 4 


» 9 2 & 
where 7°7=€ —i’. 


Table 1. Exact expressions of Sj, and their first approximations in the power of (/4Z)- 
Symbols as (/7) mean the four dimensional inner product. (( #7) =fy cos 6—/o7-) 


SP= —16 [F,+ Mp| My £9) 
32 MyM ¢ fy [1—(B/p.) 0s 9] 
*+=32MyM, [(e—m—F°)/2] 
Shoo= — 32My [9 FP) + po (Fa) —M-( 72) ] 
=32MyM;9p.|1+ (p/p) cos 4] 
==32M,M, [2(¢ —p)) fo— ( — mt" —F*)/2] 
SPop= 128My [a £9) —2f)(FP) —29(F9)] 
==12-32MyM, apy) [1+ ( 9/3 fy) cos G] 
“=4-32MyMy [4 (¢—p)) py— (e’—°—F*) /2] 
Spiu= —32My [9 (FP) +fo(F9) + Me( 99) | 
==3-32MyMpq py [1— ( f/3 po) eos 6] 
32My Mp |2p,.(¢—fy) + ( —m?—F*) /2] 
Shss=—16My(,—M,) ( £9) 
16M Mp pro [( p+ (py)? +2p(e—f)cos 0) /2.M,] 
x11—( f/f,)cos 8 
32M yM,(m/2M)*(F?/n)| (e— mF) /2] 
eee 


The magnitudes of the coupling constants (G,’s) are now calculated from the life- 
time of neutron by the following expression* : 


Gifu, =- 1 Loy Bs rf (2218) 
ule Me 

T is the neutron half-life in minutes. If we use Robson’s experimental values (7=12.8 

and ¢=2.53m), we find f,(2.32) = 1.63,” and /,(2.32) =3.45, and so 


1 a3 
Fat ee Leta (eke ae —38 lero cm 
| =| (GH: 1) 4.70, x 10-88 [ere - cm], 
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G140,== 6.6. x 10-"| Hiker 10> “ferg..cm |, { 212) 


> 


mn 
and (B= tyr25°3° and M4)5 


G,=4.5, x 107” & | 


m 
Gs =7.85x 10°“ erg.:cm*]. (2-13) 


Thus we find that G,; should be about 1000 times as large as G,, G., G, and G, in 
order to account for the observed life-time. This is to be expected, because, as stated 
above, the /. interaction give rise to the beta-decay only through the recoil of the nucleon.” 

The formula (2-4) gives the shape of the beta-spectrum without taking into account 
the influence of the electromagnetic interaction between electron and proton; this is a 
reasonable approximation for neutron decay. But to obtain the correct shape, the influence 
of the electromagnetic interaction must, of course, be considered. Since the relativistic two 
body problem consisting of electron and proton is not yet solved, the only possible method 
is to introduce this effect for the allowed transition by neglecting the recoil of proton and 
taking into account the distortion of the electron wave function by the Coulomb field of 
the proton at rest. This means that the formula, 


nV E2—m?2 


| PN A)F(Z po) (2-14) 
(ies 1, 273 sand? 4) 


hee (2 


|E == Gr \ DOEt py~dt 
27° | 


is used insted of (2-4). A well known factor (4, ~,) has been given by the equation 
(20) of Konopinski’s paper”. Thereupon, a difficult problem arises. It is that (7, p,) 
tends to infinity when FX included in it approaches to zero. In the usual nuclear beta- 
decay, this difficulty has been avoided by assuming R to be equal to the nuclear radius, 
but in our neutron decay, this assumption can not be used owing to the unknown factor 
of “proton radius” and the large recoil of proton. However, even when /’ is taken as 
the meson Compton wave length or one-thousandth of that length, the numerical value of 
RVi-#-1 is nearly equal to unity, because /1—a?—1 can be regarded as zero for the 
neutron decay. Thus by using the approximate formula (2- 14) and putting AY-# oy 
the change of the momentum spectum for the allowed one can be obtained. The result 
is shown by the dotted line in Fig. 1. As is seen from this figure, the effect of 
Coulomb force is really of minor importance ; therefore we can use, hereafter, the plane 


wave approximation for all particles concerned without introducing any appreciable errors. 


§ 3. Angular correlation of electron and proton, neglecting 


the electromagnetic interaction between them 


Unfortunately, in the case of the so-called allowed transition, the shape of the beta- 
: : ‘ Shae ; : 
spectrum is the same for all types of interactions except for the /?. interaction. That is 


to say, a clue about the choice between the first four types is not offered by the momentum 
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spectrum of electrons. Attempts will, therefore, be made in this section to compare the 
theoretical predictions on the various interactions with future experiments on the angular 
correlation of electron and proton. The calculation will be simplefied by disregarding the | 
electromagnetic influence acting between electron and proton. As has been stated in S225 
this effects is small enough, so that this simplification is permissible in our treatment. 
The transition probability for the emission of an electron with an angle between ¢ 


and y + dy, y denoting the angle between the directions of the electron and the proton, 


is given by* 


Pd(cos g) = 6 


9 
ue 
273 


y a Sp ’ 
Lp F xd? | : Beall 
\ ? ? 2M D Nae Sete! 


In the same approximation as of § 2, i.e. expanding various quantities into the power 
series of (72/7) and retaining only the first term, the following expressions should be 
used in (3-1): 


D=(w—2M;)’—4¢' MF sin’e = [(e—pf,)’—psin'g] 4M, (3-2) 
and w= (My—pfy))—p 4+ Mp = 2M’. (3-3) 


Also for S#’s the second approximate expressions given in Table I should be used. 
Furthermore, # must be eliminated by expressing it as the function of f, and y by using 


the energy-momentum conservation laws, that is, 


P= {(+ Myf) VD —0°p cos 9} /2{ (My—p,)?—p" cos’g) 


1 ¥ (@—fy)' Pf sin’ —f cos 9}. (3-4) 
A causion must be kept to determine the limits of integration in (3-1): The limits 
( and y) are determined by the conditions D >0 and />0. In the case of g > 90°", 


* The transition probability is here obtained from the expressions for the emission spectra of electrons 
at angles y with energy between fy) and fy +f. The same probability could be also obtained from the 
proton spectra. In the latter case, the corresponding expressions to (3-1)~(3-6) are as follows: 


2 ay! SS G2. d2 
ey oo? —— Ue Z 
Pa(cos @) = 5° ee PBDI, BV Bi 1s = Oy (9) d(c08 0), (3-1/) 
D!= (6° —2m?)?—4n-F? sin’ = {e2— F222} 4m 2 sin’¢, (227) 
= (My =H)? — F249? = e+ — F?, (3-37) 


p= {eV D/— 6? cos y}/2(e2—F *cos*y), 
3°45 


fo = {4e0?— FV D’ cos ¢}/2(e®— LF? cos2e). 


In the case of y > 90° both sings in (3-4”) must be used, the limits. of integration being «7/0 and 
J’=8) for the plus sign and «/—£,/ and v/=B/ for the minus sign. Then the transition probability is 
given by the sum of these two representation. In the case of ¢g 90° the minus sign must be abandoned 
_ and we have «”=0 and //= »’, where, 


i; By’ ={V e*—n?cos?y —m sin g}, (3-57) 


Bo’ = (e—m). ; 3-6’) 
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both signs in (3-4) must be used, the limits of integration being 1=0 and y=), for 


the plus sign and +=/3, and y=/3, for the minus sign, where 


| ee eel pam : (32° + m2”) : PT a TS pe 
etna no Va at FE 

ee L , a | 

= RA OmN? Ye — cos? }, (3-5) 
and 

iy 0 ey os 

| nae +0). (3-6) 


Then the ‘transition probability is given by the sum of these two representations. In the 
LAG. j : 
case of ¢ < 90° the minus sign can not be used and we have x=0 and y=f),. 


When these expressions are used for five interactions, we get 


Pd (cos ¢) = (G,7u,2/22") 9, (¢)a (cos ¢), (3-7) 
where 
v 1 22 3 4 5 
(3-8) 
P,, £ 21,—T1, Stefi gy pea de 
3 
and 
. y 9 Ny 
Ie2s | da F*p/2Y Duet) 3-9) 
y — 
ee | dp F2p/2V D!) (— —F*) /2, (3-10) 
pe | eF'p/2mVD") (f—m— F*) /2) (3-11) 
and 
D! = (e—p~))"—P sin’¢. (3-12) 


The integrals of /,, J; and /, are complicated, so they are calculated numerically. 


For convenience we shall extensively discuss our theoretical results in §5, with the 


momentum spectrum of the proton obtained in the next section. As will be shown there, 


the values of @ for different types have enough differences in the neighbourhood of g=180", 


so that one can in principle decide the type of interaction by correlation experiments. But 


it might be very difficult actually to carry out such experiments, because for this purpose 


1Eeis required to detect emitted particles with very high accuracy. 


* We wish to express our sincere appreciation to Dr. H. L. Reynolds and Dr. L. C. Biedenharn, Jr. of 
the Oak Ridge National Laboratory for having pointed out this fact. 
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§ 4, Proton momentum spectrum 


If one compares five approximate expressions in Table I with each other, one ae 
expect that the shapes of the proton momentum spectra drown from these expressions will 
be different from each other. These spectra could be obtained by integrating the expres- 
sion (3-1’) first over @ instead of /. However, because it is rather difficult to a 
out the integrations over ¢, we shall proceed differently. We have succeeded in opines 
the analytical expressions for the electron momentum spectrum and the total transition 
probability, as has been shown in (2:4) to (2:10). This is due to the fact that 
the neutrino mass is ignored and its energy (q) arising in (2-3) can be expressed by a 
simple expression. Thus it is expected that an analogous procedure will be useful also in 
the calculation of the proton spectrum. We will therefore start from calculating the total 
transition probability, using as an integration variable the angle denoted by d, the angle 
between the momenta of the proton and the neutrino. 

As has been stated before, we will represent each particle by plane wave and uae 
only the first term of expansion in (72/ i). These approximations are evidently accurate 
enough in dealing with the neutron decay. The expressions corresponding to (2-1) can 
then be written as follows : 

P =e (Spy,/64 My) ee ke ae dF d(cos 6). (4-1) 
2a (p,+9+F cos $) 
The neutrino energy (7) is now expressed as a function of the proton momentum (/*) 
and the angle (¢) by using the energy-momentum conservation law : 


oe (My— M,)? +2 MM, — Fy) — 1° 
2( My—F,+ F cos 6) 
(42) 


oe — fr? 977? 


s 2(¢+F cos gb) 


Substituting S%,, given in Table I and g tepresented by (4-2), the integration over 
@ yields the final results : 


Ve2= m= 


PeGaae ae) \ dF M.,(F), (4.3) 


where J,,’s are given by the following table : 


y 1 2 3 4 5 


eae age Yeh [4h SPh+h) Uitei(dess 


with 


a 1 9 a9 2\9 70 I 1 2e°— m2" 47992? 
Juste (Fayre = ae as a5 
4 6 (e°— 2) (eee Caiaey ( ) 
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af 9 9 9 9 “~~ 1 
= —-(€ —f “— wz) Ff «= ; 4-6 
ia a eae (4-6) 
and Lies 4 (é_F a a ht Bs New (4-7) 
4 (e°—F*) m0" 


When the integrals over /* are performed, /, and /, must, of course, give the same 
value as (2-9), and /, the value (2-10). These facts can easily be verified by elementary 


integrations. The detailed discussion of our results will also be given in the next section. 


(To be continued.) 
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Bound states of two particles are described relativistically by a homogeneous integral equation. Its 
general properties and reduction to the non-relativistic equation are studied. In the case of scalar particles 
with scalar photon interaction, if we take the ladder approximation and omit the DO) part of 64 function, 
energy levels are obtained relativistically as explicit functions of the fine-structure constant. Difficulties 


which are met in the case of two spinor particles are discussed. 


$1. Introduction and summary 


Energy-levels of bound states of two particles interacting through a quantized field, 
such as electromagnetic or mesic, are usually determined by solving a Shrédinger equation 
with potentials which have been calculated in the adiabatic approximation in accordance 
with the field theory. Such an equation is not relativistically covariant in form, and 
potentials themselves have meanings well-defined only in the non-relativistic domain. Indeed, 
even if lowest order potentials exist higher ones turn out to be singular as in the cases of 
electromagnetic and scalar meson field for two spinor particles, and lowest order potentials 
themselves are singular in the cases of other meson fields, that is, dynamic interactions 
through the field can not well be represented by the potentials.” With such singular 
potentials eigen-values of the Schrodinger equation will be indeterminate as shown by Case.” 
It is not clear at the present stage whether such difficulties are inherent in the field theory 
and will not be avoided without a future theory which takes into account the finite size 
of elementary particles, or the usual perturbation procedure of expansion in power series of 
coupling constants and v/c is not adequate for the problem. In either case it is desirable, 
as a first step, to have a relativistic formulation of the bound states in order to make a 
further approach to the problem, for instance, by studying the nature of the above difficulty. 

Following the Feynman’s over-all space-time point of view for scattering problem,” 
we have derived an integral equation for a wave amplitude which determines eigen-values 
of bound states four-dimensionally.* A differential equation corresponding to it has formerly 
been obtained by Nambu” and Kita.** Independently of us, Salpeter and Bethe” have derived 
plied it to the deuteron problem for the scalar meson 


the same integral equation and ap 
field. A rigorous derivation of the equation from the field theory has recently been ac- 


* The main results given in Secs. 2 to 5 have been reported at the meetings of the physical Society of 
Japan, held at Tokyo September 1950, held at Osaka November 1950, and held at Kyoto May 1951. 
** Report at the meeting of the Physical Society of Japan, held at Tokyo September 1950, 
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complished by Gell-Mann and Low.” We shall first briefly outline ae detivarion, based 
on the correspondence to the non-relativistic equation and make clear the ae Pees 
the scattering and bound state problems in Secs. 2 and 3. The former is octet by 
an inhomogeneous integreal equation and the latter by a eee ee one, their kernel 
being expressed as an infinite series in the expansion of the coupling on Some 
general properties of these equations are also stated in Sec. 2, such as a separation ee the 
center of mass motion, an ambiguity on the definition of the center of mass coordinates, 
and asymptotic behaviours of the wave amplitude, in the case of “ladder” (¢?-) approxi- 
mation, at a remote distance in relative coordinates, time-like or spoce-like. In Sec. 3 a 
reduction to the non-relativistic integral equation and its solutions including the time-like 


region are considered. 


In the general relativistic case, after the separation of the center of mass motion and 
that of the angular variables in relative coordinates in the rest system, we have a Fredholm’s 
equation of the second kind in two demensions, relative distance 7 and time /, which 
determines the coupling constant if the rest mass of the bound system is given. For the 
putpose of illustrating such an eigen-value problem we shall first study a system of two 
scalar particles with scalar photon interaction. Its solutions will be useful for the further 
treatment of spinor particles and may also serve as a phenomenological model which, 
embodying the ideas that elementary particles have their own internal structures, gives their 
mass-spectra and, if possible, decay constants relativistically. If we confine ourselves to the 
ladder approximation and replace 0,, propagation function of photon, by (i) 0(r—A)/r 
or (ii) {0(7—2) +0(r+A} /2r, we have one-demensional equations on the light-cone. It 
is found in both cases that, if two particles are treated one-body-theoretically, namely, their 
propagation functions being /, instead of /,, the integral equations can be solved, and 
energy-levels and wave amplitudes ate obtained as explicit functions of fine-structure constant 
e*/hc. These results give the non-relativistic values immediately as ¢*/c—0, since the 
non-telativistic equation is not influenced by the above replacements of 0 + and 7... In:the 
case (ii) rest masses turn out to take complex values with positive imaginary parts of 
order (¢?/Zic)* in constrast with the case (1) where they are real. This result may possibly 
arise partly from the fact that the above replacements of 0, and /, have impaired the 
causality condition as discussed by Stiickelberg® and Fierz.” 


Ste, 2 


Above results are stated in 


Alternatively, the problem can be expressed in another form dealing with a differential 
equation and boundary conditions which are contained in the integral equation. In the 
case (i) above stated where these conditions are found to be simple, it is possible to 
obtain an one-dimensional differential equation of Schrodinger type by joining wave amplitudes, 
which satisfy free equations in each region of space-time separated by the light-cone, on 
the light-cone as shown in Sec. 5. 

In sec. 6, we treat a system of two spinor particles interacting through an electro- 
magnetic field, confining ourselves to the ladder approximation. In this case the wave 
amplitude has sixteen components, but after the separation of the angular variables five of 


them are coupled together through a system of five integral equations for given J» the total 
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angular momentum, except for the case 7=0, where they are further reduced to three. If 
the one-body-theoretical propagation -function A\, is used, it is found that the kernels of 
the integral equations have singular terms with factors like d(¢—¢’—r+/r’), apart from 
0, (¢”—yr"), in contrast with the case of scalar particles. Then, in order to get finite 
solutions with non-zero eigen-values ¢ we must solve the integral equations, in which these 
singular terms are dropped, under the additional condition that the coefficients of these 
singular terms are zero. It appears entirely accidental that such a condition is satisfied by 
the eigen-solutions of the integral*equations. Indeed, it is verified in the case of the one- 
sheet potential, 0(7—/)/r, that this condition is not satisfied actually. This situation is 
not altered essentially in the case of A,, positron-theoretical ‘propagation function, and also 
irrespective of the sorts of the interacting field, electromagnetic or mesic of any type. ‘Thus, 
in the case of two spinor particles we meet a fundamental difficulty in treating the bound 


states relativistically. 


§ 2. Derivation and general properties of the integral equation 


We shall follow the Feynman’s over all space-time treatment? for the scattering of 
two spinor particles interacting through, for instance, an electromagnetic field. The same 
notations as his will be used if not otherwise stated. ,(1, 2) be the wave amplitude that 
two spinor particles, which are distinguished by the suffices 1 and 2, with original free 
amplitude g,(1, 2) arrived at space-time points 1 and 2 after -times scatterings through 
the mutual electromagnetic interaction. Then, the amplitude after one more scattering (we 
mean by one scattering a sum of interactions (a), (b), etc., as shown in Fig. 1, which 


ate irreducible in the Feynman-Dyson diagram) is given by 


1 2 
I a r } 0” 
igi 
on x 
Spat aS 
(Pee eesS of A Dh 
(a) (b) 


Fig 


$en(1, 2) = \G, V") K,, (2,2) G(0", 275 Uy 2") bel’, 2!) dey ded dey deel, 
(2-1) 


with 
GA", 2 5 V2) = ie eat Pp D(A", 27) 9A", VV BQ", 2") 


+ (—teye2)°0,(1", 2’) d,.(2,.1') : 
Bae, CUA OMS OY em eNa) 


which is an infinite series in the powers of coupling constants, the first, second,... terms 


correspond to the graphs Pala cUb piggy. 11 Fig, 1. We obtain, for the total amplitude | 
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(1, 2)= 314.1, 2) (2-3) 
A=0 
an integral equation relativistically invariant 
gi(1 2) =) (1, 2) | Ay UK. (2, 27) GO", 25 V4 2A, 2) dey"! te ded. 
| (2-4) 


For the stationary states we should seek for the solution of (Z-4) which behaves as 


a plane wave with respect to center of mass coordinates \’,, 
(1, 9) oat ras D1 %u)'s (2-5) 
Xp=QUXiptAgtoy, Lyp=Lip—op » (2-6) 


where a, and a, are arbitrary constants except for the condition a@,+a,==1, and /, are 


total energy-momentum of the system, 

P=(P, Py)?” (287) 
being its rest mass. In general, G(1", 2’; 1’, 2’) can be written as Fourier integral of 
the form 
GO RD 4 Jeon Pons: Pigs Poa ott! xy" + pa! x0 fy! xy! pa! +09!) 

x Ape a pid pi 2p) 

7 | eaPu SR ata a Bet > Oy fa Pins distr pa) 

x pH PAUP pM aM plea!) Gprgsplgr plaip!, * (28) 
with ; 

Pyu=a4Pyt+fe, fu=%QZPi—p,, ad'p=dp,dp.dp.dby etc. 2-9 
t 2 3 4 

Since G(1", 2"; 1’, 2") is invariant under the total displacements of space and time and 
then does not depend on Y,,” if expressed as a function of Ky Meg oa, ee eae 


x,', it is easily shown that g is a function multipled by 0(P,/'—P,!) and (2-8) can 
be written as 


G1", Dele 2") = (27) | a P +p", a, P! —p!! 5 ah P'+p', a, P'—p') 
x @ EPL (XU — X71) — ip! a 4 if! a! ya pr ys p ae. (2-10) 


Then, using (2-5) and (2-10), and expressing A, as well-known integral in momentum 
space, we have from equation (2-4) 


g(%,) = Pode (1, 2) — | (inlay Py + Py) — m2,} {Vou (Gs Pu Du) thay 


xh(aPi+bu A Py — pus P+ py! a,P4—Ppy’) CTP Ath a(x apap de. 
(2310) 
It is clear that solutions of the type (2-5) are possible in the case of open states, 
P> m+ M,, where incident wave ¢,(1, 2) can be written as exp (—7P,X,) -'¢,(%,). 
For bound states ? < 7,+1,, however, solutions (2+5) are possible only if we put ¢,=0. 
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It is shown in the next section that, if we take the non-relativistic limit in equation (2-11), 
we obtain an integral equation for the largest component 9, corresponding to the positive 


energy states of both particles, which for ¢=0 becomes 


P: (42) =P, (4%) — 


1 elite 4s") ee, 
with 

B=m,+m,—P, p=m,mo/(m,+ mp), (2 1ge 
and ¢,, being an incident plane wave satisfying (—8+4/2u)¢,,=0. This equation is 
equivalent to a Schrodinger equation for Coulomb potential with appropriate boundary 
conditions. Indeed, its kernel is expressed as 


7 1 ePiri u 
K(x, =—-—— | HiRes 
ie ) (27)* B+ pf /2p f 2Qrr ss 


where for 8 <0 we have used the fact that # defined by (2-13) has a small negative 
imaginary part originally contained in 7, and mz. in the definition of K,. With 9,40 
and § <0, equation (2-12) gives the solution for scattering problem, namely a plane wave 


e-Y2uBr, (8>0), 


av —=2n8 “a (2 <0) 


(2-14) 


plus an outgoing spherical wave. Such an integral equation is studied in detail by Jost 
and Pais in the case of Yukawa potential. On the other hand, with y,,=0 and BSn,; 
it gives the usual solutions for found states as shown in more detail in the next section. 
In view of such a correspondence to the non-relativistic case, we shall be able to take the 
homogeneous equation (2-11) with 6,=0 and P<m,+m, as the fundamental equation 
which determines the eigen-values of the bound states relativistically, ¢,c, being determined 
as a function of P, or vice versa. On the other hand, the inhomogeneous equation will 
have solutions for any value of ¢,c, if P, ate given, and will give a basis for the relativistic 
generalization of the work by Jost and Pais. Recently, Kita” has shown that the homo- 
geneous equation can be derived on the basis of the .S-matrix theory of Heisenberg and 
Mller. 

It is shown that eigen-values ¢,c, for bound states determined by the homogeneous 
equation (2-11) should not depend on P,, but on / only and should also be independent 
of the choise of a, and a, in (2:6). The latter can be ptoved as follows: if we put 


Gey) =e Po Ol hy), (2-15) 
which is a sort of gauge transformation, we have from (2-11) an equation for gy’ of the 
same form except that a, and a, ate replaced by a,’=«,—6 and a, =a,+6 with a! +a, =1 
so that the continually varying parameter 6 does not influence the eigen-values. The former 
are also proved on the same line by considering the Lorentz teanstormation. Then, for 
practical calculation it will be convenient to take the rest system, P,=0 (¢=1, 2, 3), and 
to choose a, and a, so as to simplify the expressions as exemplified in the following sections. 
In the rest system kernel of equation (2-11) is invariant with respect to spatial rotations 
including spins so that it is always possible to obtain the equations for given total angular 


momentum by separating the angular variables. 
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We shall in the following confine ourselves to the ladder approximation, that is, we 
take only the first term in G(1”, 2’; 1’, 2!) shown in (2-2), the iterations of interac- 
tion (a) in Fig. 1 being wholly included in the integral equation. Then, the homogeneous 


equation (2-11) takes a simple form 


164 €o eb: (x—2") 
Oo) EE os ae j Posing 
(27) {Tip (ai Put Pp) — Mery 3 Yop (d2 Pe Py) — Me} 
x Kaeser GZ) ola te 7 dt’. (2 -16) 
Its kernel is written as 
. 0 \ ) - fe) } r Daal fe , 9 2 
Fin( Ph +8 ~ +} ran( @2P,—2 )+ mn} KGe— 1, ) ia) soe ee 
’ Of y OX a t 


with 
Z e—furn dip 
r) (27)* {(a,Py + py) —m;} { (a a5 — Py) sy 


which can be expressed in a more closed form convenient to see the asymptotic behaviors 


of the solutions. Using the expression 
CP ee Ty it <i | eet Putze)?—m'} doy 
n 


and’ the same form for particle 2 with a variable s in place of zw, changing variables from 
w, § to uw, y with w=u(1+y)/8 and s=u(1—y)/8 and first performing- the integrals 


over ~,,"” we have 


1, 
1 ; : 2 a5 ; 
a SS es ee yt (A, — Qo) Pw. Pu tp v/ 
K (44) oe ei (4 — 4a) ee px V/2 k(y)ady, (2-18) 
1 
_ ‘ —1tlde | MC te) fap CoO cae Oe 
By peng tA — xe fe 21/2 y 
le |e OE STIPE oe = 2.K (ah ae (2-19) 
: BPEL [Gai C0 tee teeti0 Dig 
1 2 9 1 9 9 1 
rae Py oe eo ee RR 1 pe 
C(y) ge bdaka 5 (my — m3 een On in) _ (2-20) 


For bound states 7,+ 2, > P—=0, €(y) is always positive for 1 y—>—1 so that in the 
spacelike region, +,°<0, £(y) and then K(x,) decrease exponentially as 1,,°—>»— co and 
in the time-like region A(,) has an oscillatory behavior. On the other sel for open 
states P>1,+ 7, €(y) has two zeros in the range 1>y>—1 so that K(4,) has a 
part which corresponds to the outgoing wave in the spacelike region as seen ee the 
asymptotic form of the Hankel function 7, Such properties of AC (%,—2,') will. be 
reflected in the asymptotic behaviors of the solution of equation (2-16). : In he case of 
bound states and 72,=72,=12, the following asymptotic expressions for A(x,) are obtained 
eget i (2-19) and (2-20) by taking a@j=a,=1/2 and the rest system, ?,=0 


PRA, t=O.) A= 
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1 (es oh 
56 aa We 3 ; Pp? fe Si Wee 
SHS 2 (Was ( 2a) e sw 
ae ie ’ (> 
aaa ae P 


sr] phic / 
Sie ai ae (r>—_) for 21V-<P, 
Ww 
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for 2W>P, 


82 Pr 
(22) 
K(4,=0,)= - een Ny : sa (08 e 45 sin Aa Jee 
Sir had Wl (Wie)? 2 P 2 
(\¢|>1/W), (2222) 
with 
W= (9 —P?/4)". (2°23) 


§ 3. Non-relativistic approximation 


It will be shown that equation (2-16), in which an inhomogeneous term %)(%,) 


is added in the case of open states, is equivalent to the Schrédinger equation with appro- 


priate boundary conditions in the non-relativistic limit, namely, ~/72c—>0 and vr [ct 


(0). 


where f is the relative momentum, 77=7/2, Of 7/2», and 7 and ¢ are relative distance and 


time of the two particles. We write 16 components of y in the form 


where « and /7 in Qgp 


go) wea ge) (GS fe) 


ge Ds Po 22 
23] ef Ps Pee 2. (Ps Pu 
Y4 _ Pat ) a P43 -) 


the integrand of (2-16) is written as 


P13 


ip Pw ai m;) pad (Vou Poy + M2) mer ere 
3 


G5 
(Pst my) (Pros + ta) — PY} 1 
au ) ( an ) oT} } Pe 


1 


2 iy, Ae: See nt 
=A; Tac OS Ta a GY Ge ee 
Cae ae er? 
ae {—v py + my) (Poy t+ to) +P} Pat {a (frog + Mla) — To (Pra + 1) } Ps 
pe ge Ate eS ieee I Peta Oe ad )} Ps 
ee are org yer 
ee a ee )}@s 
oie S704 (Pyy +1) — TY (Po + Me) } Po 
ee te ee ere | 
bs ad tg ig eee rae ee 
a+ ogi ts anid lata 2a 


(3241) 


denote the spinor indices for particles 1 and 2, respectively. Then, 


(3-2) 


488 C. Hayashi and Y. Munakata 


with 
Y=6,;0x , T= 015 Pri ’ Ty =x; Pr; te ke eae a he 9 


Py=LPi+Pes P= erly —Pfyp - (3-3) 
When the integration over /, is performed in (2-16), contributions arise from four 
poles of p,: 
Po=— QP, + (mp + pi) '"=(m,/M) (B—P?/2M) + p4/2m, ; 
Pa=—a4P,- (me+pu)'?=—2m, , : 
Poy =O Py— (my + pri)" = — (m,/M) (R— P?/2M) — pg] 2mr, 
Day= oP + Uns + pa)? =2m, , (3-4) | 


2) 42)1/2 33 
where we have retained the first two terms only in the expansion of (7°47)? (m=m, 
Of Mo, P=pf, or fy), used equation (2-13), and taken the usual definition of center of 
mass 


Q=m,/M, a=m/M, M=m+my,. ea | 


The residues from each pole should be calculated to the order of (~/m)° as above and then 


after some calculations we have by comparing both sides of (2-16) 


G2.=0( p/m) -¢,, ,=0( p/m) -¢,, 2,=0(p"/m’) +g, . (3-6) 


Thus we first obtain an equation for ~, only 


Y, (1 oe = Yo1 (Cc 2) pcre : | a4 PRAEY : ap Qk 
X4 co 
x { [en#o 4 aS. Jenin (44 ~ aH} ON 1) Phen Pelee (3-7) 
we ie 


where the denominator of the integrand comes from 
Py — (ity + pi)" — (ne + Pri) =P, — Ma Pi /2M— p?/2u~—B—p2/2p, 


in which the total momentum P, has fortunately been separated in this approximation due 
to the choice (3-5). Next we perform the integration over x,’ and make ¢ in Deke tes 


—r) tend to infinity. Contributions from a 2) part of 0, are shown to vanish in this 
limit and there results an equation 


#1 (%, t) ey (X45 t) 7 


1 tp, (x4 —x4’) €4€. ; 
/ é = ¢1(4i, 0)a*p dx! 
if 


Come yo 
e7 Pane (> 0) 

ci ae = (3-8) 
oS ER SOR 


If we put ‘=0 in the above equation, we have the equation (2-12). 
+ 4/2) on both sides of (2-12) we get the Schrédinger equation 


(—B+ d/2p--e,e/r) ¢,(4) <0. menses 


Operating (—f 
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Further, putting 
$,(4;) =r) P,™(cos@) e*™? (3-10) 


and separating angular variables (see Appendix A) in equation (2-12) we have for #>0 
and 9,=0 


foe) 


Si(7) = —2eyeop || Keane Wr) fisip(Wr') + | Zs Wr) Kiso Wr) 


0 
<r fore ne ar, W= (2p). (Ex 
It can be seen from the asymptotic forms of the modified Bessel functions A;,;/2 and J),.1/9 


that (7) has the asymptotic behaviors required for bound states, that is, ~7/ for r—>0, 
and exp(—IVr) for r—co. For S-state (J=0) equation (3-11) takes a simple form 


W(n)= —e4ca(u/2)"?r | fap ih eee WED Flot cixtsnotia) (3712) 
whose eigen-functions are well-known Lagguerre’s polynomials and eigen-values are given by 


ee e( py DR) =n, (ety 2 ) (3-13) 


Wave amplitudes for ¢40 can be obtained from equation (3-8) if their values on 
t=0 have been known. In the rest system we have, for instance, for ¢> 0 


G(% H= (any-*f erm B/ M+ pe2[2m) t+ iri —*4") o (x, 0) d*p ax 
= e—#(m, |M—A/2™) o(4,, 0). 


Then, using equation (3-9) we have 
etter ptlmy r (¢> 0) : 


: 3-14 
eee ptling eee <0). ( ) 


Y; es t)=9, (Coe 0) - eat (my — ms) Be/M yy. 


Such a discontinuity of the wave amplitude arises from the fact that 0, in (2-16) has 
d-like singularities on the light-cone. 

If we take the limit 7,->0o, which means that the particle 2 suffers a negligibly 
small reaction from the particle 1 and so moves freely, it is shown that equation (2-4) 
reduces to the Dirac equation for the particle 1 placed in the Coulomb field produced by 
the particle 2 (see Appendix C). 

The above results in this section are not altered at all if we take K,, one-body- 
theoretical propagation function, in place of A, in the original equations (2-4) or (2-16). 
There we have only to consider that P has a small positive imaginary part instead of 772, 
and #5. 

Further, it must be noticed that the reduction of equation (2:16) to the non- 
relativistic one (2-12) is valid in the asymptotic limit ¢,¢./&c—>0 in view of the nature 
of appreximation, namely, expansion in powers of p/mc and r/ct, so that general equation 
(2-16) will not always have solutions for finite c,c,/%c, though equation (2-12) has 


solutions. This problem will be discussed in more detail in Secs. 6 and 7, 
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§ 4. Sealar particles with scalar photon interaction 


Since the integral equation (2-11) for two spinor particles is rather complicated to 
deal with in a general relativistic case, we shall first study the case of two scalar particles 


interacting through a scalar photon field. Here interaction Hamiltonian is of the form 
H'=g,PPA+goG*A , (4-1) 


where # and @ are field variables for the two particles and A is that for scalar photon 


field. Then, following the same procedure as in Sec. 2 we have 
f(1, 2)=(7.(, UY T2620 )G 1", 27 1, DN OI". 2) es aes” aoe 


GC 2 Nema. e210 (AG! ol Maem yale) +higher terms in 2,5, 
(4-3) 


where the inhomogeneous part has been omitted for bound states from the same reason. 
This equation can also be obtained on the rigorous ground of the field theory after the 
procedure of Gell-Mann and Low.” 

It is apparent that the results on the general properties stated in Sec. 2 are valid 
unaltered in this case. We shall in the following limit ourselves to the ladder approxima- 


tion. Then, separating the center of mass motion with (2-5) we have 


2k e—: (x—x’) On ae) © CFS ap ae! 
r= ea | TB tA) om okay om 3) 


L=4 ty Myl1Co , (4-6) 


where we have put 9,=2,c, and §2=2Myls, €; and ce, being dimensionless. 
If we take the non-relativistic limit in (4-5) in the same way as in Sec. 3; Mthe 


same expressions including the numerical constants are obtained and the rest mass js given 
by (3-13), that is, 
P= m+ m.— B= m+ my— po? /2n’, Ei lie eet ae s (4-7) 
a=—e,e,. (4-8) 
Further, in the limit 7z,—>co we have the following Klein-Gordon equation for the particle 


1 in the coordinate system where particle 2 is at rest on the origin (see Appendix C) : 
(O—22,") (1) =2m, e1¢2/r- (1) , (4-9) 
and then eigen-values are given by 
P= M+ m,(1—02/7?) 7, (W=1, 20000 )'. (4-10) 


These approximate values will later be compared with the results whi 


: ch are relativistically 
obtained. 


In the general relativistic case it is 
(4-5) in the rest system. Putting 


(ry )=DAiCr OPP (cost) em  @an) 


possible to separate angular variables in equation 
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we have (see Appendix A) 


co o foe) o 


flr, =e | ode! \ dt’ \ pap ap 


— 0 —o 


ge Ge 2 Jisip(Pr) Sisal pr’) 
{(aP+ p,)’—p’— my} {(a.P—p,)?—p’— me (rr)? 


x 0,(2% =r") fC", 7). (4-12) 


In the following we shall study the case /=0 (.S-state) : 


Tepes { dr’ | dt! jo dp, © T8—*) sin gr sinpr’ 8,(t =r") $7, +). 
ce ae 1(a,P+ ps)" —p°— my} { (a2P—p,)° =p — me" 
(4-13) 
where we have put 77,(7, 4) =f(7, 7). In view of the difficulty in solving such a two- 
dimensional integral equation analytically, we shall at the present stage reduce it to one- 


—o 


dimensional equations by replacing 0, by other invariant functions : 
case (i) 

6, —271D™ —22D=0(r—2)/r , (4-14a) 
and case (ii) 


6, —271D =4nD= {0 (r—1t) +6(r +d} /2r, (4-14b) 


where D\, D, and D are defined by Schwinger.” If we further treat the particles ac- 
cording to the one-body-theory, namely, replace /, by /, and then consider / as having 
a small positive imaginary part, it is shown in the following that explicit solutions of (4-13) 
can be obtained. The above replacements of 0, and /, do not alter the non-relativistic 
equation as seen in its reduction in Sec. 3. In the general relativistic case, however, we 
shall have a departure from the usual field theory, and especially in the case (i) the two 
particles are treated in an unsymmetrical way in time with respect to their interactions. 
Nevertheless, these explicit solutions will be useful to see the characteristic features of the 
relativistic integral equations so far considered, and may also serve as some relativistic models 
which embody the ideas that elementary particles are constructed of bare particles. 

The case (2) An equation corresponding to ( 4-13) becomes after integration over /, 


hb eee f ( ent(—ay P+ &)) (¢—2) By wa LS 
fe.d=- Gol || | aeea EAB O,/2) 
Uv) 


fos} . , BY) if / 
ota, P— Ep) (¢-"”) ete ee eel ae sin pr sin pr’ lites Sep t), 
i i, ( fo Q./2) 3 Ei, (Lat Q,/2) a 
(4-15) 
Q,=P+ (me—mg)/P, Qo=P-+ (m?—m;)/P, (4-16) 


E,=(p +m)? La= (p+ms)"”. (4-17) 
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If we change variables from f to x and from 7, ¢ to #, Vv 
4=p—E, ot p—Fez, (4-18) 
N= (741) (2a) Je 07 25 (4-19) 


and express the integral over / as, for instance, 


a. 0 
j eEi(t—”) sin pr sin pr’ p= | ax ieee (u—u’/) +%m,2(v—v’) |x 
E,(£,+ Q,/2) ie Ox +m; 


— git (vu+2/) — tm? (uo!) [xy : 


the above equation becomes 


u—v 


h 1 ,ta,P(u—u/ —v) { ae: Uy; u! om Vv) 
es P| | had es . ie (4—O,/2)? VF Ww? 


“(#4+Q,/2)° + VW 


U 


+ \ Ce ee AC ies sl J ax Si eee) are for uv, 


a 


(4-20a) 


oo 


jh v) =—p| Jo eta P(u—u/ —v) ja S» o(4 5 5 Uy Ul’, v) ‘ |“2 0) 
7 
0 


, 


(4+ Q,/2)?+ W? u 
for uNv, (4-20b) 
S&S (x 3 Ul, u', v) = pix (u—u’) + 2m 42v)x — gx (ute) Im gu] x (= 1; 2) (4 i 20’) 
with 
W* =m, — Q,/4=my—Or/4= { (9, + my)?— Pt {P?— (m,— my) /4P?, 
(4-21) 
where in the integral over x the principal value must be taken 
at +=0 and it is noted that ]/”° is positive for bound states, 
M+ m,> P>\|m,—m,|. Putting v=0 in (4+20a) we have 
an one-dimensional equation on the light-cone, in which integ- 
tation over x can easily be performed by taking the path as 6 2% 
shown in Fig. 2, Fig. 2 
(ae) eee tees) #(a, P—Q,)2) («—w/) (,— (uw } / 
0) ay au! i fe Sa Lied See Vaal) 
0 
ae | a e—# (a P—Qo/2) (a—u’) §,—W(ul—u) __ —W(ut+u/) AC 0) 
) te e } ree re. 


This expression can be simplified by choosing a, and a, as 


%4=Q,/2P, a=Q,/2P, (4-23) 


On @ Relativistic Integral Equation for Bound States 493 


since eigen-values are independent of @, and a, as shown in Sec, 2. Indeed, we have the 


same result if we put f(w, 0) =exp(26Pu)-f'(u, 0) with 6=a,—Q,/2P=—a,+ Q,/2P. 


If we express (4-23) in power series of binding energy, 9=1/—P, we have 
a;= (m,/M) (1—B8/m,+ F/2m,M)(1—B/M), (i=1, DN (4-24) 


so that they agree with the usual definition (3-5) in the non-telativistic limit P—0. 
With (4-23) equation (4-22) has the same form as (3-12), and then eigen-values are 


given by 
—k/4PW=n, (n=1, 2,-*---- \e (4-25) 
Solving this equation for P by the use of (4-21) we obtain 
+ (m,+ my) {1— 2m, m,(m, + my) PE", 
E: + (9,— 2y) {1 + 2m, m.(m,— my) 73", 
F=1—(1—a7/w)"", (w=1, 2,-0+ + bs (4-27) 
where « is given by (4-8). The four solutions of P correspond to the cases where free 
particles 1 and 2 have energies +(f,+,)"? and +(f,'+,)'”, and the appearance 


of negative energies is due to the fact that we have treated the particles one-body-theoretically. 
In the following we shall consider the first expression of (4-26) only. We have for W 


> 


(4-26) 


which determines the asymptotic behavior of f(7, 0) at large w 
W= (pu/n)(1—2ps/M)?, (m=1, 2,-++ ys (4-28) 


In the case ¢/z>1, P and W become complex, which will means that stable bound states 
are impossible. We have from (4-26) for ¢<1 or m,/m,<1 


1 (pe)? E> | ( BV (ee ) J 
ay 2 eae PEE fereiv ies ; f= PE + - ( So ; “<1 ; 
os 4 2: M a 2 nl ) 8 n ( ) 
(4-29) 
a Mm, \ {42 ike SS My 
Pom m,(1—§) +m,( 2 ) (28-¢ Jars (Gere), (4-30) 
' My i), ey My 


which will be compared with the approximate results (4-7) and (4-10). In calculating 
f(u, v) for vA0 from (4-20a) and (4-20b) it is not easy to integrate first over + 


since the path as shown in Fig. 2 is not possible in general. However, if we insert the 


solution of (4-22), for instance, for 7=1 

flu, 0) =wler™ (4-31) 
and integrate first over ’, the integration over + along the path is found to be possible 
in the case “2 ->0 and v—~0, namely, in the space-like region. There appear integrations 


of the following type 


(Menke ene ass alias = "10 (u—0) /2—W uv) 
“GAO/24iWy(e—-O/2-iW) iW 


(O/as iW ya. : be 
Ut 2W ! 


x {ut 
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| con mens ax Sf a Se pape ee _ p10 (u—2) 2 WW (u+2) 
(4—O0/2+1W)?(4—-Q/2-iW) 2i1V? : 
and the result is 
flu, v)= \ - Cai oat Vesa) o| BPE), ole 0, CLT OYs (4-32) 
Ms 

Values of f(w, v) in the time-like region is not easily obtained, but they are expected from 
the results (2-17) to (2-22) to have an oscillatory character similar to Bessel functions. 

The case (ii) Equations corresponding to (4-20a) and (4+20b) are with (4-20’) 


u—-v 


| tn ae s ee ey 
f(t, v)=—- Salil Be AO 2 | ax Bets DLS 


axP (4-Q,/2)?+ W 


0 


oe co 


‘ , , 
ie | aa eee aie | ox SCZ > U, a ’ Vv) : |& : 0) 
(4+Q,/2)'+ W° od 


up —co 


co 


lire [ fee’ ee ar Si(4 5%, v', #) lee v’) 
I G+ Oye la 


uv 
for “uv, (4+ 33a) 


J(u, v) = {an expression which is obtained from the right side of (4-33a) 
by the simultaneous exchanges: suffices 1<-—>2, u<-—>v, u'<-—>v' and 


f(a’, 0)<——f(0, o)} for wv, (4-33b) 
where we have used (4-23). If we put v=0 in (4-33a) and w=O0 in (4-33b) we 
have a system of two integral equations for f(~, 0) and f(0, v). In view of the symmetry 


of these equations for ~ and v, we can make use of the result obtained in the case (i) 
to solve them. Assuming the solution, for instance, (4-31) for v=1 


I (w@, 0) =aue™, -f(0, v) =dver™, (4-34) 


where a and & ate undermined constants,’ and inserting them into the integrands of (4- 33a) 


and (4-33b), we can calculate /(~,v) in the same way as (4-32) is obtained. The 
result becomes 


Rep cab \ (Q./2-iW)? | 
f(%, v) BPI E i+ im 
(C/2—1Wy 


my 


+0}0-+ Pyar (a0, v=0). (4-35) 


From the condition that (4:35) must be equal to (4-34) for v=0 and “=0, we have 
first 
afb= + m,(Q,/2—1W) /m,(Q./2—iW ), (4-36) 


where the case of minus sign will be discarded since it has no correspondence to the non- 
relativistic case, and then an equation which determines the eigen-values 
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— (k/8PW) {1+ (Q,/2—iW) (Q./2—iW)/mmy} =p (4-37) 


In the general case 7341 similar results are obtained as shown in Appendix D. With 
(4-21) we can solve (4-37) as follows 


P=Mi1—4p77/MA +77) +”, (4-38) 
W=2py(1 +77)" {1-477 /M A477)", (4-39) 
n=u/(2+iv), (4-40) 


where we have considered only the case of plus sign of P. ‘It is found that P and W 
are complex numbers with positive and negative imaginary parts, respectively. Nevertheless, 


the calculations given above in the case (i) are valid also in this case since it is shown 
that 


R(WiQ,/2)>0, RA WiQ./2)>0. 
For «<1, (4-38) and (4-39) are written as 


P/ M>=1 — po? /2M+ (pot/2M) (1— 2/4) +0 (a) 


+7 (p?/2M) {1-7 (1— pp /2M) +0(a')}, (4-41) 
Wi pa=1— (u2/2) (1 —p/M) +0(«!) ~é(u/2) {121 — 3/2) 4+0(«)}, 
(4-42) 


which agree with (4-7) in the non-relativistic limit u—>0 as it should be. Now the 
wave amplitude for center of mass motion, exp(—zP/)), increases exponentially with 7. 
This will mean that the system is unstable in a similar way that P given by (4-26) 
becomes complex if v/u>1, and would presumably result partly from the fact that we 
have used the uncausal propagation functions /, and 47/) instead of 7, and 0, as discussed 
by Stiickelberg®’ and Fierz’ and partly from that the kernel of the integral equation (4-5) 
in the ladder approximation is not Hermitian. On the other hand, in the case (i) equation 
(4-22) is found to be Hermitian and eigen-values are real. It will be noted that the 
result of the separation of center of mass motion from equation (4-2) is not altered in 
the case where P has a positive imaginary part if we take the rest system initially, since 
the regions of integrations for ¢,’ and ¢,’ are from — 0 to finite times 7, ania: ree 
ing to the definition of /, which originally means that P has a swa/l positive imaginary 


part. 


§ 5. Solutions in a differential form 


It is shown that solutions in the case (i) in the preceding section are able to be 
obtained in a more direct way by solving a differential equation on the light-cone which 
is reduced from the integral equation. We have from (4-5) a differential equation in 


four dimensions 
{(a,P,, +4 0/0%,)?— ty} {(a2P.—2 0/ Ax? — mz} P(4,) =th0, (4y") P(X) - 
| (S) 
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Separating the angular variables with (4-11) in the rest system, we have for the S-state 


a differential equation corresponding to (4-13) 
L, Lof¢, =tk0(r—o) f(r, 4) (S22) 
L,= (a,P+i 0/dt)?+0°/ar—myp, Lo=(a.P—-t 0/at)?+3°/Aar—ms, (5-3) 


where 0, has been replaced by (4-14b), the case of (4-14a) being treated in the same 
way. It is convenient to change variables from 7, / to 7, v defined by (4-19). Then, 


the equation can be written as 
L, Ly f(a, v) =ik {0 (u)/4v+0(v) /4u} fw, v), (5-4) 
L,=M;,(u) 0/av+ N,(u)=M,*(v) 0/du+Nj*(v), (J=1, 2), (5-5) 
with 

M(x) =0/dx—ia,P, M(x) =0/dx+ia,P, 

N, (2) =ia,P 0/ax+azP?—m~, N,(*) =—ita,P 0/dx+a;P’—me-, (5-6) 
where « means complex conjugate. We have from (5-4) three tree equations in the 
regions I, II, and III, shown in Fig. 3, separated by the light-cone ~=0 and v=0 

L,£,f®=0, (=I, 0, Mm), (5-7) 


and the following continuity conditions for them on the lines ~=0 
and v=0. For instance, we consider the condition on v=0. Note 


that 7,/, can be expressed as 
L, L,= M,(u) M,(u) 0?/dv" + {M, (2) N,(u) 
+ M,(u) N(2)} 0/dv+ N, (a) N.(u) . (5-8) 


Then, under the assumption that f(7, 0) is a continuous function of 


wu, the term O(v) in (5-4) means that 0//dv is discontinuous on i he 
v=0, and by integrating both sides of (5-4) from v=—e to +e for constant a we 
have 


[ME (1) Ma(u) Of/80),— .0— [MM () Ma) Af/d0],--0=ih/4u-[f]oo, — (5+9) 
ign baer . (5-10) 


On the other hand, (5-7) can be rewritten as ' 
fO=FO+f, (5-11) 
Lif Lay = 0, =i, 11, Ll), (5-12) 


where the part of /“? which satisfy /,f®=0 and /,f=0 simultaneously will be 
included in either 7, or f,%. Then, (5-9) can be written as 


(LN, — M,Ny) (fre —f.) =ik/4u- (f+ f), (w=0), (5-13) 
with 


M,N,—M,N,=—iP 0°/0u? + {— P?(a?—ay) +m2—ms} 0/ Ou 
+2P( ayy + ayy —a,a,!"). (5-14) 
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It will be convenient to choose a, and a, such that the coefficient of 0/du in (5-14) 


vanishes. Then, we have from a,+a,=1 just the equation (4-23). In this case (5-13) 
becomes 


(0°/au?— W*) eee ia) = hf/4Pu " 
ja ee ay Ae =f, a Fm), (v=0), (5+15a) 


where IV’ is given by (4:21). In the same way we have the continuity equations on 
the line 7=0 


(8°/80°— W*) (ff) = Af/4Pov, 
(=f Tea +f; (“7=0) , (5 z 15b) 


In order to solve the above equations together with (5-12), boundary conditions, which 
are included in the original integral equation, are necessary. 
In the case of the one-sheet potential (4-14a) these boundary conditions are found 


to be sufficiently simple. To see this it is convenient to write the equation corresponding | 
to (4-2) as 


O.—m2)¢(1, 2 =ik|7, eg ie 
(C,— 2") f (1, 2) =2h | 2, ( erates 


O{r(1’, 2) —4/ +2} ¢(1', 2)dz/, 


(5-16) 
and note that the right hand side vanishes if 1 and 2 lie in the space-like region, and 
in the time-like region where ¢=/4,—7,>0, since /,(1, 1’) is different from zero only in 
the time-like region where ¢, 7’. Then, we have 


Lif M=L,f™M=0. (5-17a) 
In the same way we have 
Taf =O (5-17b) 
In this case we have the continuity equations on the line v=0 alone 
(0°/ a2? — W*) (fur —fie) =2f/2Pu , 
ff 4fO=fOP +f, (w=0). (5-18) 
From equation (5-12), (5-17a), and (5-17b) we have 


LfemPa Lf, Lyf P=Lf =o, (5-19) 
and then by the use of equation (5-5) and (5-6) it is easily shown that 
(3°/022— W?) f° = (0°/du°— W*) fi? =0 . (5-20) 
Hence, equation (5-18) reduces to an equation of Schrédinger type 
(0°/du0?— W*) f=kf/2Pu, (v=0), (S721) ae 


which is just the differential form of (4-22). To solve equation (5-21) we must further 
impose on it a boundary condition that f(«) vanishes for large 7, which is contained in 


the integral equation. 
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§ 6. Spinor particles with electromagnetic interaction 


We start from the equation (2-16), where the center of mass coordinates are separated 
already, and choose the rest system for simplicity. We classify the wave amplitude according 
to the two energy states of the both perticles as in (3-1). Hach 9,(¢=1, 2, 3, 4). has 
four components and can be expanded as follows, by using the four independent spin 


eigen-functions (I), (II), (III) and (IV) given in Appendix A. 


g(x.) =A, (7,2 (D+ 2%, OID +6, 0) (IL) + Dr, 2) AV), (c= A523 Sat): 
(6-1) 
Here, (I), (IIL), (IV) correspond to three triplet states and (II) corresponds to singlet 
one. Substituting (6-1) in (3-2) and (2-16), performing the angular integrations and 
comparing the factor of the spin eigen-functions on both sides of (2-16), we get the 
following integral equations for the radial functions for the given total angular momentum 
J, (detailed calculations are found in Appendix A). 
i _ 1125 (eal appdpd'r”dr _ » (2) eral") 
m (Liz ) (Py M2") we 


x ie + m;) (@.+ m2) See | F112, ~1)2( Ay — Ay’) 
2j+i 


2741) 
UREAV Sut SA ae er eaten 
4d 172, 2(D — Df) 


ip(w,+m,) 4 a 
“i one. Pip, (Bl +38 — (7+1) (C/—Cy)} 


ip (y+ ms) 
te Po 4p Oe ee “te pre 
2f+1 -1/2, 1/2\2 Ps + Dz (741) CC coy |, 


é es el ast? / , ’ 
_? 1 fe ( { Lap’ Blak “ay - 3, (22) o-tpat—) 
(Pin — M01") (Po me’) 


Le atta 

an + My) — se LF 2, 32D,’ —D,’) 

eas 3/2, 24 Po +3B +7(C/—Cy) } 

ae 2) 2 Fj, yx 3B + By +7 (Cl — Cz) | ey 


“ Fe ato. 4 — en -12(4,’— A,') 
HEF +1) pO, + y= 02+ Mz) ip, 52 (Di —Di) 
+ (w+ 1;) (@,— my) Fije, 12 (Be + 3By)) + p’Fij2, 12 GB/ +B) _, 
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Vify pe fs 02 , 
= = Het “He |. ‘| la A S ay : é, (x?) ets —”) 
(Din — my) (Pay, ms") 

X [6p (y+ my, +.0.— 3) Fy, 1). A! — A/) 

+ip(o, + m,+ Ws— My) Fj, 32(Dj! —D,) 

+ {(@, + my) (@y— Mtg) +") Fy)2, 1)2(C —C,)], 
with other four equations denoted by (6-2)’ which are given from (6-2) he the operation : 

“Exchanges of the suffices of the wave amplitudes 1 and 4 (e.g. 4;-—>A,) ; 2 and 

3, respectively, with simultaneous changes of the signs of wz, and m, (m-—>—m,, 
My<——> — My) .” 


In the above 
W,=4,P+p,, W.=a,P—f,, (6-3) 
Ay =Ai(/, 7? ), etc. Ap=AAr, 7), etc, 


and F;,,,, abbreviates the following function : 


Fin, n= Fn, (BY Pr") = (2/27) Tym (br) (2/207) "" Jyin( Br’). (6-4) 

It should be noted that, on account of the property of the spatial parity, only 8 of 16 
functions are coupled together. Other set of equations are given from (6-2) and (6+2’) 
by the operation : 

“‘ Exchanges of the suffices of the wave amplitudes 1 and 3; 2 and 4, respectively, 
with simultaneous change of the sign of 7,.” 

In the case of 7=0, we are left with only four equations for / and /), namely, 
the second and the third ones in (6-2) and (6-2’) with 4,=A,=C,=C,=0. 

Further we observe that in the right of (6-2) triplet functions A, C and D appear 
always in the form A,— A, etc., hence we can split the system of eight equations into 
two parts, the first part involves only five functions (6-5) below and includes also the 
eigen-value problem, the second part merely expresses the other three functions as the 
functions of (6-5).* We shall consider the former alone in the following discussions. 


A,-Ae=f,, D-D=f, B.-B=f;; 
By+ By=fy,  Co— Css - (6-5) 
Hereafter we consider the case of Kj. We observe from (6-2) that the kernels are 
singular on the light-cone in contrast with that of scalar case as shown in (4-12). After 
the /,-integration the highest singular terms are found to be of the form 


L(t—-¢ 
[ade fon Ooi ) cosE(¢—72’), lp EDI yrsph PP) yun (9?) 


(6-6) 


* This reduction of the number of equations is not possible in the case of the other interactions, for 


instance, scalar or pseudo-scalar meson interactions. 
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which have the 0-like singularities on the light-cone (¢—?)2=(r—7')’. 


To make more 


clear these points, we take the appropriate linear combinations of (6-5) so as to eliminate 
these singular terms, and then get the following three equations (6-7) which are free from 
singularities and two others (6-8) which contain the singular kernels given by (6-10) below. 


“ hi ih Pm 
a ae \\ at v! av! 0, (ey Fo P G_1, =1/2 


(V—r/)*S=(¢—V)? 
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(6-7a) 


1/2, ol2Pf{ =m!) | + R, ’ 


(6-7b) 


(6+7c) 
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(6- 8a) 
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— Pada 
ey a 1) Gi)2, efi ae ial pi Be) Gijo, w(2epl—mf 2) | 
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a er \| at! y! dr! 0, (44) | we Gtsr Cy i+ Genet 


? 


bl Ce ae FL |ER,. (6+ 8b) 


ies et al ns 
Cm Guin Wr, Wr) =F EEE) KWH) Leen WH) 


OS a g 
+ ho) 4Aa8C—7) 7, (Wr) Kyin( Wr’) (6-9) 


, 
Her, t31r, r)=( 1+€(¢—7’) pi (t—t) Py 1—€(t—?’) pa tas (t—2") i} 
2 D 


% | -—#+r—r') +0(t—f—rt+r') 


Xe (—yrisnea(ael tr +r) +a¢—'—r—r)} | F (6-10) 


He(r, t3 7, ‘)=( 1+€(¢—Z) gin (t—) Py 1—€(¢—?’) eateal fOR) 
2 2 
x [ear err) alr +1/) 


¢ 


+ (—enreielae etre) —a¢—t—r—r)} |, (€(x) =|2|/2), 


m=m,—Mm,, MH=m,+m, W2= —(P?— MM”) (P?—m’) /4P’, a=—lyCo5 
(6-11) 


(for 7=0, the three equations (6-7b), (6-8a) and (6-8b) hold with {=f,=9). 

In the above formulae, we have already performed the /f-integrations in (6-2) in 
the space-like region (r—r')2>(t—7)? (See Appendix B.), and denoted the part of the 
right hand side of (6-2) contributing from the-.region (r—r')?<(¢-#)° by Ki which 
can not be calculated in the explicit form. It should be remarked that if we take @,, @» 
as given by (4-16) and (4-23), the kernels donot depend on relative time / in the 
spacelike region. X;'s vanish, if we replace 0,(%y') by O(7'—t) /r’ and put r=. 

The second integrals in the right of (6-8a) and (6-8b) represent the singular 
contributions from the light-cone. Inserting (6-10) in (6-8) and performing the integra- 
tions, we see that the wave amplitudes f,(7, 7) and f(r, 0) themselves contain the terms 
multiplied by the singular factors O(r—f), O(r +4), 1/ (r+2), and 1/(7—2), provided 
that the conditions (6-12) below are not satisfied. Substituting these functions in the 
right of (6-7) and (6-8), we observe that these singularities just coincide with that of 
0,(#2) and the equations have no finite solutions, namely, the eigen-value of « must be 
zero. 

In order that the wave amplitudes do no 


prevent the existence of the finite solutions, the 


t contain the above singular terms which 
following conditions must be satisfied 
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HG n+ G+vDR Y= 7), (6-12a) 
hi Gg; —r) + (7+ UA, —t \ie fs (7, 74) (6- 12b) 


since the factor of, for instance, 0(7—/) appearing in the right of (6-8a)>is apart from 


a common factor given by 


a (= E Cs oe git (r—r’) fe Tee) eta (r—7") A 
: Z, 2 


0 


LAU AGED AL Le, rh 
(= Hen", re GEDA. 7) +f, |, 


and by putting it equall to zero identically and differentiating with respect to 7 twice we 
get three equations from which (6-12a) is deduced. 

The conditions (6-12) impose additional restrictions on the five wave amplitudes 
which must satisfy the five equations (6-7) and (6-8). In the case of one-sheet potential 
O(r—t)/r, it can be shown in the following that actually there is no solutions satisfying 
(6-7), (6-8) and (6-12a). We replace 3, (4,2) in (6-7) and (6-8) by 0(7/—Z)/?, 
and put +=, then, using (6:12a) we have finite contributions from the singular terms 
in (6-8), 


2|anrag’—ey/o | 1,6, ene te 1 fil (7+ vy} +s (7, 757 32) fi 
SAGN+GSHDAGN +h”), (6-13) 

2\ ater —t)/rt | He %r:r,f) Are (J+ fi} 4D) ree fi] 
Sits 7) + Fra) fr) +f(% 7). 


Thus we get the one dimensional equations for f;(7, 7) (¢=1, 2, 3, 4, 5) which are given 
from (6-7) and (6:8) by the following operations 


(i) \) at’ r” dr! 0, (x47) MAY pe replaced by \ Raa a, 
; hag 0 z 


(Pr) B= (1-1)? 
(ii) ,’s are dropped, 
(iti) (6-13) is substituted into (6-8). 


By using the following formulae for min eons 


mae jim+2 ) 4 2) ss 
Ngee ree wg Ce A) 5 C3) (2, 2) 
tiv? s 
Sip re O(4—24") hee (2) Les) 3 fom) mec? som(#) Kyen(2)} ’ 


(ee YN veel] 2 
ay 4 


1 “ye 1 
ee m, n(%y PDE Fe mer nl, 2’) 
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A. z Bi ‘ 
FB 2t) Kam Loan") + (=) Tyr 2) Kaen) 


above equations can be transformed into a system of simultaneous first order differential 
equations (6-14) ; 


a es yea ai in? \ pan) 


a 


x a ax 2WP 
pay ties, | sel : - ; : 
Tinie ie \f—3 At i+ 1) fo) +if,| ; 
be gh j-1 a r+ 2 i(P?—m°*) M 
yi (- SF SESS ———— é) + + 1 ( ae Tees = 9 = = 2 
ax x At Gty ax se A + 2mWP fs 


=| — (4 — = ht G+) ftfh 


ns 207941) (A—fr) — ie (2Pf,— mpi) | ; 


Pye 
5 ie ian , AL i(27+1) (P?—M") 
( ax a x MUD m fs) WVP f 
Neel UE Ga et en, 
{ 2mP ( ax ea x ) x Lint Je Sirhh 
+ A+) facie als ae laf Bich G Df | ; 
Soe Ma ee i(2j-+1)(P?—M") 
( ax L\( jf.+ Wh fi) + 2IVP 7 hr 
Ny er 
a i 2mP ax U4 ) x {ihr G4 fth| 
fig! eA ae Tit G41) fot |» 
Be £P 
pe fi-h=- a ht ar I fof SE: (6-14) 
EB 2Px : 


Thus five wave amplitudes /; must satisfy the six equations (6-14) and (6-12a). Elimi- 
nating two functions, we finally get four equations of the following type for three functions 
qi —f=fr f= fies 3 
de,(2)/de= >) Lu(Dgdx), (4=1, 2, 3) 
t=1 


0=>1 M,(2) g(x), (6-15) 


tat 
(Lig(x), M(#) are rational functions of x). Differentiating repeatedly the last equations 
of (6-15) and using other three ones, we get unlimited numbers of independent linear 


homogeneous algebraic equations for @;, 80 @; ot f; must be equal to zero, 
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In the more general case, even if there exists a finite solution satisfying accidentally 
the conditions (6-12), such a solution has no physical significance, since in the non- 
relativistic approximation (II//P->0, 0,(+,2)0(¢)/r’) of (6-7) and (6-8), f, and fL 
become the radial functions for different orbital angular momenta 7—1/2 and 7-+3/2, (fe 
vanishes in this approximation,) and so do not satisfy (6-12). 

The above result is not altered in the case of K,, which has the same singular 
character on the light-cone as Kj. For X., the kernels cannot be calculated explicitly 
even in the space-like region, but their singularities on the light-cone are easily estimated. 
Besides the 0-like singularities as given by (6-10) there appear the ones like 1/(¢—/#—r +7’) 
and log |/—¢/—r+7'|. The appearance of the latter makes it impossible to write down the 
singularities-free equations like (6-7). In the case of 7=0, if we take the highest singular 
terms only (logarithmic terms are dropped), we get the following equations from (6-2) 
(See Appendix B). 


Aw d=— \\ dt dr! 0, (482) (e2PE—#) — pias P(C—0) ) 
, 


x {i CHUM OV OAS AL cA Ce ye be) SAG, t’)} veces. ; 


vAGa t) —_ oe \jerr ar! Oe (a) Cee) —eaPE—-“/)) 
7 


a 


x AGE Er, ORY, O-As (ts 7, OL, “yi forsee | G=16) 
(the equation for f,(7, 7) does not contain the highest singular terms,) with 
HEG, 57, ==) (8.() 48,00), 
A=(—t)*— (yo )*) Me (ff alr ar')), 6, (4) =0(4)4+1/iax, 
MGs ae) 


=(14<(—7)) 18,@—? +71) —8, Gf 747) 
8. f tr er) VS, (-r—-r—r)| 
(ie EP) [U-# 491!) 3 (fr $7) 


8b tr tr) 40 at arab, (6-17) 


As in the previous case there will be no finite solution satisfying (6-16) in general, and 
this result is not changed essentially in the case of the meson interaction of any type, where 
0,(4,°) is replaced by 2774 r(%,), for instance, in the vector case. 

Above difficulties have their origin partly in the fact that the singularities of the 
propagation functions of particles and photon coincide with each other. To make this 
point more clear we shall separate the above coincidence by replacing 0, (ry) in (6-7) 


and (6-8) by 
A(ri/e!—2)/1", (6-18) 
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where c’ is a constant larger than unity (note that we use the natural units #=c=1). 
c'—> co represents the instantaneous interaction at /’=0, i.e., adiabatic approximation. In 
order to get the one dimensional integral equations on the cone r/c! =, we put 7=77¢ 
in (6-7) and (6-8) and perform the /¢'-integrations. Now the contributions from the 
time-like region vanish, since the condition (r—r’)°—>(¢—7')’=(r—?’)?/c” is  satished. 
On the cone 7’/c/=// there are finite contributions from the singular terms in (6-8), 
namely, 


e 


1 tot ; O(7" (Cte ‘ : . 
5) Satis - [{7A'+ Gt DAI Ltr, rfc; r', i’) 


ate 
€ 
2 


mal flesh jira aaatacaal fs 


+H (4, r/e'3 7.0) KI== 
Cc —l1 cel 


1 7 O (7? ee id bey i : 
s Sfeerrar ig a ay el) fen tl, 7, 1/7 nt) 


12 J 
+H, (rv, rfc! 3 Fe, 2A cas = 1 Ih- = = a Lihi+ (7+ 1) vey ’ 
a, oo 
(6-19) 
with f,=/,(7, r/c’) ete. 
Thus we have the equations, denoted by (6-7)’ and (6+8)’, which are given from 
(6-7) and (6-8) by the following operation : 


; r ‘ . 5 4 : “ ey 
(i) \| dtr” dr! 6.( 4.7) — phe, fe replaced by iy Po yl eveees ; 
ae . 
Q fr 


(r—7/ )2>(4-7)? 


(ii) 2,;’s are dropped, 
(iii) (6-19) is substituted into (6-8). 


These equations will describe the bound system properly, since they give the correct 
asymptotic behavior of the wave amplitudes at 7— © and v0, though they are too 
complicated to be solved analytically. To reinstate the relativistic invariance we must take 
the limiting case c'—>1, then, infinities arise in the integral equations (6-8)! as can be 


seen: from (6-19) and the eigen-values of u will accumulate to zero. 


7. Discussions 


We have treated the bound states of two particles in the complete relativistic form 
mainly under the restriction to the ladder approximation. In this respect the effects of 
higher terms in the kernel G(1, 2; 1’, 2’) must be examined. Provided that the integral 
is solved and if we consider the case mM; = M,=M/2 for 


equation with complete G, 
he consideration of dimension that the eigen-value will be 


simplicity, it can be seen from t 


of the form 


P/M=f(e/tc) . (750) 


Under the assumption of the validity of the weak coupling perturbation theory, which 
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forms the basis of the present investigation as seen in the expansion of Gi Ff inte 
will be expanded in powers of ¢’/hc as 

fle /hc) =1— (2 /hic)?/8+higher terms in (e/tc)’, (7-2) 
where the first two terms are determined by the non-relativistic solution (¢°—>0 approxi- 


mation). Since the binding energy is comparable with the relative kinetic energy 7v"/2 
of the particles in this approximation, we have a relation 

e/hc~vfc. (7-3) 
Thus, in contrast with the scattering problem where ¢’/4c and w/c are independent para- 
meters, it will be necessary to take into account the higher terms in G in order to make 
a consistent relativistic treatment of the bound states; for instance, in order to obtain a 
result to the order (v/c)” we must include the terms up to eé° in G, the similar results 


™ in the case of a scalar meson 


having been confirmed by Salpeter and Bethe” and Levy 
interaction. 
The complex energy eigen-values obtained in Sec. 4 will have their origins partly in 


the uncausal character of propagation functions /, and /) and partly in the ladder approxi- 
mation. As has been shown by Gell-Mann and Low,” eigen-values P, of the integral 
equation must be real if we use the causal functions,./, and 0,, and the complete G. 
Then, it will be probable that, as the higher terms in G are included successively, each 
term of (7-2) turns out to be real up to the order considered. 

The problem concerning the convergence of G. which seems to be intractable at the 
present stage, will be left out of consideration, though it will be more serious in the case 
of pseudoscalar meson interaction than the other cases. We confine ourselves to the finite 
terms of G. In the spinor case there will be no finite solution of (2:4) as shown in 
Sec. 6. Such a difficulty has its origin in the singularities of the propagation functions 
Xe, or K, on the light-cone in contrast with /, or /, in the scalar case where finite 
solutions are obtained as shown in Secs. 4 and 5. One of us (C.H.) has calculated the 
Fredholm’s determinant 1)(/), A=e,¢,, of the integral equation and confirmed that each 
term of it diverges in the case of two spinor particles whatever the interaction may be, 


electromagnetic or mesic of any type (these results will be published later). This together 


with the results in Sec. 6 suggests strongly chat in the spinor cases the integral equations 


are essentially singular and there is no eigen-value corresponding to a finite solution except 


for 4=0. Thus, it seems to be possible that the radius of convergence of the 
in the scattering problem is zero, that is, though each term of it 


series corresponding to the iterated interactions, say, of 


S-matrix 
is finite, its infinite 
the graph (a) in Fig. 1, may 
diverge. Nevertheless, the non-relativistic equation (2-12) has finite solutions as shown 
in Sec. 3 and Appendix C. This results from the fact that the reduction to (2-12) 
from (2-16) is valid in the asymptotic sence, P/7c-—>0 or c?/fic—>O0, namely, the expansion 
such as (7-2) will not always converge for finite é’/hc, so that equation (2-4) by itself 
would not describe the bound states properly. 

Concerning the above difficulty there is an interesting suggestion” that the propaga- 
tion function including the radiative corrections of the self-energy type, i.e., S;’ of Dyson," 
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is less singular than S,. We are now studying the possibility of removing the difficulty 


_in this way. In the other way, the invariant regularization procedure of Pauli and Villars’? 


will be applied to this problem conveniently for the phenomenological treatment of the 
theory. At any rate, the invariant formulation (2:4) of bound states will be more 
convenient at the present stage than other methods, such as the Hamiltonian formalism 
in the adiabatic approximation or the non-adiabatic treatment given by Dancoff,"” in separat- 
ing out the infinite terms of self-interaction and in trying to remove the above difficulty 
in the spinor case. 

In conclusion, the authors would like to thank Messrs. H. Kita, H. Tanaka and 
Professor Y. Nambu for many stimulating discussions, Professors Z. Shirogane and T. 
Inoue for their continual encouragements during the work, and Miss M. Kawabata for the 


preparation of the manuscript. 


Appendix A. Separation of angular variables 
(i) Scalar equation 
Here we consider the separation of the angular variables in the equation of the form 
g(4, = \s att itil pe) Gt tT Re of) oe Gist) Cade (A-1) 
We have 
rr 


: co / 1/2 
et hi lx: ied (2 + 1) z? (as ) Su +12( Pr) Py (cos7) 
iv=0 


pr 
“2 fh Ny id us ve / ! 
x Syar I" (5) Deranbart) Petcosr), (M22) 
i= Kr 
cosy=cosv cos4+sinu sind cos(?—¢) , 
cosy’ =cosu. cos’ + sinu sin’ cos(P—¢’) , (A-3) 
P=, 4B), m=, 9,9), 2 =(7.%, 2); (A:3)’ 
and 
U ras ray - 
20+ 1 P,(cosy) = >) P{eosa) 2," (cos) eP-® , (A-4) 
D ma=—l 


where 2” denote the normalized Legendre functions, and satisfy 


| Br (cos 6’) P;” (cos 4") sin 0d! =o . (A+5) 
0 
Expanding 
Gant) = SAG, t) P;” (cos G.) CTs, (A-6) 
lm 


and inserting this in the right of (A-1), we have 


jew (ts 74) P™(cosf’) ei?’ sin f'd0'dy' sinadu dB 
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= (4x) S}(22-+1)2"( 


i=0 pr 


1/2 a 1/2 } 

hey 38 
) Aral ory rr) Jono”) 
x | sina dud Py (cosy) P,” (cosa) e”"* 


iis wate ie oN m ime wp 

= (47)?(— 3( pr) { —— cuel 07) Ei (cos 0) 2 (A-7) 

= (42°) Sin ooo) Son 
We compare the factor of (cos) e’”? on both sides of (A-1), we find 

com eite 

Ar )= CoMl (rn hts pA, Agee 

Ii ES 5 ie 7] 9 ty! fy! (A-8) 
x Jun Ors 7) Sissjpo( pi Dee Lp « EK FO as : 


For the non relativistic equation the integral over # can be performed using (B. 2a) with 
t=7', and the equation (3-11) is obtained. 
(ii) Spinor equation 

First of all, sixteen components of the wave amplitude ¢/ are classified as in (3-1) 
according to the two energy states of the both particles. Each y, has four components. 
There exist four independent spin eigen-functions belonging to given 7, #4, where 7 is the 
magnitude of the total angular momentum .W=(6,+0,)/2+ (xp), and / is its 2- 
component. We adopt the following four bases throughout in Sec. 6. 


: 1 —Vj+y—1 V7 ees V+ UE Vj es 
Sioa ira AM pe gms OV ES —Vj-p-1 Vj-p Ye} 
1 0 —YF 
——— 
fe V2 +1 heey 0 ) 
1 CPE A A ID wYY 
(1)=—— =( d mk 
ort wYS = fay eee 
le (7-841 9-22 Vi Vie aes 
(jae (JOO ri? Tie 9 il eae eee 
2+ SVP LOG A PL Vi OGL ed a ae 
(A-9) 


where (I), (III), (IV) correspond to three triplet states and (II) to singlet one, and 
they satisfy following relations 


v() = (1), vO) — (il), vv) =v, 
Y(Il)=-3(D)s Y= (ayice, (A-10) 
We expand the four components wave amplitudes ¢, as follows 
G=4.(7)0044,%,9 (W)+G(%, 0 I1)+D,(%, 2 IV), G=1, 2, 3, 4). 
(A-11) 


Following relations are easily verified : 
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7, (1),=—pivQ),+ (),}, 72(1),=—p tj) »— (ID), } 

BO 7 Wn fe at (41), 

z,(11),=7,(II),=—p{(1),+ AV),}/(2/+1), eUD,=7 UD,, 

, (IIE) = —7, (111) ,= —p{(/+1) d),—7(1V),} / (2/+1), ¢QID,=—27 UD), 
z,(IV),=—/i G+1) (D,— (ID, }, mUV),= —A{ G+1) (D+ (ID pI 


LIV) ,p=F12(74+1) D+ IV) oh /(V+1), (A-12) 
with 
7 =6y; Pu=Ou fis T= Ou Pux= — Fu; Pi, UTM Ty 


where (I), etc. denote the functions of (A-9) with arguments «, B in (A-3)’. . From 
(A-10), (A-12), (A-7) and (6-4) we get 


| (I)'’=F 42, ap Q), \n (I)’= pp, (AI) +d}, 
| IEP SF ip (I) AD}. 

few'= BEE ep @h) 42) Fy an lV) (27h) 

\ (Ly af og (11), 

ie (11)'= | #11)’ =29{ Ps, yh vy }/27 1, 
J eQD/=P F220), 

\ Quy FP, (il); 

| zaih/= —7, (IIL)! =ip{ (G+ 1) 2-17, 12) +7P ap, 2 TV) t/27 +1, 
J edt) =—/'Fp, eM), 

| (IV)'=F yy, 52 1V), 

|x (V)'==ipF ip, oni DO) — V+ 1) UD} 

Ja QV)! =ip Fi, et ID + G+) OD) 


fev) == 212741) Fn, el) — Fann IN) IHD 


where \ means 


(42) 72 | otters —*%") sin! dU! dg’ sina da dp 
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and (I)’ etc. denote the functions of (A-9) with arguments 0H’, gy’ in (A-3)'. Inserting 
these expressions in (3-2) and comparing the factors of (I), (II), (II) and (IV) we 


get the equation (6-2). 
The above formulae are also sufficient to perform the separation of the angular variables 


in the case of meson interaction of any type. 


Appendix B. Integrals in the p-space 


We shall consider the various integrals appearing in (6-2). A typical integral in the 


Pi-plane is as follows : 


e—*halt—””) 


| ap, “TY =s 9 i) « =i 7 See. 9 o 
a7 { (4 P+p,)°—P—m?}} (a,.P—p,)?—p— ms} 
aks se ey ei P(t—t/) § —ta,sin E, (¢—1) /E,+ cos 4, ¢—2)/P} 


: p+ Ww 
= t= eG— i) eth C—") tia, sin E,(t—t') /E. + cos £7,(¢— zt’) /P} (for K), 
20 P+w 
1 : , ae ; <a Ra: 
‘ ~ aA, le Pet Nha, BETES LEE on sin £,(¢—/’) } 


+€(¢—2) {cos #, (¢—2') —ia, PsinE,(t—1’) /E,}] 
+e PU tN ta, Pcos By (t—t’) / Ey +i sin Ey(t—2’) } 


—€(¢—1) {cos B,(¢—2) +ia,P sin E,(¢—7) /E, 4 (for K,), 


(B-1) 
where €(7)=4/|z|, A= (+m), E,= (Po +m)'"; and W, a, and a, are given 
by (4-16), (4-23) and (4-21). The integration paths are as follows : 


Pa) LO £@) PA) 


I. 1 1» fp, for Ky 


Ny Ze Tones, 


Fig. 4 


whete Di, Pir Pysy and Py ate given by (3-4). 
In the case of A, the following formulae are sufficient to evaluate 
ing in (6-2) in the space-like region (r—7’)*> (¢—/')2, 


[P| Sivsel Or) Saver) P+ p') | 


a 


the kernels appear- 


sin /:(¢—/’) PE 
cos (¢— d) 
sin (0? — W(t 2°) / (on? W722, 


= G /2, 1/5 (Wr, Wr') 
1/2, 1/2 Neos Ie) v2(¢—p), (B - 2a) 
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| Pao Sirs (27) Jyoun(r’) + P| Hoaion x 
: cos 1 (¢—7’) 


‘sin (727 — W?)1? (t—#) / (me — Wy? 


= WG (Wr, Wr) 
* (cos (a?— W*)"? (¢—7), eee 


| Pap Tyra Pr) Sra Or) (WEP) | sin EG=0) /E 


=W°* Gyo a19( Wr, Wr') sin(w?— W?*)'? ¢—2) / Gn? — WW)", (B- 2c) 
with E=(p°+*)'” and for (r—r’)?=>(¢—7)’, 


oo 


| ea ee eiie(O) an EG 2)/ E05 frnkr—P)> G0) eBay 


with G,, ,(rW, 7’ W) given by (6-9). To prove (B-2a), we remark the following 
formulae (see Watson’, p. 367 and 431) 


Sarl PP) Sin Pr) ae 2 VEG) sin4*'¢ 29, (B-4) 


(pryitV— (prl)it2 25 ze 7! (pR)s? 


with R= (7? +7°—2rr’ cos)", 


(i hati Jip( Et— Zo / \ aS Sipe = MC) + 
a aE rai é Tisie( PR) dp= (21 (re Wy? yi WwW? 1/2 Kia tes 
) 


(B-5) 
for R>(t—/’)>0 and for —3/2<j <2, 


( Kyi1(R) _ 2541 geile Koen Lyell 
IN Rieti? sin 6 ab= OL ns Vr 7! SHIP nie _ for r> r'. (B f 6) 
0 


Substituting (B-4) into the left of (B-2a), changing the order of integrations of # and 
@, we get the right hand side by using (B-5) and (B-6). The restriction of i= ea 
(B-5) is removed by the analytic continuation with respect to j. Others are given by 
differentiation of (B-2a) with respect to » and / with the aid of the well-known recurrence 
formulae for the Bessel functions. To prove (B-3) we substitute (B-4) in the left hand 
side. The left hand side is 


a is) y oat pores 
spare re pe Oa cp ORT rie Jin OR) sah 8 
7 5 


0 0 


but by Watson™ (p. 415) for R>|r—/'| > |¢t—7 |=a 


[inntony A Ji(ak) - pil? p=, for 0>j> £373 ; (B-7) 


a 


therefore (B-3) follows for 0>7> —3 /2, but for 7>0 (B- 3) will be justified by analytic 


continuation. 
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Next, we evaluate the singularities of the kernles on the light-cone. In the case of 


K,, following integrals are to be evaluated, 


[rs (pr) ST 54119 ( pr’) cos /y (t—2'), |r ap Sj+3 ae Dede 5 y2( pr’ a i oa : 


These integrals are intractable to be estimated except for 7=0. Using the transformations 


(4-18) we get (see the reference 10. Appendix) 


{nap Tie Pr) [ris or Yeas E (2 — 0) = — | a0-#+r—r) +0(¢(—t—r4+r') 


0 


—d0(¢t—-t +r 47) —0(t-—t —1—9’) — 08 (t— t!)( Re FIM 


mil? mi” 


(nk?) _ Rolfe fas )i 
it 


(B-8) 
with 


MV UIP O—ry for (¢—-2)> rr)’, 


Mii=ag Vig 7 ety for U—L)°2 7) 
similarly for //= (¢—?’)°— (7 +7’)? 
The second term of (B-8) is finite at 4=0 or #/?=0. If we confine ourselves to 


the estimation of the singularities alone we get through the similar calculations, 
{ pdp yes (Or) Jj11)2( fr’) cosZ(t—7#) = — maXGet +r—r’) +0(i—t'—r+r’) 
0 


+(e rte) td rr} | 3 


( sin A (¢—¢ 1 2 
| Pee Iss Pr) Six12(67)- ee Se [- 0(t—t +r—7') +0(¢—t —r4r) 
0 


ete ae — . (B-9) 
Using these results, we derive (6-10). We note that these integrals vanish for (7—r’)* 


> (¢—#)” on account of (B-3). In the case of K,, besides (B-9) there appear singular 
integrals of other types, which are for 7=0 


\242 Are 2r) An pr’) sin Bef) 


Spe Dr (i= Li? (anki?) a Hit) 
1 aa 


mh” mih!? 
Le 1 1 
ap lage ma capt) (B-10) 
i cos /5(¢—t¢ 
\ Pdp Jxy.(£r) Jip (pr) — BEE) : ® 
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—— | ar) me | ro FES aah) = (r+) wT, AO ni” 


a Sri ne me gall? 
1 > 1/2 
+ <o in He (m'!”) —TI,, HS" (mal!) | > (B . 11) 


(B-11) contains logarithmic singular terms at A=0 or 4’/=0. We have discarded these 
logarithmic terms and considered the A and 0-like singularities alone to derive (6-16). 
and (6-17). 


Appendix C. The “12, co ” approximation 


(i)  Spinor particles 
Operating (27,9/04;,—;) on both sides of equation (2-4) in the ladder ap- 


proximation, we have 
(t71y 0/OXi,—m) (1, 2) =e0e4 CS 2) Tip TonO+ (1, 29 $C, 2!) dc,’ (C- 1) 


In*the approximation 772,» the particle 2 suffers a negligible reaction from the particle 
1 and so moves freely. In this case the wave amplitude can be written as the product 


of wave amplitudes of each particle 
(1, 2)=9,(1)¢%2(2). (C-2) 


In the following we shall omit the suffices 1 and 2 in 9, and @. (2) satisfies the follow- 


- ? . 3) 
ing Feynman’s equations 


¢g(2)=— j = St (2,2 \yra (2, ) Oto = a (2h 2) i Ol 2! la e453 (C-3) 
Vow v i ; 
g*(2)= j = 10° (2!) Fen Ks (2, 2") } dee = je (Aya KL (2 2)aar XE ~4) 
Von 


where the four-dimensional volume integrals extend over a region containing the point 2, 
and the three-dimensional surface integrals are performed on the plane 4,’ </, for (C-3) 
and t)/>t, for (C-4), respectively, since 9( 2) belongs to a positive energy state. Substitut- 
ing (C-2) into (C- 1) and multiplying both sides by v*(2)7., from the left, we perform the 
surface integral on the plane 4=+ ~. Then, with the normalization 


|e @rag@)dn=3 , ; (C-5) 
and by the use of (C-4), we have 
(ir : —m,)¢(1) =47yA,(1)¢(): (C-6) 
OX in 
with 
A,(1)-= [jn(2") 0s An2 Vat, tyh2) = 69" (2)7u9(2), (GZ) 


where A, (1) represent the electromagnetic field at a point 1 produced by the current 7, 
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of the particle 2. In the limit 7, the classical approximation can also be taken for 


the particle 2, and if we choose the coordinate system such that the particle 2 is at rest 


on the origin, we have 


ds (2) = C0 (£2) O( Io) 0 (2s) , ji(2) =SO0N¢—=41, 02, 2)" (C-8) 
Then, A,(1) in (C+7) become 
A,(1)=e/7,, A(1)=0, (C-9) 


where a contribution has arisen only from /) part of 0, function. Thus, equation (C-6) 
becomes the Dirac equation for the particle 1 in the Coulomb field of the fixed particle 
2. It is noted that the same results are obtained if we take KX, instead of A, in the 
equation (2-4). . 
(ii) Scalar particles 

In the same way as above we start from the equation (4-2). With (C-2) we 


have 
(Cm?) ¢(1) 9(2) =e (1) | 7.2, 2086 2) 9(2)del. (C10) 
An equation for the free amplitude ¢ (2) oe Maio to (C-4) is 
i ag* (2) 1, (2, 2’) —@*(2) eee dx,= 9" (2'), (C-11) 
‘ Orn Oise 


where the surface integral is performed on the plane ¢,>/,'. Then, we have from (C-10) 


, zr | 
(D,— m2") @(1) \{ 762 92) —9*\2) 22) | ax. 


; 


=ike(1) Faicarace 0,12”) ate, (C-12) 


where the integral over x, is performed on the surface t=-+00. If we choose the rest 


system for the particle 2, its current density 7, is given by 


» | dg* i é 
= {26 2) (2) (2) 2202) } = ae g* (2)¢(2), 


Ji(2)=0. (C-13) 
For the scalar particle we should normalize y(2) with respect to charge. Then, taking the 


classical limit (C-8) and using the definition (4-6), we have from (C-12) a Klein- 
Gordon equation for the particle 1 


(Ca?) (1) = 20, “52 (1). (C-14) 


Appendix D. Eigen-values for 21 in the case of scalar particles 


(i) One-sheet potential (general 1) 
We start from (4-12) and replace 0, (1/?) by O72) /r’, 


Using the formulae 
(B-1), (B-2a), we get at once 
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IR? a 4P PNG : y( ateyer 2 Kip (Wr) Lisp (Wr) 


i er - 

4458 mash Tis WP) Kis WP) A! a, (D-1) 
where we have used the values of a@,, a, given by (4-16) and (4-23), and put r=é. 
(D-1) is equivalent to the non-relativistic equation given by (3-11) except for the 
definitions of //’ and &. Eigen-values are given again by (4-25). 

(ii)  Tzwo-sheets potential (f=0) 


We follow the same procedure as in Sec. 4, namely, assuming the solution of (4-33) as 
alge) ane" 1 OWa) | F.(0.w) bee LG, ZIV), (D-2) 


we insert them into the integrands of (4-33a) and (4-33b). To facilitate the calculations 


we use the generating function of the Laguerre’s polynomials 


foe} 1 6 2—21IVu _ 
I Lon K2WHN ES EG? ae ay (D-3) 
n=0 i ' Gs 
and replace f(7’, 0) /z’ in (4-33) by 
ileal Nae a as j=ate ey ee Se) ; 
| C2) 


and similarly for f(0, v’). After the w’, v and x integrations in (4-33), which can be 
performed exactly in the same manner as in Sec. 4, we get the functions of the following 
type, 


Mig” 


Wash Ay 


. 1+¢ ,, 
exp {443 Wu — 


To pick up the factor of ¢”, we use the following relations 


i fit 


op Wu t2)/G—4) = p— Wu g—2Wut[(1—d = g— We a 2WuL,' (21h) many 
=0 nen! 
MoV _ 2Wot 
ey dy P+iWA+D(A=f) =e he P—-W 7 eo t— 
— pity Pu—Wv 7 Wy S ye (2 W vy) —— 
iS (io a 

with 

_ aP+iW Fi CE 

PAW a Pat 


where we have used the value of a,, a given by (4-23). Thus we get the following 


result corresponding to (4-35) 


Rk —W(u+v) 
) Sees: eee 
Jn 2) 16PIV? 
Suny? WuL!,(2Wu) -2Wo Ly, (2We) 
axe m(n—m) ye m 
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Le ee) 2Wuly(2 Wu) 2 We Tn-m(2We) if u, U>0. (D-4) 
mee m(nu—m)r™ 


In (D-4) the term #z=0 in the first series, for example, means 


2WoL9! (210) 


NY» 
From the conditions that (D-4) must be equal to (D-2) for v=0 and ~=0 we have 
an equation which determines the eigen-values 


é {14 ( GLOOMY | (D-5) 


ML, Mi. 


—4PWn 


which is the generalization of (4-37) for w=1. We can not give the explicit forms 
of ? and WW’ by solving (D-5) with (4-16) and (4-21) for the general value of x 
except for ~=1. We give a few terms of /*/J7 and IV’ in the power series of u, 


P/ M=1— (po? / Mn’) (1/2 —t4/2+ py? + O(a*)), 
W= (yuan) (1 =tu/2-+ goa? + O(u8)), (D-6) 


with 
2fo=—5/44 1/40? + p/4nM, 
29,= pfu M—1 . 
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Generalization of Statistics 


Taisuke OKAYAMA 


Osaka Gakuget Daigaku 


(Receivecl April 8, 1952) 


The possibility and necessity for a series of statistics, in which a state may at most be occupied 
with 7 particles, are discussed and the coresponding distribution function 


n 
Dla me Miler 


m=1 


IV ( a= ; 
= e—mE—q/kT 
m=0 
and the formulas for second quantization 
SV Yop ke = 0 Hfortallea; pi x(2-+1 letters), 


Perm. among @, 8----a 
X,XEXs—Xe Xe Xy= bu: Xs, 
Bi gerh ee re. 67-7 #4 ibs six” ae Rd 
= 
and their Hermit conjugate relations, 3 


> Fen Ac F 2 ~* 4 
where X,, denotes the annihilation operator and its conjugate X% the creation operator, are established. 


§ 1, introduction 


There exist two sorts of statistics, one of which is Fermi’s statistics chatacterized by 
the fact that a state is allowed to be occupied with one particle, and the other of which is 
Bose’s statistics, (characterized by the fact) that a state is allowed to be occupied with any 
number of particles. 

There seems. at present to be no need for statistics of different types. However there 
remains the possibility of a series of statistics, in one of which a state may at most be 
occupied with 7 particles. Mathematically speaking, since Bose’s and Fermi’s statistics are 


related respectively to the identical and the alternating representation of the symmetric group, 


_ the other statistics will be related to the other representations of that group. 


It is belived that the particles composed of two Fermions are subject to Bose’s statsstics. 


For instance, let us consider an ensemble of /V particles composed of two Fermions. As 


the wave function of the ensemble, we put 

P =e DF) PE, I) Pol 42, eV Nee aas Pr(4y, In)* (1) 
where 7, J; ate coordinates of Fermions of each group respectively, ¢; is wave function 
of the 7-th compound particle, P is a permutation oparator acting on the suffices of &,, 


and J) is representation matrix of the symmetric group, ¢ being a normalization factor. 


. 


* See next article. 
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Operating on Y with an arbitrary permutation QO, we have 
OV =D(O)¥. 


The operation Q is equivalent to the simultaneous permutation of 1's and y’s. Namely 
O=Q,0,, consequently D(Q) =D,(Q)D,(Q): 

As the particles are all Fermions, )(Q) are +1 or —1 according to either Q is even 
permutation or odd. Consequently /)(Q) is always +1 whatever Q is. This is the very reason 
why the law above mentioned is belived. 

However, the state ¢(+,, y,), for instance, represents also a compound state and so 
the summation of /’s in (1) should be taken all the elements of the direct product 
S,xS,, if we take into account for not only the simultaneous interchange, but also the 
partial interchange between Fermions. (Where S,. and S, are the symmetric group of order 
N.) 

As we show in the last section, in this case, we can verify by means of the group 


theory that the ensemble obeys to the statistics with the capacity 2 for a state; viz. 


Y (more than 3 Ferminos fall into the same state)==0, 


¥ (2 Fermions at most fall into the same state) ==0. 


Generaly we can conclude that the ensemble of the compound particles composed of 
2 Fermions is subject to the statistics with capacity 7. 

In application, for instance, to the analysis of band spectra the customary theory may be 
correct, because the partial interchange between nucleons may be neglegible in the phenomena. 

However, for strong interaction, the new stand point should be taken into account in 
such a phenomenon as star-producing process, which may be treated field-theoreticaly as 
if the nucleous were a point. 

The conception of “elementary particle ” is temporary and changes with the age. The 
elementary particle at an age will turn out to be regarded as the compound in a later age. 
Therefore, there is no elementary particle in the absolute sense,* but only in the relative 
sense. It is desirable that a theory of elementary patticles may be established which works 
well whether the internal structure of the particle may be negligible or not. The method 
of second quantization which is usually belived to be based on the character of elementary 
particles as mathematical points, a theoretical procedure which may be called “ punctifor- 
mation”, is rather general if we accept a more general formalism of second quantization 
which displays complementarily the structure of the particle lost by the punctiformation. 


§2. Wave function of the ensemble 


Let us treat an ensemble with /V particles of the same kinds, which have the same 


Hamiltonians. If there is a wave function of the ensemble OG) Pos ee rx) PL Vos 
eS: vy) is also an allowed wave function, where P= ees ane a) is a parmutation 


Operator acting upon the subscripts distinguishing each state.” Also the linear combination 
of these is allowed, In general, we have for the wave function 
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= = 
s pa ap b (“; tars ee Vy)» (2) 
where ap is a constant. 


Operated by the transrosition (7, /) between the 7-th and the /-th state, it represents 


again physically the same state as the original Y% apart from the case of accidental degeneracy. 
Hence, we have 


(4, 4) F =e ®, (3) 


where ¢ is a const., subject to the condition |c|=1. 


Repeating the transposition (7, £), we have 
G@, £)G@, 2) F=HPCHL.- 


Therefore, it follows that c?=1. If we limit ourselves to the case that is merely a 
scalar, we have as only possibilities c= +1 corresponding to the Bose’s and the Fermi’s 
statistics respectively. If, then, we may have other possibilities of statistics, we are at once 
led to the idea that we should extend Y to be of matrix type (or operator type), but not the 
wave function ¢ Spur Y*P may be taken as the definition of probability of Y-state.” 

Though what has been done above would mean a case of degeneration from the current 
view of quantum mechanics, we shall show later that it does not necessarily coincide with 
the case of degeneration. 


Alorig with (2), we may write c ’ = c, so we have two cases 
PPH=c? Kor! za (4) 


being now considered to be a matrix. We can easily see that c must be a representa- 
tion of the permutation (7, £), or generally P or P-', Putting the representation ))(P > 


of the inverse P in (1) instead of a;, we have 
Y =c'>) PO) 2 PM Ae ae ry)» (5) 
Q 


where c’ is a number. 
This specification satesfies the second type of the equation (4).” Among the repre- 
sentations of the symmetric group, we should search for one which satisfies our conditions, 


just like the identity or alternating representations correspond to the Bose’s or the Fermi’s 


statistics respctively. 


§ 3. Conditions necessary for the capacity=n 


The conditions necessary for the capacity=” in the true sense may be expressed 


that the wave function of the ensemble must identically vanish when more than w particles 


1) At first sight, it seems rather natural to take the permutation among the particle-suffices instead of 


the state-suffices, but it is not convenient for our present purpose. 
2) Originally, the correspondence from complex state ¢ to real number ¢*¢ is quite artificial, and we 
can define probability of the generalized ¥ adequately according to characters of the operators contained. in it. 
3) It is convenient to take D(P-*) and not to take D(P) as a, when we proceed from the theory 


of the configuration space to that of second quantization, 
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4 ; hee ; 
occupy one and the same state,” and otherwise must not identically vanish. 


Written in formula, 
(when the number of particles in the same state is greater than 7+ 1)\=0, (6) 


U (when the number of patticles in the same state is equal to or less than 7)==0. (6’) 


In the case of capacity in a wider sense, as, for example, resulting from the degeneration 
of Fermi particles, formula (6’) would be abondoned. 

Let us examine if there are such representations as to satisfy the above conditions among 
the functions of type (5). 

For simplicity, we first confine ourselves to the case 772, but the following arguments 


do not spoil the generality, as the case 7 ~ 2 may be treated in much the same way. 
§4. The case n=2 


First of all, we consider the case where the total number of particles (V=3, for this 


is the fundamental case. In this case, Y is linearly composed of 3!=6 terms; 
viz. PSD PVE eet, ray: (7) 
According to (6), if the three particles are in the same state, 
Ue Cal SL Eas) ) E.7as, Fas) ==, 
since POG RTs Fs) =P CO waree)s for all P. 
Accordingly we are led to demand 
BOP) =a DP) =V=0. 


This means that the sum of the representation matrices of the third order symmetric group 
must be the zero matrix. For an arbitrary permutation P, we have in general D(P?) V=V, 
so that spur D)7=spur V, in particular. 

On the other hand, the quotient of spur |” divided by the total number of elements 
of the symmetric group is the number of times how often the identity representation is 
contained in the representation ). T herefore, on the restriction that the representation 
should not contain identity representation, we have always 


spur V=0 


so that spur l’=0 for each arbitrary element D(P) in the group. Finally we see it is 
ensured that V==0 by virtue of Burnside’s theorem on the assumption of the irreducibility 
of the representation /). Thus we have seen that D(P) may be any irreducible representa- 
tion other than the identity one. 

In the third order symmetric group, there are three sorts (corresponding to the number 
of the classes of the group) of irreducible representations, of which the identity representa- 


4) From the condition that the 7 th and the J th are the same state follows the identity, (7, /)V=¥. 


5) One sees easily that the irreducibility condition is not always necessary. 
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tion {3} and the alternating representation {1, 1, 1,} are one dimensional, and the third 
representation {2, 1} is two dimensional. 

As the alternating representation is weeded out by the second fotmula (6’) of our 
statistical conditions, the only one which survives is the representation {2, 1}. This is 
immediately recognized upon calculation” of eharacters of the group. That is to say, for 
two atbitrary permutations /? and Q differing in one transposition only, it may be readily 
confirmed for this representation that it does not hold 


D(P™) +D(Q-)=0. 


In fact, the representation matrices are as follows ; 


Lhe 
1 0 es 0 2, Wee 
Lj 5, 1 2) = ih ly Se 

how hy 

ar yage matey al wes 

2 2 2 at WA 

(i, 23) Vr (1, 3,.2)= ee (2393 = Ve 
ete ee 9 + — ? + cme 

2 2 2 2 pe: 


At any rate, we have seen that there is a function with such coefficients as to satisfy 
the statistical conditions desired. As remarked above it is not always necessary that the 
representation be irreducibie, but they must contain at least such a representation as {2, 1} 
more than once, among other representations except the identity one. 

After these preperations, we shall shift ourselves to the case where the total number 
is VV. The first thing to be done is to ensute if there are such /)’s as to make P==0 
when arbitrary three states in Y turn out to be the same. For this purpose, it is sufficient _ 


to consider poe the case where the first three states are equal : 
p Cahen the first three states are equal) 


Eb a (Cy DIP PGs 7 OT No oe ryr)}> (8) 


where P’ run over 3!=6 ae in which the permutations among A! Sleveeee V' are 
common and different only with respect to 1’ 2’ 3’. For instance, we have 
Bees: 1 Se otAA 
poate) Ct eee cre 
le Fr > 12 ! y , ? 
je ile 2h sdeonad Ny! EIN ag OMe iia s 
In order that (8) vanishes identically, it is sufficient that 
>) D(P'™)=0 (10) 
6 terms 


for all sets of such /’s. 


6) See, for instance; Murnaghan, 7’ he theory of group representation. 
Weyl, Classical group. 
Weyl, Gruppentheorie und QCuantenmeckantk, 
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On the other hand, the symmetric group G of the /V-th order can be developed by 
the left cosets of the third order subgroup /’ consisting of 1, 2, 3. Thus we have 


Gears 
where / stands for (1), (12), (13), (23), (123), (132). 
u pnee AT 
Taking arbitrarily P,=( tee 


12/3! a) not belonging to /, and forming the product 
P.F, we obtain 


erorwarere fe NE Eee oe sre oka or 


Next, let us take an arbitraty P, which belongs neither to /° nor to P,/, and form the 
product ?,/°. Proceeding in this way we get a sequence of Pf’, each coset P./ corresponding 
to each set of P's referring to (8). The left hand side of (10) may be written as 

BOAO YVHTAAA) IID PAD IPEDS DANO), 

P/ Up fy Fy, 
whcre 7, is an element of /. Therefore (10) demands that 

DU) =0. 

Ir 
In fact, referring to suitably chosen axis, it being possible to arrange the matrix elements 
of the representation of the subgroup, so that it contains the irteducible representations 
{2, 1}, {1, 1, 1} im diagonal block form, it is sure that 31 D(/,)==0, if we choose a 
representation /) not containing the identical representation. : 

Thus the statistical conditions (6) and (6’) will be valid by the choice of the repre- 
sentation {2, 1} more than once. 

However, it is not uniquely determined, there remaining a certain number of pos- 
sibilities. 

The practical method of construction of such representations can be obtained easily by 
the repeated use of the branching rule.” 

What the branching rule implies is that the V1 th order subgroup of the irreducible 
representation of the /V th order symmetric group {4,, Ay,+--A,}—{4;,} is a partition of V 
and 4, A, --- + = Ay N= 3) A,—can be reduced to a sum of the irreducible representa- 
tions of the 1 th order {2,,---A;—1,---4,} where Zz runs from 1 to /, and the partition 
of /V-1 is so chosen as to recover its descending order. 

We can see, for instanse, the third order subgroup of the representation {2, 1, 1,--- 
veeeee 1}—24+1+41------4+1=N—contains irreducible representation {2, 1} nite, and {1, 
15: 1427-3 ‘times: © )Similarlyiy 2;°2,t,0e 1} contains {2, 1}A/—3 times and se Base bts 
x (V4) (V-3) /2. times. 

Finally we arrive at the conclusion that we have to take the representation of which 


partition contains 2 at least more than once but never contains the number larger than 2. 
Therefore, in the case of capacity »—=2 there are 


125-1, Uetene 1} {2, 2, L-++:: 1}---{2, Zyrreres or Ey (W-1)/2 kinds 


| 
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for JV odd, 


ee eee eee 1} {2, 2. ARS 1}---42, Qyreeeee 22% N/2 kinds 
for /V even. 


Quite similarly in the case of capacity 7, we shall have to choose representations of 
which the partition contain 7 necessarily and never to contain the number larger than 7 


in its partitions. 


§ 5. Statistics and degeneration 


Let us now inquire the relations between the statistics above discussed and the degenera- 
tions caused by neglecting the certain physical quantities of the Fermi particle ; for they seem 
to be the same thing on superficial observation. 

For instance, the characteristics of the ensemble of electrons, explicitly neglecting their 
spin and taking account of the space coodinates only, seems to be identical with that of 
the ensemble of the particles with capacity= 2. 

Actually in such a case, there appears the representation ie ee ee 1} when all spins 
are parallel, the representation cee | when a pair of spins is antiparallel and others 
all parallel, and so on, while in the case of capacity=2 in our true sense there never occurs 
the representation {1, 1,------ 1}. Originally, the Fermi statistics is not necessarily deduced 
from quantum mechanics but established by the postulate of the exclusion principle devised 
ad hoc by Pauli. Our statistics with capacity=2 corresponds to such a case that the 
possible cccurance of the spin parallel state by neglecting the physical quantity with two 
degrees of freedom of the Fermi particles is on compulsion unallowed. Generally speaking, 
the possible states are {1,------ Lh 4 oy. Byccscs: VG Sine. wee pasa Z heed 3) Pouwagt Vi St oe Bae 28 
tenes Vered4, Lyeereesfeee{m, 1,8} ---ete., if we neglect implicitly the physical: quantity with 
n degrees of degenracy of the Fermi particles. ° 

Therefore, the statistics with capacity =” might be said to prohibit all states not containing 
n in their partitions from those possible states of the ensemble of the Fermi particles. 

Now the conception of the so-colled statistics seems to force us to one particular 
symmetry ; the Fermi statistics to alternating representation and the Bose’s to identical 
representation, so that it is desirable to press our case into a particular representation. 

To treat statistically the ensemble of electrons or photons, account must actually be 
taken of all the particles in the universe and it needs to construct the antisymmetrical or 


symmetrical wave functions for all of them. 


However, if we take out any number of electrons or photons among from all of them, 


the symmetric character of wave functions inherits, and it is enough to take account of the 


antisymmetrical or symmetrical character referring to only those particles concerned. 
The utility of the Fermi’s statistics, indeed, depends upon this practical inheritance. 


In our case this inheritance is also indispensable. It is not adequate if other kinds of 


statistics appear by addition or reduction of particles. 


In fact, in the case of representation 1-2 abady bi 1}, for instance, reducing the number 
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of particles by one, it is split into {2, 1, 1,------ 1}+{2, 2,---:: 1} by the branching rule, 
and reducing the number by one, once more, into {1, 1,:----- 1}4+242, 1,---+-- iA ae ee Aa 
---1}. Moreover, reducing any number of particles, there remains the numeral 2 necessarily 
in the partition.”” All these representations satisfy the statistical condition (6) and (6’). 

Thus we may conclude that any representation having 2 in its partition can not be 
statistically distinguishable and has equal right in this respect. This conglomeration of the 
representations is necessary in order to ascertain the inhfitance of our statistics. However, 
it is to be noted that this inheritance is not one of irreducible as in the case of the Fermi’s 
and the Bose’s statistics. 

Physically speaking, to include the numerous representations in one category amounts 
to postulate the impossibility of detecting a hidden physical quantity, which serves to 
distinguish the states corresponding to the representations. 

Therefore, the particle with capacity in the true sense has only a proper functian 


corresponding to a state, while the degenerate particle accompanies a certain number of proper 
functions belonging to a state. 


§6. The distribution function of the statistics 
with capacity=n in the true sense— 


Now let us shift our discussion to the problem concerning the distribution fnuction. 
Of course, in this case we must be careful in distinguishing between. the case of the true 
sense and that of degeneration. We shall treat the former only. 


According to Fowler®) it is convenient to introduce the generating function. In the 


statistics of the true sense, the proper function is unique for any value of the capacity and 
the generating function is 


See) b+ es oF 4 ek. Se eas 


The distribution function is 


i 
WV (=i log ¢ (4A), where d=e 4 and 2 are provided for the condition 
me) ae 
TN) y) i a log g (A), 


Putting = Ze nniar, 


»—(E—) 47 s-2(E-—y kT —n(E—y) (kT 
7 (e + 4 + ahekevevave +- 4)! 
V(e) =" = 2e ——— ue 


1 Ga Lae MRS 4 et -DE- Nin ae (11) 


or 


We) =” Sa Cie UY RES Seas eM Ie- lar 
. Di eo A A ee tee 4 enE= yy ee (11 ) 


In general 7 is a function of temperature 7’ and equal to ¢, at zero point of temperature, 


7) The case when the total number of the 
of one particle in the Fermi statistics, 


8) Fowler, Statistical Mechanics, 2nd edition. 


particles is less than 2 has no gtave meaning, just as the case 
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whose physical meaning corresponds to the fact that the energy levels beneath ¢, are entirely 
occupied and the levels above it are entirely empty as seen in (11). 


§ 7. Equation of motion of the ensemble in the configuration space 


Before we enter into the second quantization formalism obeying our statistics, we shall 
begin with the equation of motion in the configuration space. Since we have to do with 
the particles of one and the same kind, the Hamiltonians must be of the same form for 
each of the particles. Furthermore we may assume, for simplicity, the Hamiltonian not 


to contain the mutual interaction. Then for each particle the equation of motion is given by 
—th-dz./di= >) Hys%s 
8 


where +, stands for the proper function in « state. As the total Hamiltonian of the 
ensemble is given by the sum of single particle Hamiltonians, we can take as the wave 
function of the enable a linear combination of the products of the proper functions, for 
all particles, whose coefficients are the inverse representations of such permutations” among 
the state-suffices as determined under the condition that the particle-suffices are arranged 
in a certain fixed order. 

For example, when three particles 1, 2, 3 occupy the Sth, the 8th and the 9th 


states respectively, we may take the form 
Bs AB exh) 7, (2) 23 V+“, 8) 4,(1)2,(2) a) 
eB, 9 te 1 x, (2.4.03) 4-2 (5,9) 4541 a (2) (3) 
DAS, 8.9 hx, (2 4g (2) #9 BY DA 57 9, 8) 01) 5 (2) ee). 
First we must mention an important character of the wave function thus defined. 
For instance, when the first and the second states in the wave function are identical, even 


if the states (1st and 2nd) are exchanged, it remains unchanged as a whole, because of 


relation 
1 2 N 2 
(1, 2) Pe %a,""° Voy) =P He Fo abt (12) 
Such a pair as in (12) of the wave functions of the ensemble belongs to a left coset of 


the symmetric group of the /Vth order developed by the subgroup of the second order 
H\(1), (12)} after the manner of § 3, viz. 


Tee 42 
P=! a [DW1) 4+ DU2)| DTP P te Fa ans 


Consequently, operating on from the left, (1,2) has the character of unit too, be- 
sides D(1) itself. Similarly when 7 states are identical, ” can be developed into the 
coset by the symmetric subgroup of the zith order, and therefore there are 7! virtual 


9) Though it seems rather natural to take the permutations among the particle suffices fixing the order 
of state-suffices, it is not convenient to proceed {rom the configuration space to the second quantization. 
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. . / . 
i i ; ctor C’ in (5) must be 
units, operating to the left of 1. Thus, the normalization fa (5) 


chosen as 


Cay, A Le 


where V= 5377, and 7; is the occupation number in the 7-th state. There must be a 
factor depending on the dimensions of the representations which may, however, be ignored 
because of its constancy. 


Now, let us consider the time-variation of the wave function. With 
P= 1/V nh nds D> (P) Peg, (Vt, (2)----- Fay (NV), 
we have 


4 at p= it Vind nd~{ {Da) Fannie) ees %e,(N) 
zt 


+ D™' (4442) 


Op (2) PAN ty (N) bee | 
at z NV 


oP |D (1a) Ota, (2) vente ee y(V) 
: at : 
4) (CDEP (1) sence? ae t_ (WV) Teese laws sebelah | 
2 L ii tt 


=1/ Vad age [1D Han tn, (1) £0, (2) ------a (WV) 


1 


he Joe (u40) 34 Ha. %5,(1) 4 (2) Sole ta (WV) Sis Bqoas = \ 
B 


+ {DQ)S Hag te (14, (2) 8a, WV) 
+ D> (oy) $3 He a, (1) ay (2) 0 te (AM) bone eat tle bake WS geg ] 
By 
21/ Vit nde (Hee, UDP) Pre, V)te (2) 
+ Te, 2 D'(P) Ply #5 (1) aq,(2) 000+ ta ( MV) tors 
BY, 
+ Te 2, pe DUP) Pre (1) -:-++: ¥_,(V) 


+Hes > WO ae Wie ee Ye (1) 4, (2) ies tec «(V) sin a sou (13) 
W970 P bye 2 


whete Py, means a permutation which has 8; in place of u; in P. 

To express each tetm in (13) by “ defined by (5), we must now study the rela- 
tion between P and /” »,, At the beginning we have arranged the sequence of states {u,} 
in a certain order and we have labeled the number 1, 2, 3 etc---to these states, as the 
procedure of constructing /. Accordingly we must rearrange /’ s, in accordance with this 


ptesctiption. For instance, we assume that all states under consideration are occupied by 
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one particle, namely ;==1 for all these states, and instead of ui in P, 2; which ought 
to be labeled to the j-th state appears in P’,;, where 7> 7, 7,,=1. Then, denoting the 
rearranged /’ bg by Foxe we have the following relations 


P=Py,= (4;, ors. (4, B;); 
cot aes coe x 


‘ple Oye gr thy_ y Bs Oj4-5° ay je Oy +B ge » Og, O544°°- Ay 
a att babii B , ’ ? Sy ! ! ! p ye? 
Ue oe a Pi A513 ON Gy Ber jity Gay Eger re 
P, Bees te Tea EAR a) Fre nek eas) 
‘ , ' ! 2 
hy: **thy 1, gg Gy; cree ccc ee cect eeccccee ty 
8. aoe 
f fa Aye°*Ng_-3, Fey Bis Ose ty2 2 F519 Ajay 292°" es) 


a sae : . zee 
Ny O54, Gin Giriy Fite, 45-19 Bi, C5319 En. 


And consequently we have 


ees AY A Ce ae 


Zz 


ee erga 
ise a Ces t= (4; ee (is Usa) (A415 Uss9) + (14) 


+ 


Since the process of inserting ( f,*% P;,') between the transpositions (4; (7;) is an opera- 
tion replacing 9; in ( Ts,¢ Ps,) by u;, we denote it simply by [which operats from 
the left only. 

Generally in the case of the capacity=7, a state ought to be considered to split into 
the virtually distinguished w states which can not be physically distinguishable. And so 
a state is labeled -fold. For instance, in the case ~=2, the 7-th state is labeled virtually 
by 2i—1 as well as by 27. In such an expedient, as the capacity for each virtual state 
is 1, the formula (14) is available. ; 

In spite of such distinction and independency of the states in the configuration space, 
we must identify them in the space of occupants numbers. When 2=2, since the occupa- 
tion number 7 are limited to 0, 1, 2, a matrix referring to a state is, in general, expressed 
in the from 

a(00) a(01) a(02) 
a(w'n")={ a(10) a(11) @(12) } 
a(20) a(21) a@\22) 
To obtain the general from of f;;, we shall introduce for convenience a matrix in a 


direct product from. However, not the individual factors in the direct product but only 


the product itself has the mathematical meaning. 
i? ) 0 


0) L045, 04-1 ~ , 
fa i ME OO eT, ‘ Riek 2p 1) >») X Biya X Byen% + X Laas 
ee 0 Lif 

) 0 0 
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0) 0) 0) 
ee ) 
x (4 Lo teqior o 5 x Ex EX--- 
, Qie ts 2) 4“) . 
p ( 0 iy 
where 
L0541,2¢ 104,201 0 0 
i Oy : : 
~ 0 Log 41 og 225 20 A) 0 ) ; 
Pe ( 0 (Jat 7) Tape 
2 os 0 0 (22-+1,22) (22, 22—1) 
0 0.07% 
Wye X BX BX x [0 1 0) x Bx Bo 
t=J ) @ 
‘o (i 0 ) ; 
0 Fo5.2941 . <1 ~/ , 
f= aX EX Xe x 5 0 (i 27 +1) e) x Lys % yy Xo KEG 
< . 0 
i> 
4 0 0 0) 
0) 0 0) 
(fe) 
Sia ake : © |x Bx Bx 
(22—2, 2i—1) 0 
0) ( 0 v7 0 
where 
194-9, 98-14 26=1,95 0) 0) 
Z Poca ae (ee 1, 22) 0 ) 
! —2,2%4—1 ? 
p= topes . ; 0 
- ( 0 (22-2, 2¢—1) Iy,-4,95 
0 0 (2i—2, 221) (27-1, 27) 
where / denotes the usual unit matrix, and [,;- is so defined that 


L,sr1@—1, g——2 Ve= (8 7—2) and letaliin pate 19) Lela T, 


t 


when operating ftom the left and acts as the usual unit when operating from the right. 
Of course,‘ the introduction of these Operators is not essential but an expedient to write 
the matrix in a direct product from. 


After these preparations, we shall rewrite the equation (13) in the configuration space 
to that in the occupation number space. Then we have 


Stn < V (7y119°- -) =) alle? (11,25: 3 -) ze = Vilage) Highs iE (7: “ity 1541) 
G z t+9 


where Ti = (tyne | fi; |724-+-7;5—1,-++72;-41,---) 
or, namely 


eis Se 
Or 
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where H=S Hila hgNig= dt Hy Osy 
on 
O,;= 155 hey r G3) 
and th Dan 


Nya x(C 1 1 xx ° Ete 7 (e 2 mete 1 ae eee 


and WY is a vector whose component is ¢/ (7,7,-). 


§ 8. The second quaniization for the capacity 2 


To proceed to the second quantization formula, we must split O,; into such a pro- 
duct form as O,,= Xj X,. Hence, if we introduce X’s such that 


Sib 0 ) 
0 Oates 0 
( 0 Soi >s ( ; ) 
D.C a oe es (TY 2 Sa 2,2f— 1), 0 ) 
? $ ( 0 ONS 
0 0 0 
SOP ie ig Ke Ll, Ml ge 
or 
ole eee 0 ) 
2é.4 2i—1,27—2 0 
: Bde ieno ne Sli el 
X,=:xEx Ex 6 MDS MDiv lised? a2.) eieO ) ; 
: 0 Al OSs 
0 0 0 
SPO kr & LyX Lees 
where 
Toxo -s1et-1, 24-2 0 4 
I (22, Le OY Es 1,2%¢-2 ) (6) 
Ev= 0 ( yes GH ORAS 2i—2) 
) 0 (22, 22—1) (2i—1, 27—2) 
and | 
0 0) 0) 
a6 alee ‘ 
» L951 94°94 o ) 0 0 
Xi=...x Ex EE x. x Bix ( 0 Sort ? 
2 


os (DG) 


xEx Hx: 


where 
tse lot ote1 0 . 0 
7 (CFE on; Lor. +1 O ) 0 
EX = 0) 0 Te rah 20h op rT). 


0 0 (24—1, 22) (27, 2¢+1) 
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0 0 0 
I say Aeon ee 
q 25-2, 27 27 , (@) 0) 
X* ==. x Li XE KO VERE ( 0 si) * 
0 V2 (2i1—2, 2i—1) So 3) 0 
( 0 S2, Sri 


x Ex EX +: 


xe 5 6 ‘ % “ y He * = 
where /;,%,, is an operator so defined that (¢—1, t)Teta=G—-1, 14:1), Laaliiae= 


Ty 4, operating from the right, as usual unit from the left. 
We have 
PG A ee 2 4 
0.69. CLAN Pay See) (16) 


and 
APX HAGA Oe, ote Fy 
assuming that S;=/_o Gi SF 7) Tie, and |S, 220), 24, 5, dae os eee 
STi & and /_,,; being the inverse of /;_.,, operator g; being defined as 9,/,,,;,=/ 


baly acting from the left as well as J;4;.gi —/ from the right, and also as gi/;,-,=/, 
Lis 198. =T/. 

(Generaly operator /,; acts on the products in the whole and so the position of the ope- 
rator in the product is not significant but the order, while for the operators g’s not only 
the order dut also the position must be taken into account) ." 


Furthemore, we have the following relations,'” 


| eee forall i; ayy; 

(A){ and also 
| oS DDG 0, for all uv, /, *%, 
B) | AG: (XX 5) =(XeX,) ak. for ¢f and all 7’s=ku, 
| XOX EN, enix.) kt: for v= and all 7’s-tu, 
| Xe (XEX,) =| XIX) Ke - for uP and all 7’sl=u, 
PEN. C9 COR tO. Cot ny. Ce for uf and all 7’s—ku, 

S XEXEXE =o, 
(A!) Perm. ¢,8,7 


SI XEXENS =o, 
Perm. & 3,7 


XOX Xe 


oa ie Fe 7” ain a (ere, 
X,X,X*=X, X#XN,, 


10) These relations among -X,’ have their meanings only when operating to Y. In calculation, we use 
the ralation that the sum of the representatives of the symmetric subproups for permutations among 1, 2, 3 
; ‘ 3 >’ 2 
identically vanishes. 


11) The self consistency for the strange operators S’s should be verified; see the last part of this §. 
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Bs | XX XY= NX NY, 
CX X ee XX XS, 
(C) X,(X2X,) —(X*X,)X,=X,, for all P, 
(C) XE XSX,)— (XX) XE=— XS. 
Furthermore 
(DD), XOXR4 2A2 XH 2X,» 
(DOOM Eeo NX 2X7 - 
eye eek XX XX S21 
Uz0 wae. Gi Cae > 6s. OD Cee. Cp Cera 
(yy) XEN = NITN,, XK YX, cic. 


face 


Since the relations above mentioned are deduced from the equation in the configuration 
space in which the same physically indistinguishable states are forced to be distinguish X, 
from X, (or X* from NX). However, there is physically no distinction between them. 
Accordingly if we identify them, we can see that equations (A fy (BY oe C) ee CB) 
and (A’), (B’), (C’), (D’), (E’) are their Hermite conjugates respectively. 

Let us forget all the statements discussed in the configuration space and let us afresh 
introduce operators NX, and their Hermite conjugate operators X}, and we are going to 
set up finally the followins second quantization formula (the relations between the algebra- 
lized quantities)”; 


“2 ex +. = 0, 


Perm. in @,8,T 
3 S'S De CED. Gop. OP. and BE PP. . C2. 69. F ede Ca 
(J) oe Lees 2a aaa a for u=y and all f. 

X OXF 42XEX, =2X,,; 

XX, 4+ XXX. XS XS =2 
and their Hermite conjugate relations. 

The relations (G) and their Hermite conjugates are valid in all statistics, while the other 

relations are proper for our statistics with the capacity=2. For these equations we can 


verify that the proper values of X%X, are 0, 1, 2, viz. 
XEX,(XEX,—1) (XEX.—2) =0. 
Furthermore 


[Xe, H|=—dH/aX,, [X., H]=0H/dXe 


where 


Phe SU GEA A - 


12) Associative law is not held in (B), (B’) and (C) (C’). 


But we assume it is held in (G). 


532 T. Okayama 


In deriving the relations (A), (B), (C) etc., the strange operators S, etc. have 
played essential roles, and these operators were to be introduced to split O,, forcibly to 
the product form Xj;'X,. These circumstances might have been caused by the facts 
that the same states physically indistinguishable were forced to be distinguishable and more- 
over we have used the finite symmetry group theory labelling the stares concerned with the — 
positive integers, while they are ranged from — co to +00. In spite of these, the final 
results may be correct, as is seen from the followings. 

To avoid these operators, we may take the density operator O;, itself, in which the 
strange operators are not introduced essentially. Then we can derive directly from (16) 
the following relations 

O,,07=0;,035, 


except the cases when more than three of v, (3, 7, 0 are equivalent, and 


O,,O7— 0,,0.= Osi for u--f. 
Furthermore 


>} Ope gg O51 


Perm. @/,8/,7/ tixing the order «,3,7. 


—s yy (0,;,03,0 4+ ar Osean =p Ore OnsOax) 


Perm. @/,8/,7¥/ fixing @,3,7. 


=F (Qis+ Oxy + Oca) (ara Ps 04,051, <6 Dar a Onn, + On Da O.),O 515) 


Perm. 8/,¥/ tixing 8,7T. Perm. &/,7/. Perm. a/,B/. 
NY N » » AY » N 
—4 (9.0 c14931g Ogry + Op Dore On7p Orr + Os Oi Orn Oute) - 
. . / . 
Moreover, interchanging the rolles of uv, 2, 7 and that of uv’, B', 7’, we have the relations 


J) Op Ou Ovre 


Perm. ¢,8,7 tixing @/,8/,7/. 


=23) (8x1, 5130417 + OnrgOsrg Onn, + Ope Derg x1,) 


Perm. «,8,7- 


= (Oar + D sre + Oxrar) ue 23 Os, On, +93 33 Open, + Cure 04.045) 


Pern. 3,7 Perm. a,T Perm. «,8 
SN) iN) » 
at (9a1¢/ Dera 3130), = D51pO ara 31s Oxry ae D141 9 ee Orang Orr) > 
which can be reduced to 
60,..(O.,—1) (O,.—2) =0 


when ‘ ¢=d =p=P ayy", 


These formulae are just the same as those obtained from (J). 


§ 9. The second quantization formula for the general case 


In the general case of the capacity=1, we can similarly obtain the following relations 


Perm. @,8,+--+2 
—— 
n+1 


>} XX: Xi ==0) for all u, 8, 
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I x C2 gu E.'S Ty eens 
( ) XXX, DC Cv en. OA ee (even if == iy, 
XEXF +X EX =X", 


XX s+ KN KEXIKI E XO KON KEN 


a 


DELEDUED, EE ey “al re 
+ & va Ua. + eee eee + XSAN ii} ll, 


for 7 even, 


r a rs r rs 7 r = kk ~~ rs 
XX 4 KIN NENON EA WANN eee 
n—1 n—1 


n+1 n+] 
XOo XN o 4 XS VND 
+X 2 Xx +X*2 X2N* 2 =y!, for 72—=odd, 


n 
or St XTX XE 7! 


m=0 


and their Hermite conjugate relations. From (I) we can verify successively the following 
relations 


r 9 i rae 

5 D.6°. PS. C5. 
roy ye ry opr 

xX, Xe 2 er Agk. =3X,5 


Ke XTX = Ag Xi = (He —- 1) XX, 
and their Hermite conjugates. By virtue of these, we can verify easily that 
APEX AX X,—1)(XEX,—2)---: (X*X,—2)=0, 


which indicates that W{X. has the proper values 0, 1, 2,:++--: 2. 

We emphasize that these second quantization formulas in the case 7=©o ate quite 
different from the Bose’s. Because of our statistical condition (6), / is identicaly vanished, 
but in Bose not the case. However, the distribution function is apparently quite same 
from (11). 


§ 10. Conservation law of statistical capacity 


As we showed in § 1, in the wave function of the ensemble of the compound particles 
composed of two Fermions, the summation about 7? should be taken over all the elements 
of the direct product S, x S,. 

Since the direct product S, x S, is a subgroup of the symmetric group of order 2.\’}, 
the probability spur ¥ “WW which is simple characteristics of S,x S, is not the simple 
(irreducible) but the compound of the symmetric group of order 2/V! from the standpoint 
where the ensemble is composed from 2/V Fermions. In this case, since Fermion corresponds 
to a representation of the symmetric group characterized by the partition {1,1,1,1,1,1, 


.-} we have the relation” 


13) Murnaghan, 7%e cheory of group representation, p. 155. 
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direce peoductayis4d, <"1) x41, Ue v= (2) 1, lee 4+ 41,1, bopecseces / 

where { } in left member reffering to the irreducible representation of symmetric group of 
the N'!th order, and { } in right member to that of 2/V!th order. As mentioned in § 3 
the statistical behavior of the ensemble are completely determind by the largest number 


contained in partitions of the representation. And therefore we are ensured that the com- 


pound particles composed of two Fermions are subject to statistics with capacity 2. 


Similarly we can verify that the compound particles composed of 7 Fermions obey 


the statistics with capacity 7. 
Futhermore the general assertion may be correct that particles composed from the 


particles obeying to statistics with capacity w, are subject to the statistics with capacity 
R= Hs 


a 
Thus we may assert the conservation law of the statisiical capacities. 


* aK > 


To cease my pen, I will express my thanks to Prof. K. Husimi for his kind dis- 
cussions and also to Prof. M. Kobayasi for his good will. 


Progress of Theoretical Physics, Vol. 7, No 6, June 1952 


Excitation Function for Meson Production by 7-Ray 


Shigeo MINAMI 


Department of Physics, Osaka University 


(Received April 11, 1952) 


The excitation function for the production of z-meson by 7-ray is calculated by the Lorentz-covariant 
perturbation method, taking into account of the effect of higher orders. For the z°-meson preduction, 
various features have been obtained according to the theories adopted, while for the charged z-meson 
production, nearly similar dependence of cross section upon the incident photon energy has unanimously 


been obtained. 


§1. Introduction and summary 


As mentioned in the paper [/ ]*, taking into consideration of the effect of higher 
orders the results obtained are considerably at variance with those obtained in the lowest order 
calculation for the z°-meson production, but rather in fair accord with the experimental 
evidences. There are left some problems untouched, among which the excitation function 
for the 7-7 process is the most important one. 

Many experimental data about this problem have been reported, the main issue of 
which may be summarized thus : 

(1) The ‘‘neutral” cross section rises much steeply with energy than does the charged”. 

(2) Up to about 300 Mev of photon energy, 0° (90°) rises almost linearly with 
energy”. 

Our object in this paper is to study this problem in the same way as in | ee ie 
§ 2, we shall show the results obtained with the matrix elements calculated up to the order 
of * for 7-7" process. When P. S. coupling is adopted, the symmetrical theory seems to be 
favourable. In § 3, introducing the Pauli-type interaction in order to estimate the effect 


of orders higher than ¢/* and to make the calculated values of the static anomalous mag- 


netic moments which play a role in our 7-7 process coincident with the measured ones as 


in §4 and §5 of [/ ], we have calculated the excitation functions not only for 7-7" process 
but also for 7-7* in the case of P. S. coupling. As for the former, the symmetrical theory 


is again promising, but for the latter any remarkable difference between the symmetrical 


and the (charged+ neutral) theory is not revealed. Thus, it is found that the theory 


which has shown the good agreement with the experimental data for the neutral as well 


as for the charged meson production with regard to the angular distribution and to the 


magnitude of differential cross sections turns out to be favourable also with respect to the 


* We refer to the paper of “ Neutral.Meson Production by y-RKay 71) by [/] throughout this paper. 


** The meson type adopted is of course pseudoscalar. 
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the excitation functions of 7-7 processes. 


§ 2. Excitation function for the 7-z° process 


As the differential cross section at 90° in the laboratory system can be easily measured, 
“we confine our attention in this value and investigate the excitation function of a(90°) for 
the energy range from 164 to 364 Mev of incident photons throughout this paper. 

The four independent gauge-invariant fundamental expressions U/;, U,,, (7{” and U{?* 
in (4) of [/] are adopted, accordingly 7,,------ » % in (39) of [7] are monotonously 
increasing functions with respect to K. Thus, the aspects of the excitation functions are 
essentially determined by the magnitudes and the relative signs of G,,, G,, G4?, Gj, 
Gi, GE, Go, and Ge. 4°(90°) «is: given by (35) and (36): in [7], namely 

0°(90°) = (e°/47) (f°)*/42- (1/4MK,) [1+ +11] for P+7—>P47"', 
0°(90°) = (¢/47)( f°)*/42- (1/4MK,) [10] for WV+7—>N+7". 


The values of coupling constants used in each case are respectively the same with those of 
[/ | throughout this paper. The results of tedions computation are shown in Fig. 1 and 2. 
a’(90°) 
o/(90°) 10-“%cm?/sterad. 
10-"Ycm?/sterad. 


Ai 


150 200 250 300 350 Mey 150 200 250 300 350 Mey 
——> Ko ——> Ko i 
Fig. 1. Excitation function for P-+y2P+ 7°, Fig. 2. Excitation function for V+y—>MV +79, 


A,: 0/(90°)** in the case of P. S. coupling 
of symmetrical theory with @/4z=2. 

lg: 0/(90°) in the case of P. S. coupling of 
(charged + neutral) theory with a/47=1, 

£: 6/(90°) in the case of P. V. coupling 
of symmetrical theory with (97) 2a/42=3., 

Ly: 0/(90°) in the case of P. V. coupling 
of (charged+neutral) theory with 
(¢/)%a/4n=3. 


Al), dy, 4; and 7, are the same as in the case 
of P+y—>P+ 7" respectively. 


? 


* As for the notation used without any explanations, see the paper [7]. 


** In order to show the difference of result which is produced by adopting the symmetrical and the 
(charged + neutral) theory, we describe hereafter g/ (90°) = (A%/2)0(90°) instead of a(90°), 
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§ 3. Excitation functions for the ;-7 process 


with the Pauli-type interactions 


Since the underlying assumptions and the method of calculation has been explained in 
detail in § 4 and § 5 of [/ , the results only are given in this section. We show in Fig. 
3 and 4 the excitation functions both for 7-7” and for 7-z* obtained with the value 
f° /4%=15. The suffices 1 and 2 mean that the symmetrical and (charged + neutral) theory 


a’(90°) 0” (90°) 
10~cm?/sterad. 10-""cm2/sterad. 
IV; 
IV2 
144 
III; 
124 x 
104 
8{ Hl, 
64 
4 
é3 J 
150 200 250 300 350 Mev 150 200 250 300 350 Mev 
— > Ky =) 1 
Fig. 3. Excitation function for 7-7°. Fig. 4. Excitation function for 7-7*. 


ate adopted respectively, and moreover I, II, III and IV indicate the processes P+7—>P+ rise 
N+7-> N40, PtpoN+a* and N+7o P47" respectively. 


§ 4. Discussions 


First of all, we examine the results in the case of P. S. coupling. As for the rn 
production, the magnetic interaction plays the most important role as in [/ |, and furthermore 
the considerably different properties are obtained depending on whether the symmetrical or 
the (charged+neutral) theory is adopted. This difference is due to the opposite signs of 
the contributions from the diagrams in which, aside from the interaction with electromagnetic 
field, the nucleon emits a virtual charged meson in the first, emits a real neutral meson in 
the second and reabsorbs the virtual charged meson in the last step. So far as the excitation 
functions are concerned it may be said, comparing the results obtained in § 2 and § 3 with 
the experimental data, that the symmetrical theory rather than the (charged + neutral) theory* 
will describe successfully the aspect of the disturbance of the virtual charged meson cloud 


by the incident photon, while for the charged meson production, the excitation functions 


* In the (charged+neutral) theory, however, there are left some rooms for evasion to the effect that /° 


is not necessarily equal to //V2 . 
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obtained from both theories show the similar behaviors. So that we are unable to decide 
the superiority or inferiority about these theories only from this point. 

Recalling the results of [7] and looking at these excitation functions both for the 
neutral and for the charged meson production, on the whole we see that the experimental 
facts can be explained to some extent by using P. S. coupling of the symmetrical theory. 

Besides, we cannot overlook the fact that the P. V. coupling gives rise to a fairly 
reasonable result for the excitation function for 7-7° process although it failed to give satisfactory 
results for the angular distribution. 

The author should like to express his gratitude to Prof. K. Husimi and Asst. Prof. 
Z. Koba for their valuable advices. 
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A theory of resonance absorption in antiferromagnetics based on the spin wave theory developed 
by Anderson and Kubo is presented The obtained resonance frequencies are given by two sharp ones, 
which are compared with the results of the classical theory by Nagamiya. In both cases the anisotropy 
energy has uniaxial symmetry. The absorption coefficient is also computed. Our calculations of the 
resonance frequencies are then extended to the antiferromagnetics having the anisotropy energy of ortho- 
rhombic symmetry. In the course of these calculations we obtained expressions for the magnetic 
susceptibility, using the obtained energy levels of the spin system which is subjected to a static magnetic 
field. They are in agreement with those which Kubo has <lready given by use of the method of 
statistical thermodynamics. 


§ 1. Introduction 


Recently, P. W. Anderson” evolved the spin wave theory of antiferromagnetics based 
on Heller and Kramers’ semi-classical approximation. Even in the case of the one-dimen- 
sional lattice with spins equal to one half, which corresponds to the worst case in Anderson’s 
theory, the value of the lowest energy level obtained by him shows good agreement with 
the result by Hulthén” and Bethe.» Using more rigorous method originated by Holstein 
and Primakoff,? R. Kubo” developed the statistical thermodynamical theory of the spin 
wave system and obtained expressions for the thermodynamical quantities of this at low 
temperatures for different kinds of crystal structures. Instead of diagonalizing the Hamilton- 
ian of the spin system subjected to a static magnetic field, he used an ingeneous method 
to obtain the magnetic susceptibility. In the present paper, however, this Hamiltonian is 
diagonalized in order that we can treat the antiferromagnetic resonance absorption. Further- 
more, the magnetic susceptibility is computed from this diagonalized Hamiltonian. 

A theory of antiferromagnetic resonance absorption has already been presented by 
Nagamiya” from the point of view of the classical theory of Weiss. But, it seems worth 
while to reconsider this problem on the basis of quantum theoretical treatment : we expect, 
on the one hand, that the shape of the absorption band can be interpreted from a detailed 


knowledge of the structures of energy levels of the spin system and, on the other hand, 


that the quantum theoretical considerations of elementary processes are necessary for the 
analysis of the collision broadening of the absorption band. Although we see that the 
result of the present calculation is contrary to the former expectation and the latter problem 
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does not be considered here, we shall still have an interesting comparison of our result 


with that of the classical theory. 
In § 2 the approximate energy levels of the spin system subjected to a static magnetic 


field are obtained from the method of Anderson and Kubo. By use of these energy levels 
the partition function of the spin system is constructed, from which the magnetic suscepti- 
bility at low temperatures is calculated (§ 3). In §4 the resonance frequencies are 
determined, and in § 6 these are compared with that of the classical theory. Furthermore, 
following Karplus and Schwinger’s theory of saturation effect in microwave spectroscopy,” 


the absorption coefficient is obtained in Sy 


§ 2. Diagonalization of the spin wave Hamiltonian 


Let us confine our considerations to the simple cubic lattice and divide the lattice 
points into two sublattices, whose lattice points are denoted by 7 and / respectively, so 
that each 7 lattice point is surrounded only by /’s lattice points and vice versa. Let 258; 
and 4S), be the spin angular momentum vectors of the atoms on these lattice points 
respectively and //2 the exchange integral between the nearest neighbouring pairs. 

Then we have for the exchange Hamiltonian, ION 


USA WA aa ian © 1.) 


<j, 4> 


where (7, £) means the nearest neighbouring pair. When the spin system is subjected to 
a static magnetic field H(//,, H,, H.), the field Hamiltonian, eae 


KH roa=ee pa (S,+ S,.) - ( 2 ) 
te 


should be added to #6,., where ¢ is the Lande g-factor and # the Bohr magneton. The 
total Hamiltonian 36 is 


Je = eI geal: a) 
If we introduce the creation and annihilation operators a* and a@ defined by 


(nm 1|a|z’)= (a |a* 


U—1)=Vn Onn , (4) 
the spin operators in the representation diagonalizing S, are written after Kubo as 


ag yy = (25° (eo) 2.9) ae ; 


Sxj—*Syj= (2S) a;* (1 —n,/2S)!?, (5) 
S2=S—1;; 

Spite pee (2.9) alos 

Sen PS n= (2S)? (1 —14/2S) Pay , (6) 
Su=—S+7,, 


where S is the spin quantum number and where we assume that the 7th spin is almost 
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parallel to the z-direction and the /th spin almost antiparallel: The a’s satisfy the com- 
mutation relation 


aa*—a*a=1. (7) 
Further, from (5), we observe that 
N=a" an (8) 
which will be called the spin deviation. 


Substituting (5), (6) into (1), (2) and introducing Hbolstein-Primakoff’s approxi- 
mations 


GSS CD BE Ea CY me (7 hema es oy) 
(3) may be written as 
HK =—3N|fJ|S+ 3 {6l/|S—ghH.)n;+ (6|/|S +e.) ns} 
ds 
+IMIS 3) (agar agar) +g 8(S/2)""H, 3 (ay +a," 
<5,k> c 


+a,+a,*) —ig8(S/2)'?H, >) (aj;— a5 +4, -&*) ; (10) 
gk 
where JV is the total number of atoms. By successive uses of the canonical transforma- 
tions : 
C= (4,40) M2 P= (a,—a,*)/V2i, (11) 
R= (a, +a,*)/V2, Se= (G—- ast i 2d > 
and 


DOr=(2/NY'" DEMO), Pr=(2/N)P DEP, (12) 
j j 

R,= (27N )'? oo ee ’ Sy (iar? > eo tM Sh Ba 
k 


(10) is transformed into 


= —3N|J|S(S+ 1)+ 33 Mons (13) 
ois St 4+ €)(Q,°+ Py’) + (1—¢€) (Ry? +S”) + 27 (OeR = Pe Sy), KOA) 
I= (43) aot (WS/2)"?gB{He(Qy + Ry) +H, (Pi So) » (15) 

where 
7, == (cos4,+cosdy+ cos 5) /3 , (16) 
e=gfH,/6|/|S. ; (17) 


The new set of operators Q,, Py, KX, and S, prove to satisfy, in virtue of (7) 2, Klay 
and (12), the commutation relations 
[One P=20, 0 (Rs Sy] = 0Grs 
[Og Aix} = 0s [Q,, Sy J=0, (18) 
[P,, Ry J=0, [Py SxJ=o. 


*) By A, j and & we mean the vectors whose components are given by (Aj, do, Ag) etc., and by // et 


we denote scalar products. 
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Now that 36 has teen divided into commutative parts, we have only to diagonalize 


each part I, separately. We first use the orthogonal transformation 


QO, =cos0, O,,—sin8, O,,, “Py=cosb, Pi, —sin 9, By , ae 
Ry =sin 0,0), +080, Qoy 4 soa st, Py COS Ll ay, 
tan20,=—7,/€ (20) 
and obtain 
[3|7|S]}-' 26, = (1 + € cos20, +7, sin 20) 0,3 + (1+ € cos20,—7, sin29,) PZ 
+ (1—€cos20, —7, sin20,) Q.5+ (1 — € cos20, +7, sin24,) Pax —4€ sin20, Q,) Qe, ' 
(21) 


Then we use the canonical transformation : 


Q1,=9 (cosPy Gia—SiNG, Gon), 1, = 97" (COSY) Pr—sinY, Pra), (22) 
Qo, =T (SIND Gi, + COSY, Jon), Pox=T™ (SING, Pia + COSY) for) 
tan29,=7,07/€ , WetZ3) 


o=(1+€ cos24,—y7, sin20,)"” , (24) 
Z 
T= (1—€ cos20, +7, sin20,)'” 


and get the diagonalized Hamiltonian 


Hei Hap oa, (25) 


with 


ed) 4S or (M,, + 1/2) a, ’ é (25a) 


stadt (26) 
Wn =2(V1—7—€) 


with the help of the commutation relations 
; SIN IS) 
[9a Prin J= 10,1 Ox x1 » 


(27) 
[gray GrrarJ=[Poas Pow l=0, 


which follow from (18), (19), (22) and with the help of (20), (23) and (24). 

It may be noticed that the systems (2, 2)’s ate not oscillatory when “1—7," <e. 
The system which corresponds to the extreme case of this is (2,0). Let us consider the 
behaviour of the system (7, 0) when €=0. In this case, K, is divided into two com- 


mutative parts by the transformation (19) with @,=z/4 and with the commutation 
relations (27). Thus 


Noe ta 
oj = Ol Son VNS gBH 1+ (28) 
Hy=6|/|Spi+ VNS gBH, pr. | 
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In the representation diagonalizing ¢,, and f.), I, is diagonal and hence it reduces to 
the exergy value. In this representation, all the knowledge about the quantities 7, and 
9», Which are conjugate to g,, and #,) respectively, proves to be lost by the uncertainty 
principle ; this circumstance seems to give an interpretation of the divergence of (19) and 
<q20)- 

As was pointed out by Anderson, the introduction of the anisotropy Hamiltonian 
of the form: 


Fe So ee (See) (29) 
g k 


which corresponds to the anisotropy energy of uniaxial symmetry, makes the motion of 
the system (2, 0) oscillatory. That the anisotropy energy plays an essential role in 
antiferromagnetic resonance absorption hasyalready been recognized in the classical theory 
of it. We shall also see below that this circumstance is related to the oscillatory nature 
of the system (7, 0). 

We now denote the new Hamiltonian obtained by adding (29) to (3) as He. Its 
sub-Hamiltonian 36, is written 

4, =3(1+4)|7|S[ +€/144)) (Q,24 Pr) + (1—€/(1+4)) (Ri + Sy’) 

+2 73/44) (Q:2:—P,Si)), (30) 

where 


a= KI3\/ |. Gi; 


The process of the diagonalization of this sub-Hamiltonian can be carried out completely 


parallel with that of the previous Hamiltonian if only the substitution 
ese/(14+4), 1/144) (32) 
PTE Fence. we have ‘in: place (of \(26) 
[BAF |J|ST7 a= (rt 1/2) Or 
Peer Nasnesd he Seat te): 
ee ee) (33) 


As one sces from (26) or (33), the fréquencies of the spin waves fall into two 
branches, which become identical when €=0. With increasing €, they separate from each 


other, while their centre of gravity remains unchanged. 


§ 3. Magnetic susceptibility 


Let 1/,, %, be the magnetic moment and susceptibility of the system when the 
applied field is parallel to the magnetic axis (%-axis) and M,, %, be those when the 
field is perpendicular. 

(1) Magnetic susceptibility at zero temperature 

As was described in the preceding section, the centre of gravity of the energy levels 
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does not move in the presence of the parallel field, so that the gain of the energy due 


to the parallel field is zero. Hence 


Lin gO (34) 
Let us next consider %,,. In case if v, €=0, we see from (27) that the lowest 
value of JC,,’s are determined by 
BH o/BGu=0, OH /ABfy=0 . (35) 


These lead to 
Fp cel Lie, (36) 


’ 


we thus have 
Xp = (1/A) (—0/0F,) (4) mm = NEE Z| (37) 


in agreement with the Van Vleck formula.” 

(2) Magnetic susceptibility at an arbitrary temperature 

We calculate %,, assuming the energy levels of the system to be given by (26). 
Since the partition function of the oscillator (7, 2) is given by 


i/2sinhico,§ *6=317 (S/2e7 ; (38) 
the partition function of the spin system, 7(7, H7,), is written 
“AT, Hy)= 11 /2sinh €a,, + I 1/2 sinh Fer, , (39) 
which gives 
M,=kT(0/dH,) + log Z(T, H,) 
=8kTS €(d€/dH, ) > 1/sinh? 2 V1 —7,?+ 0(e*) . (40) 


To obtain an approximate estimation of the integral in (40) at low temperatures 
(0), we expand V1—7,* into powers of 2 by use of (16). Retaining only the linear 
term we have 

VAL rece py V3 é 


This approximation is based on the observation that, when € 0, the long wave region 
gives the dominant contribution to the integral. Then 


N 1 N 1 ¥ 1 
S 
— one (———~ ot oe a eace —— a ae wf ‘| 7 
sinh" 26 V1 — 7 i WD i \j) sinh? 26V 172 pn ate 


cat Ti (eats 


27) sinhtae 
0 


on ree | (41) 
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where we used 
Sy = (2) os 
n=1 


Substituting (41) in (40) and using (17) and (38), we get the T°-dependency of Z 
as was found by Kubo, namely 


lly 


_v3 Nee ar y am 
2 ass as): sa 


It should be noticed that the dominant contribution to 4, comes from the long wave 
region where there exist non-oscillatory systems, and that we treated all systems as if they 


were oscillatory. 
Finally, we calculate the classical partition function Z’(7, /7,) from (28) and obtain 


2! (T, Hy) = (2T/3\7|S)"? exp (MgB? /24|7 


kT ) (43) 
to find 
X hig. (44) 


§ 4. Resonance condition 


Let us now inquire into the interaction between the spin wave system and the 
oscillating field with angular frequency w and amplitude HS ia i, on he mteree 


tion Hamiltonian is given by 


He, =c8 ( DS Sep) ay 008 Wh, Sh, PB: (45) , 
j PB 


As was noted in § 2, the anisotropy energy plays an escential role in the antiferro- 


magnetic resonance absorption. Hence we have to take (30) as the Hamiltonian of the 


spin system rather than (3). 
Now, with the help of (19) and (22), we rewrite (45) as 


Hef =(NS/2)'"eB [fo (sin 9, + cos 0,) cosy, + = (—sin 9, +cos 4) sin gy} 79 
— {a(sin9, +cos9,) sin Y, +7 (sin, — cos 4,) cos yy} doy | FL,’ cost , (46) 

I) = (VS/2)"e¢B[ {o7 (—sind, + cos Ip) cosyy—7™ (sin I, + cos 4) sin Yo} Dio 
_ {g-!(—sin 0, + cos 9,) sing, +77 (sin, +059) cos ¥o} Pay] Hy! cost, (47) 


Hla HAD Bens (48) 
ry a 
with 
23 ae 1 ‘oo ( v (14+ ue ine + € u 9 15 ww it AL Hits M4 pil H,! a Ne 
= . ee L+u Jr V(1 +0)? =7 + € i 


a 1+¢4 2] ! 
ee Aes Vv (L+4) Vie © 9,24 —— Par A cos we , 
VG 2 gBy a Lu VEN oo +u)°’—7,—€ 5 
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where we simplified Gi by substitution of (20), (23) and (24). 7 
The non-zero matrix elements of g,, and 7,, are confined to the following ones : 


(CANA | Wi N 1 ) Si (72, eax 1 Pra | Wyn) a (0,,/2 ) a (71,,/2 ) he ? 


. (49) 
(1,.| Bra|7a— 1) SS (%,-.— 1 | Pra| 2a) ==2{ (ig (2a (gf 2) a 


in the representation diagonalizing H6,,. Then, to obtain the allowed transitions and 
resonance frequencies, we consider two cases separately, one in which A =0 and 7777770; 
and the other in which //,'/%0 and Fig =O; 

CD) “AS0," 77,70. 

Considering the case //,=0 for the sake of simplicity, the systems (7, 0) absorb 


or emit the magnetic energy of the oscillating field according to the selection rule 
4dn,,= +1 (50) 


in virtue of (46), (47) and (49). The frequencies which correspond to this transition 


are obtained as 


iwj=2~K(6|/( + K)SL2EA, , 


eden aaa ss (51) 
hos=2V K(6|/|4+K)S—gBH., 


using (33) with (17) and (31). We shall discuss the case 7,0 in the last section. 
2) eB exer H'=0. 


As can be seen from (48), only the transitions between the levels of the same 
oscillator are allowed. In the present case, the selection rule is 


4n.= ae 2 ’ : (52) 
which follows from (48) and (49), and hence the resonance frequencies are obtained as 
fo Zi) (327i) eel (53) 
in a similar way as we obtained (S28) 
The resonance frequencies given by (53) ate distributed broadly between the low 
frequency limit 2w, and a very high frequency 12|/|S/%. However, the transition 
probability of the transition now under consideration is vety small compared with that of 


the transition due to a perpendicular oscillating field, because the former has the order of 


magnitude equal to 1//V times as is easily seen from (46)-(48). Therefore, we leave 
this case out of consideration. 


§ 5. Absorption coefficient 


The absorption coefficient, with which the oscillator (v, 0) absorbs the magnetic 
energy of oscillating field, is obtained in complete parallelism with Karplus and Schwinger’s 


theory, which is based on the use of density matrix. 


Writing the interaction operator between the oscillator (7, 0) and the oscillating field as 
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V,. coswt= — (MM). H,! + MH) cos wt , (54) 
we obtain from (46) and (47) 
1/2 
| (7 —1|M7,,|72) |? = Ns es s(—* ) nme =), (55) 
2+u. : 


with the help of (20), (23), (24) and (49). 

Then, by applying Karplus and Schwinger’s formula mutatis mutandis to the present 
case, and by using (55), the magnetic susceptibility due to the perpendicular oscillating 
field is wtitten as 


i. = Ng 292 ie U Vs 1 il [2-{ oy ei Bas 93 1 oe Oy en ap 
ay ) hk r=1,2 w, w—o,+i/t ot+o,+i/t 
(56) 


where ct is the relaxation time for the oscillator determined through the frequency of 


collisions with other subsystems. 


As one sees easily, (56) tends to the static susceptibility when w—0: 
fa UL ue 1 
1 a (— s) f Sg Se de ie (57) 
12|/| 2+4 V(2+a)u+€ V(2+u)u—€ - 


which reduces to (37) when u, €=0. 
The absorption coefficient per unit time, ,.., defined by” 


Avec 810 F(X.) (58) 
is written 
4 : t/t w Lis 
=2-7_ Ngf?S | (+)——4 (=) -| 
= h ! Cer ) ie (w—,)°+1/7° 2 (w—W.)? +1/t 
(59) 


by use of (56), where we omitted the terms irrelevant to the resonance absorption. In 


particular, we have in the neighbourhood of the resonance frequency 


pan © = NEE KS ty w=o,., 
assuming that €=0. 


§ 6. Comparison with the classical theory 


According to the results obtained with the classical theory of resonance absorption by 


Nagamiya, the resonance frequencies are as follows : 


a) Ay =H, H,=0 
w=7|V2AK'+H], (T=0X), (61) 
w= (7/2) [V8AK' +P +H], (L=Curie point). (62) 
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(2) H,=0, 1,=7 ~ 
O,=7 V2AK', (63) 
pe ARES (64) 
where 
A= | g—2Q-2 NV, Ki GaN KS 
y=zge/2me . 

Assuming that |/|~> A, the resonance frequencies given by (51) are in agreement 
with (61) on substituting (65). However, the former does not show any temperature 
dependence, while the latter varies from (61) to (62) when the temperature is increased. 

In the case of //,=0, the resonance frequencies corresponding to the case (2) are 
obtained from (51) by putting //.=0. They degenerate into (63). This degeneracy 
cannot be removed even in the presence of //,, because the last term. in (15) contributes 
to J, through the second order perturbation, which causes merely a uniform shift of the 
energy levels of the both systems of (7, 0)’s equal to 


pe ee Ne"? HH, (66) 
120 (24+4)|J| 
by use of (55). 

This qualitative discrepancy between these two different theories might arise from the 
approximations made in the present calculations of the spin wave theory. If the perturba- 
tional calculation of the terms of cubic, quartic and higher orders of the products of 
operators could be included, it would make the present theory approach the classical theory 


better. In actuality, however, this program is very difficult to perform because of its 
complicacy. 


§7. Resonance frequencies in the orthorhombic system 


The anisotropy energy introduced in (30) has a uniaxial symmetry. It was in virtue 
of this high symmetry that the diagonalization of J6¢ a was straight-forward. We. see, 
however, that the case of the anisotropy ener: 


gy with orthorhombic symmetry can be treated 
very similarly. In this case we can write 


ain KB Si+ TI S.8) +K(IS3+D9S,9 (67) 
J 


and when this is introduced into J& a the diagonalization of 36 
in complete parallelism with the previous case. 


The present 26, can be written, in place of (14), as 


a can still be performed 


ES = (1+ €+4,)Q)?+ (1+ € + dy) Py? + (l—e +a), 
+ (1=€-ta,) Si + 27 (QR, —P,S;) ) (68) 
a= K,/3|/| , On= K,/3|/| . (69) 
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After successive uses of the transformations given by (19) with (20) and (22) with 
tan2~,=2€o7 sin20,/ {(2+4,+4,) € cos20,— (4.—4,)7, sin20,} , (70) 
o= (1444+ € cos20,—7, sin 20,)', : 
(71) 
T= (1+4,—€ cos26, +7, sin20,)'” 
instead of (23) and (24), we arrive at the diagonalized Hamiltonian (25) with the 
frequencies given by 


on =2E (Va) (14a) HOT (ZH at GE (Hoa) HFT MT”, 

(72) 
which replaces (26). The + and — of the double sign in the right-hand side of (72) 
correspond to y=1 and r=2 respectively. : 

Putting 2=0 in (72), we obtain the resonance frequencies in the presence of a 
parallel field as 

hiw,.= 3|7| Say 
~ 6 J|Segt og tC (4 (ot te) P+ (toe) 2) YP (73) 
In the absence of a parallel field (73) reduces to 
h,=6|J|SY 205, hw,=6| |S“ 24, , (74) 


assuming that v,>v,. Thus the degeneracy of resonance frequencies in the case of uni- 
axial symmetry does not appear in the case of orthorhombic symmetry. By the same 
considerations as in the case of uniaxial symmetry, however, we see that both frequencies 
are independent of the perpendicular field in the present case at the stage of the approxi- 
mation of spin wave theory. 


In conclusion, the writer wishes to express his cordial thanks to Prof. T. Nagamiya 
for his continual interest and discussions and to Dr. K. Yosida for his valuable discussions 


during the stay at Osaka University. 
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Note added in proof 


1. The anisotropy Hamiltonian adopted in this paper are somewhat phenomenological in nature. 
According to the recent investigation by F. Keffer (to be published in the Phys. Rev.) the anisotropy energy 
of MnF, arises mainly from the dipole interaction among spins. Then, it will be desirable to treat the Hamil- 
tonian inclusive of the dipole interaction. The main results will, however, remain unchanged even if it was 
done. We shall report them later. 

2. The resonance frequency dependent on the perpendicular field, (64), may formally be derived from 
the method of using the spin wave approximation (9) in the representations which diagonalize the spin ope- 
rators in the directions of the mean magnetization of two sublattices, which are determined so that the perpen- 
dicular susceptibility may agree with the Van Vleck formula (37). But, we fail to determine the directions 
of the mean magnetization of two sublattices by such spin wave theory itself consistently, and then the above 
method is unsatisfactory with regard to this point. We are grateful to Mr. Yosida for awakening out atten- 


tion to the above method, 
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As was shown in the previous paper**), it would have a very important meaning for the formation 
of the future theory of the elementary particles to decide whether there are interactions of the second 
kind in the narure or not. In this paper, we shall first look for generally those types of fields which 
may have the interactions of the first kind, and then discuss whether the model of the mesons can be 


explained by means of these fields with interaction of the first kind only. 


§ 1. Introduction 


In the foregoing paper**”, we have investigated the applicability of the renormaliza- 
tion theory and classified interactions into the first and the second kinds. + It was shown 
there that the renormalization theory would fail at once, as soon as even one interaction 
of the elementary particles was found to be that of the second kind. 

It has been generally believed that the renormalization theory had achieved a great 
success in the spinor quantum electrodynamics, though it seemed to fail in the theory of 
mesons. But, in our opinion, such a mode of expression is certainly wrong, because all 
the elementary particles existing in the nature, as we have stressed repeatedly”, are so 
related each other, that they can not treat separately. In fact, if the existence of the 
interaction of the second kind were required in the theory of mesons, all of the S-matrix 
elements in the spinor quantum electrodynamics would also be divergent. Every Feynman 
diagram in the spinor quantum electrodynamics will always contain in itself meson lines 
as the internal ones, if the higher order approximations are taken into account correctly. 

Thus we are now standing on a turning point where the existence or non-existence 
of the interactions of the second kind play a decisive role. If their existence were proved, 
we should be confronted at once with the problem of the structure of the elementary 
particles. So that investigations of the non-local interactions” as well as the non-local 
field” would be required strongly. On the contrary, if their non-existence were clarified, 
a consistent non-singular formalism would be obtained in accordance with the program of 


the renormalization theory”. Of course, even if it were so, we should still have to 


* Read at the Tokyo meeting of the physical society of Japan held on October 5, 1951. 
** S. Sakata, H. Umezawa and S. Kamefuchi, Prog. Theor. Phys. 7 (1952), 377, which will be 


cited as I. Throughout this paper we use the same notation as I. 
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investigate the structure of the elementary particles hidden behind the renormalization 
theory. If such a hidden parameter were not found, not only the renormalization procedure 


would not been justified, but also we could not understand the reason why the interactions 


of the first kind were merely realized in the nature. 
In order to investigate the existence or non-existence of the interactions of the second 


kind in detail, we shall discuss in this paper the following two questions : 
i) What types of fields may realize the interactions of the first kind ? (§ 3) 


ii) Whether the various properties of the mesons can be described merely in terms 


of the interactions of the first kind? (§ 4) 
Before discussing these questions, we shall first classify the well known interactions 


in the theory of usual fields having spin <1 (§ 2). 


§ 2. Interactions between the usual fields 


In this section, we shall discuss the interactions between the usual fields, which are 
denoted as follows: 
A: the electromagnetic field, 
U : the scalar or pseudoscalar field with x * 0, 
¢ : the spinor field with spin=1/2 and xX 0, 
U,: the vector or pseudovector field with x + 0. 


In Table I, the respective /’;;,’s and 6*’s for these fields are shown. 


eS Ser ee aes eid i) The spinor  electro- 
| Be U a | Ui | dynamics The vector coupling 
Al ¥ “i : a, ce - ir pre Tae by hy A ‘ 
; P7uViA, between A, and be- 
I h3i | Opy 1 { (729) +x} | Ony Sa 00, 4 - 5 7 5 # 
np | x * | longs to the interaction of the 
be | 0 0 1 | 2 | first kind with 7,=0. It is well 


+ | known that. atl rhe divergencies 
appeared in this case can be removed by the renormalization of the mass and the charge”’. 

The tensor “coupling $7,747, (Fu. =0,4,—90,4,) belongs, however, to the inter- 
action of the second kind with 4i=1. In fact, the renormalization of the divergent term 
A, J”, induced by this interaction in the problem of the vacuum polarization, gives 
tise to new diverging terms, which require the further introduction of infinitely many 
interaction terms as the counter terms. Therefore, if the tensor coupling or the so called 
Pauli term were included in the spinor quantum electrodynamics, we could not obtain a 
closed theory by the renormalization procedure. 

ii) Interactions of the scalar or pseudoscalar field The scalar (pseudoscalar ) 
coupling between (/ and the spinor field ¢/, and the vector coupling between the charged 
a and A, belong to the interactions of the first kind. As we can easily see from C2219) 
in I, those graphs which consist of four external (/-lines are primitive divergent ones. 
The corresponding counter term may be written as the form 7U/? which belongs to the 
interaction of the first kind with =0. In the case when U js neutral, the introduction 
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_of the counter term having the form #/U* (y=—1) is also required. It is well known 


that in the theory of the scalar or pseudoscalar mesons, which interact with the nucleons 
and the electromagnetic field by the above mentioned couplings, all the divergencies can 
be removed by the renormalizations of masses, charges, AU/’- and #U*-terms”. 

iii) Interactions of the vector or pseudovector field The vector coupling with 
the electromagnetic field has the form U,G,,4, where Gy, is defined by 

Guy = 0,U0,—9,0 p= Dura Ow (2-1) 
Taking into accout the discussions made in the Appendix of I, the true degree a® for 
the derivation operator O,,,, in (2-1) is 0. Therefore this coupling belongs to the 
interaction of the second kind with 7,=1.** 

Moreover, the tensor coupling U,U,/,, with the electromagnetic field belongs also 
to the interaction of the second kind with 7,=2. 

In fact, these couplings give rise, for example, to the diverging term A,| | Se ie 
the problem of the vacuum polarization, so that the renormalization procedure cannot give 
a closed theory. 

iv) The direct interaction between spinor particles The direct interaction 
POPP POg™, which appears, for example, in Fermi’s theory of the beta decay, belongs 
to the interaction of the second kind with 7,=2. As Kamefuchi” has shown, the intro- 
duction of infinitely many counter terms having succesively higher derivatives of field 
quantities is required in this case, so that we cannot obtain a closed theory. 

In Table II we have shown the properties of important interactions between the 


usual fields indicated in the row and the column. 


Table II 
U Ts a 
Charged Neutral Charged Neutral Charged | Neutral 
e V (0) Ist tA OPENS + Re) Vase 
"| [U*U0*U(0)] 7 (2) 2nd T (1) 2nd 
S (0) 1st Sa) Use eas V(0) for v*) Ist 
U*UU*U uso), os(oy) | and} 17(1) for fv 2nd 
[ / (0)] | [274(0), 73(0)] | : Ray FOR 2 ye Direct Interaction 
y V*) for s ¥ (2) 2nd 
NG a2 1) 2 
VAL) 2nd | (4) and for gs | ais See 


S, V and 7 denote the scalar, vector and tensor couplings respectively. The values in (  ) show 
4, for respective interactions. The counter interactions required for the closure of the respective inter- 
actions are written in [ ]. 5, ps, % and /v denote the scalar, pseudoscalar, vector and _ pseudovector 


fields respectively. 


* The vector coupling of the neutral vector field or neutral scalar field will be discussed in detail ix 


the Appendix 1. fo 
** Of course, we have also Uy, AuAy-term (97=2) for the electromagnetic interaction of the charged 


vector field because of the gauge invariancy. In general we can easily prove that the -2-interaction term required 
by gauge-invariancy has the same 7; as einteraction term or the larger 77 than ¢-interaction for the cases in 
which the latter interaction belongs to the first or the second kind respectively. 
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§ 3. The interactions of the fields with arbitrary spins 


Now we shall investigate generally the fields with arbitrary spins which may interact 
with each other through the interactions of the first kind. As we have shown in I, the 
condition that an arbitrary interaction term //, is the interaction of the first kind can be 


written in the following form : 


m=—-K=A,+ B,/2+O-4 <0. (3-1) 
Taking account of the fact that A, and all 4%’s are not negative, we obtain the condition 
<4 (3-2) 


for an u-field in order that it may have the interaction of the first kind. 

On the other hand, there are simple relations between 4* and the spin s of the a- 
field, as we may see from the commutation relations. The canonical commutation relations 
for the free fields with arbitrary spins will be discussed in detail in Appendix II. From 
the relations (A-2-10) and (A-2-12) given there, we find generally the following relation 


for the u-field with a spin value s and a non vanishing mass ~ : 
Us for Loa: (3-3) 
In cases when the mass of the field vanishes identically, we find instead of (3-3) 


0 for x=O0 and s=integer, 
on (3-4) 
1 for x=0 and s=half integer. 

From (3-2) and (3-3), it becomes clear that ‘he ficlds with s >2 and x= 0 can 
never have the interactions of the first kind. Wt should be noted that this conclusion 
will not be altered, even if we take into account the circumstances that the vector couplings 
of the neutral vector fields may happen to have smaller values of 4* than those given 

by (3-3). (See Appendix I) 
for the field U,, with s=2 and x = 0, the following interaction has the smallest 
m (=0): 

{=U ny Buy (3-5) 
where By, is the field with s=2 and x=0. All other interactions belong to those of 
the second kind. | 
_ or the field y, with s=3 /2 and x *=0, the following interaction has the smallest 
mj (=0): 

t= Yup (3 : 6) 
where wy is the field with s=3/2 and x=0. All other interactions belong to those of 
the second kind. 


for the field U, with s=1. and x’% 0, there are four types of interactions which 
belong to those of the first kind (m=0) : 
T= Fi Fuys 7,=U,U,, GB -7) 


f7,=U,0,0, ares 
Ly= Uy Cyy.e.. Coa (3-9) 
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where U, and U are fields with s=1 and s=0 respectively. (yy... and Cy... are fields 
with x=0 having s=7+1 and wm respectively. . 
In the case of the neutral vector field V, the vector coupling with the spinor field 
(s=1/2) 
H,= Vir? (3-10) 


and the vector coupling with the scalar field U 
FLAY £7 a.0 (3-1) 


belong also to the interactions of the first kind. (See Appedix I) All interactions of the 
fields U, and V’,, excepting the above mentioned ones, belong to those of the second 
kind. 

‘As we have seen from the above investigations, there are remarkable distinctions be- 
tween the interactions of the fields: with s >1 and s < 1,'as long as the masses of the 
fields do not vanish. In fact, the fields with s > 1 and x *= 0 can not have the inter- 
actions of the first kind composed of more than two lines, that is, C;-— 3.° The inter 
actios (3-5) and (3-6) are composed of two lines. Moreover, in such cases the mass 
Bee ee Oo yecig U ay tap the Hamiltonian belong to the interactions of the second kind, 
so that we could not apply the usual procedure of the mass renormalization. It would 
be very probable that these circumstances should restrict the spins of the elementary 
particles existing in the nature. 

For the fields with vanishing masses, there are many types of interactions belonging 


to those of the first kind. 


§ 4. The models in the meson theory 


In this section, we shall investigate briefly the question whether we may obtain a 
consistent model in the meson theory by taking into account merely interactions of the 


first kind or not. As we have seen from the discussions in § 3, the spin value s of the 


charged m-meson must be zero in order to interact with nucleon via the interaction of 


the first kind. This conclusion is consistent with the phenomenological investigations on 


3 5 . » Aarts 10 
the behaviours of the negative 7-mesons in the light elements A 
the fact, that the *-meson decays not into the electron, but into 


As is well known, 
the //-meson, requires the existence of the direct interation between the nucleon and the 


is an exceptional case’ that the 7-meson is described by the 


lepton, though there 
pseudoscalar field inte 
to the interaction of the s 
direct interaction between the p-meson and the lepton. 

On the other hand, we have shown in § 2 that the direct interaction between the 


: ; Se ; 
spinor fields belongs to the interaction of the second kind*. So that, if we assume that 


racting with the lepton via the pseudovector coupling which » belong 
econd kind. Similarly, it is also required the existence of the 


* Even if the spin of the “meson is 0, its direct interaction with the lepton belongs also to that of 


- the second kind (y;=1). 
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there exist only the interactions of the first kind in the nature, the interactions between 
the nucleons, the leptons and s-mesons will be considered to be intermediated by another 
kind of Bose field which is not identical with the 7-meson. 

It is required for this new field that it is a charged field having a spin value s=0 
and gives rise to the coupling of the tensor type in the theory of the nuclear beta-decay’. 
However, it is the well known fact that the beta-coupling of the tensor type can not be 


obtained from the primary interactions of the forms 
(Bee) and Grp (4-1) 


where Y, WY’, & and ¢’ denote the field quantities of the proton, the neutron, the 
electron and the neutrino respectively, and 7 is equal to 1 or 7, according as the U/-field 
is scalar or pseudoscalar. In order to obtain the beta-coupling of the tensor type, we must 


take the following interactions instead of (4-1): 
(i7P')U and (U7f')U. (4-2) 


In fact, by assuming the interaction (4-2) with y=1, we get the following beta- 


coupling in the second approximation of the perturbation calculation : 
FY) GE) 7 (4.2)* 
which may be rewritten in the form, as was shown by Fierz,” 
(Ep!) GP) =1/4-1 (4-4) 


wihhetes /7 (62m lsc... ss , 5) represent respectively the well known five sorts of the beta-couplings 
appeared in Fermi’s theory. Hence it is clear that (4-2) contains the beta-coupling of 
the tensor type. 


In this way it would be possible to establish a consistent model in the meson theory,’ 


involving only interactions of the first kind, if the existence of the new Bose field having 
the interactions of the form (4-2) were really confirmed. 

Recently, Brueckner' has, however, shown by the perturbation calculation that the 
production of the meson by the nucleon-nucleon collisions could not be accounted for by 
the pseudoscalar coupling**. 

Moreover, the fact, that the absorption cross section of the negative 7-meson by the 
deuteron depends strongly on the momentum of the 7-meson, can not explained by the 
pseudoscalar coupling in the perturbation theory. These results suggest that the inter- 


action between the 7-meson and the nucleon does not belong to the first kind, though 
it is not definite proof. 


* For the high energy region the beta.coupling obtained from (4-2) in the second order approximation 
of the perturbation calculation will have a different form. But we may confine ourselves to the low energy 
region as long as the nuclear beta-dacays are concerned. 

** In these connections, it should be noted that the pseudovector coupling. of the meson would become 
to be renormalizable if we took a new mixed theory of pi 


pseudoscalar and pseudovector mesons which was 
suggested recently by Beard & Bethe), 
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Furthermore, we have some experimental evidences for the multiple production of 7- 
mesons by the nucleon-nucleon collisions, which seems to suggest the existence of the 
interaction of the second kind between the 7-meson and the nucleon. The fact that the 
dependence of the most probable number of the produced mesons on the incident energy 
is stronger than logarithmic, could not be accounted for by the interaction of the first kind.* 

In conclusion, the author wishes to express his sincere gratitude to Prof. S. Sakata 
for his continuous guidance throughout this work. and to Messers S. Kamefuchi and R. 


Kawabe for their valuable discussions. 


Appendix I 
The neutral vector field with the vector coupling 
(The generalized Glauber’s theorem) 


In this Appendix two theorems will be proved: (i) the vector coupling between a 
neutral vector field U/, and a source field, whose current satisfies an equation of continuity, 
belongs to the interaction of the first kind or to the second kind according to the spin s 
of the source field s< 1 or s = 1, and (ii) the usual theory of the electromagnetic field 
«may be obtained in the limit z—> 0 from the theory of the neutral vector field with the 
mass x. The latter theorem was firstly established by Glauber** for the special case in 
which the spin of the source field was 3. 

First we shall generally establish the theorem (ii). In this section the bold letters 
and the usual letters are used for the quantities in the Heisenberg- and interaction- repre- 
sentations respectively. The interaction Hamiltonian /7' (1) in the interaction representa- 
tion for the neutral vector field with the vector coupling may be written as follows by the 


well-known unitary transformation : 

Hae 12 Juva yA Alle Sate)” (A.L.1) 
where 7, and 7,, do not contain the quantities of the U, seneld.* 4* 
On the other hand the current J, in the Heisenberg representation takes the follow- 


ing form: 
IpaIeeIniU, - 7° (A.1.2) 
where Ju» does not have time components : 
Jit =fudly Ort (ATs as 
Moreover, the current J, satisfies the continuity-equation : 
Oy p= Oe (A.1.4) 


* The beta disintegration based on the interaction (4.1) was previously discussed by Y. Tanikawa (Prog. 


Theor. Phys. 5 (1948), 338). 
** R, J. Glauber, “ Ox the Gauge-Invariance of the Neutral Vector Meson Theory”, (unpublished paper). 


*** For example, for the source field of the spinor type, 
ju=edrod and jyv=0. 
See note odded in proof (I). 
| *«* See note adeed in proof (II). 
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In the interaction representation, the continuity-equation will be transformed into the 


following form : 
OuJu(a) =e | [J(4), A'(2')] do, = i| [Ate ) | ae, (A.L.5) 


I wp jfot jas: (A.L.6) 
Comparing the terms with the same power of U, in the both sides of (A.1.5), we 


obtain following relations : 
Du Ju=0; 
tal Ja (2) SV) |=, 9n4d (2) jv), (A.L7) 
My Jule)» Jr(~) |=, 
Mul Ju(4) Jon ( 4) J=0- 
In the Stueckelberg’s formalism for the neutral vector field there are following relations : 

Gas A. 1 G/x) 0,8; 

[4, (x), A,(2")]=i 6,,4(@—2"), 

[B(x), Bw) |=id(e—2'), 

[B(4), A(#)]=0, (pA +xB) ¥[o]=0, 


where A, and / denote a vector field and a scalar field respectively. 


(A.L8) ° 


Introducing the following unitary transformation : 


Plo] £'[ol= U~'e] f[o], 
U [a] = exp | —Z Ke Cee Cr) do, | (A.L.9) 


and using (A.I.7), we obtain the following Schrodinger equation and supplementary 
condition : 


li eZ —j,A,— snd, '|o]=0, 


eS 
, (A.1.10) 
| andy +xB—| f(s! )d ea") | Wo] =o. 


As (A.L10) gives in the limit x—> 0 the Schrédinger equation and the Lorentz’ 


condition in the quantum electrodynamics, we have proved the theorem (ii). 

Moreover we obtain the theorem (i) as follows. From the commutation relation 
(A.1.8), we see that 0° for A, is 0. As the Schrodinger equation in (A.I.10) does 
not contain #-feld it is proved that the vector coupling between the neutral vector field 
(7, and the source field belongs to the first kind only for the source with the spin 0 or 
We 2, and to the second kind for the sources of another types. 

Similarily we can easily show that the vector coupling /7'(7’) of the neutral scalar 


field U(x), whose source satisfies the continuity-equation of the current, has no physical 
effect. 


On the Structure of the Interactions of the Elementary Particles, IT 229 


ET () = 7004 1f2-9,,,0,0- Oy 1/28 (77g) (A.1.11) 


There arises also similar circumstances for the neutral fields U/,,.... with the spin 
s>1 and the mass x +; 0. For the interaction of the certain types, 2* has the same 
value as if in the case of x=0 (and so 6*=0 or 1) owing to the existence of a kind 
of continuity equation. However these interactions*) belong to the second kind, because 


they must contain higher derivatives in order to contract the tensor-suffices of Uyy.... . 


Appendix If 


The commutation relations of fields with the arbitrary spin 


In this Appendix we shall determine the commutation relations of fields with the 
arbitrary spin, which are compatible with the canonical formalism. Such commutation 
relation has already been given by M. Fierz'”, but as his results contain some errors in 
the case of Bose fields, we shall improve them here. 

The field ae S (P44, oy... being the tensor suffices) with the integer spin s and 


the mass x += 0 satisfies following equations : 


= yr. f 0) (A.IL.1) 
AJ te O (A.IL.2) 
eR ae (A.I1.3) 


Uy, ..p. is the symmetrical tensor of rank s. 
1 8 : : : * . 
The commutation relations must be compatible with the following canonical equations : 


i-af/at=[H, f] (A.II.4) 


where A/ is the Hamiltonian density in the absence of interactions. 
= E, a ah ci C 
The commutation relation for U,, .---n,() and Oy!..../ (7’) will have to satisfy the 
following requirements: (i) It must contain the delta function differentiated by the tensor 
operator of rank 2s composed of 9, and Oy, (ii) It must be symmetrical with respect 


to the tensor suffices (f,---/4,) (and also (uj.--45)). (iii) It must be compatible with 
(A.11.2). Thus, we must determine the following expression so as to satisfy these require- 


ments : 


[Ou CE Vi ln iy! (e')J=[aq +a? +. +433") 


PU) WR (Uy Hh) 4(4—2') (A.IL5) 
¢=1 


where r=s/2 for even s and r= (s—1)/2 for odd s. P() means the summation 


! 5 ; ‘ 
over all possible permutations of suffices (y#,). Rw, ¥) is the derivation operator defined 


as follows: 


* The only possibility of the interactions of such fields, which does not belong to the second kind, is 


such a form as @ypry---7ePUuy...p but at vanishes identicaily in virtue of the symmetrical property of Oy.) p 


as weil as the following subsidiary condition Uy, ¢-..p=0. 
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iL? On EA Fp (A.IL.6) 
Be 


In (A.II.5) the notation S} means the following procedure : First, pick up arbitrary 


Mammal 


7 pairs of two elements R(y,, ;) and R(fas fh ») from I R(p%, vp) and then in each 


of these pairs exchange their arguments py, and ps, (for  eNle, R (py #4) RC poy 22) > 
R(t), #5)R (py, P2)). Second, sum up over all the possible ways of picking out 7 pairs. 
Qy» Qy-++) @, are the constants which are to be determined by the requirement that the 


commutation relation (A.II.5) must be compatible with the subsidiary condition (A.II.3). 
Using the following relations for A(y, ») : 


R(p, »)R(», o) A ej=R(p, a) 4 (4), 


(A.II.7) 
Rp 1) 4(2) =34 (2), 
we can obtain the recurrence formula : 
Trace (fy po) IPPC) HR (My wh) = (28 27 +1) PUD) RM #45) 
i=1 
x SIM Rts LE PUDR (Ho, STOTT R (p45 2) (A.IL8) 


where Trace (/4;, /4») means the trace with respect to #4, and /1y. 
By means of (A.II.7), (A.II.8) and ite subsidiary condition (A.II.3) we can obtain 
the relation between a; and a@;_,: 
a;= — (1/2s—27+1)a,_, 


and so: 


a= (~1)4f hi ji : Mee 
: m=0 (2s—2j+ iL +2) P A 


Hence, we obtain the commutation relation as follows : 


UAE snipe (x')J=a, > P(t) 
gj=90 


«| (—ar{ {i : } SPU RM ts) ) |4@=2). (A.II.10) 


m=) “(s—2 7+ 1+ 2m) 


The constant a is to be determined by the requirement that the commutation 
relation (A.II.10) must be compatible with the canonical equation (A.II.4). The actual 
form of the energy tensor 74,=—// was concretely given by M. Fierz’”. 
Ty) % is to be determined by the equation : 


am (I 0 Pugh) SPUD] (=1)! {i 1 ; 


i= Ba m=0 (2s—271+42m) 


By use of this 


x STR (H 4) |4 x) =(2541)4(). (A.IL11) 


In contrast with (A.II.9) Fierz has obtained a,/a,=— 1/{2+5(s—1)/2} and 


RO — at 
Sa Ge 0.°° This is correct only for the case of the spin s< 4, but incorrect 
for the case of s = 4, because of the non-vanishing a,’s ((¢ > 2) 
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For the case of the half-integer spin s=+4 Fierz obtained the following commuta- 
tion relation in the spinor representation : 


boseet i eer mm F. 
E ee es Cz), ae =a >) (—x°*) Payee) 
1 m 1 m + P=0 


f £pP \ Big e m+ 
x [Hl Bi VM Pen, eBinagis| {HL_, Ot ea) (A.IL.12) 


erase j=m—P +1 
where a is a constant. 
In the case of the mass x=0 the terms with negative powers of the mass x must 
not be allowed in (A.II.10) and (A.II.12), and so the terms with higher derivatives 
disappear. Then A(y,¥) must be replaced by 0,, and a, by the following a;: 


j= (-1) 0 
a,=(-—1 - 
4 m=0 (2s—27+2+2m) 


(A.II.13) 


The latter replacement comes from the difference between 0,,(=4) and R(p, 4) 4 (4) 
(=34(r)). While such a commutation relation of fields (x=0) is compatible with 
(A.II.3), it is not compatible with (A.II.2). Therefore in the case =O we must regard 
(A.II.2) as the condition imposed on the state vector. As an example of such situations 
we know the Lorentz condition for the electromagnetic field.*’ . 


Note added in proof: After the author had finished the Appendix II, he could have chance to see 
the Fierz’s paper (Helv. Phys. Acta. 22 (1950), 111), in which Fierz improved his previous results for the 
commutation relation. Although his discussions are very brief, we can see that Fierz’s new result is equivalent 
to (A.IL9). taking into account the fact that Fierz used c7P\ i) P(ue’) instead of aj P( py’) in (AILS). 


Note added in proof: 

(1) We shall discuss now the several important points in the discussions in Appendix I. 

We shall give firstly a short review of the derivation of (A.16), (A-I.1) and (A.13), the detailed dis- 
cussions of which will be developed in the forthcoming paper’). When Uy is the electromagnetic field Ay, 
(x=0), we can prove the following relation between the interaction Hamiltonian 4 ’ and the current /u in the 
interaction representation : 


Ju SSIS-) == 6 (a) 


i 
and so 
Su=jutjryAy, 


ae (2) 
Ie! =juAut 7 bv tuys 


where S is the unitary transformation connecting the Heirenberg representation with the interaction representa. 
tion. In the derivation of (1) and (2) we use the form of Jp and M0 ’ denoted by E and / (Lagrangian 
functions in both representations) and the following relation for the independent canonical variables : 


ae wet gyi (3) 


==15 
00:4 0Qa:4 


* The simple and general rule for determining the commutation relations will be discussed in the 
forthcoming paper (Y. Takahashi and H. Umezawa, Prog. Theor. Phys. in ptess.). 
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Moreover, using (3) we can derive the important relation (A.1.3)'). 


When Uj, is not the electromagnetic field but the neutral vector field with the mass x, we can obtain the 


generalized relation (A 1.1) from (2). 
Now, we can prove the following important theorem according to the analogous method to that in 


Appendix I: The theory for the system of the arbitrary charged fields and the electromagnetic field is invariant 


for the following gauge-transformation : 
Vlo|—> ¥ [a] =exp [—? fo su(a7) A(a’)don’] Viol, 
Ay — Ay+-0n A=0, (LJA==0. 

This is the general theorem of the gauge-invariancy which has been concretely discussed for the particular 
cases of the charged fields with epin 1, 1/2 and 0. 

(Il) We can easily see the important feature of the energy spectrum of the multiple meson production 
derived from the nuclear interaction of the first kind, when we apply the dimensional analysis in § 3 of I to 
the “meson cloud spectrum (x, ¢:2%)da’,” by which the S-matrix for the multiple meson production was 
described in our previous paper (H. Umezawa, Y. Takahashi and S. Kamefuchi, J&sonic Profer Field, Phys. 
Rey. 85 (1952), 505). In fact, taking into account the fact, for the nuclear interaction of the first kind, the 
quantities of the dimension of length affecting the high energy process is only the wave length 4 and that the 
cloud spectram has the same dimension as the meson wave function U(x), we can easily show that the high- 
est power of the momentum in the cloud spectrum including the higher order effects in perturbation calculation 
is same as that of the lowest order effect, which gives the logarithmic energy spectrum for the produced mesons, 
for the nuclear interaction of the first kind. The detailed analysis for the energy spectrum of the produced 


mesons in the cosmic ray underground is developed by S. Ogawa'®). 


e 
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In the Bopp type non-local field theory the total energy and momentum of the field are 
calculated, starting from the expression for the energy and momentum tensor recently derived by 
Y. Ono and it is shown that the results is the same as that obtained in the previous paper on 
the same subject, starting {rom the energy and momentum tensor derived by Bopp. Therefore 
nothing is modified in the condition to ensure the four vector variation of the total energy and 
momentum of the field, namely the condition for the vanishment of the self-stress. Further it is 
shown that the two expressions for the energy and momentum tensor are essentially equivalent to 
each other. As an interesting example we examine a non-local field theory proposed by Pais and 
Uhlenbeck and show that the condition for the vanishment of the self-stress and the regulator 
condition for the finiteness of the self-energy are satisfied simultaneously in this case. 


§1. Introduction 


In the unitary field theory, the inertia, which we observe as mass of a particle, should 
be entirely due to the inertia of the field which, produced by the particle around itself, 
has a certain amount of energy and momentum and, therefore, also a certain inertia. The 
variation of mass with respect to the velocity of the particle is described by the well-known 
relativistic mechanical formulae. The reason why unitary field theoretical standpoint cannot 
be applicable to the current field theory is that the energy and momentum of the field 
ptoduced by a certain source do not form a four vector in general. In our previous inves- 
tigations on the same subject”* we remarked that in the usual linear field theory the 
energy and momentum of the field produced by a certain source do not in general form a 
four vector, it is, however, permitted to form a four vector if a certain condition is satis- 
fied. To this particular example belongs the old Bopp’s proposal”, where he tried to in- 
troduce the next higher derivatives into the Lagrangian. In I we obtained the condition 
which assures the correct behavior of the energy and momentum of the field in the more 
general non-local proposal by Bopp”. These calculations were based entirely upon the ex- 
pression derived by Bopp” and Heisenberg” for the energy-momentum tensor of the Bopp- 


type non-local field. However, as was discussed in I, the above expression has many unsa- 


tisfactory points and recently Y. Ono” has obtained the most perfect expression for the 


energy and momentum tensor of the Bopp-type non local field. 


We examine in this paper how the above condition is modified by the Ono’s revision 


* This preceding paper is the first part of the present one and will be referred to as I. 
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of the energy-momentum tensor and the differences of the two expressions. As a 
result of the present investigation it is shown that both of them give just the same 
value for the total energy and momentum of the field and the required condition therefore 
is not modified at all. Furthermore it is able to bring the expression given by Bopp into 
a more convenient form which makes it easy to compare the above two expressions to 
reveal the difficult points of the Bopp’s expression. From these comparisons it can be said 
that the Bopp’s expression is right in essence, but it must be improved in fine respects as 
is discussed in detail below. 

In Section 4 we consider the non-local field theory proposed by Pais and Uhlenbeck”, 
which is the most general type of mixed field theory on the realistic standpoint. In this 
case the so called “regulator condition’ is automatically satisfied, so that the finiteness of 
the self-energy is ensured. It was interesting for us to examine whether the required condi- 
tion is satisfied in this case. As is shown in the Appendix, the condition for the correct 
variation of the total energy and momentum of the field with velocity of the particle is 
identically satisfied in the Pais and Uhlenbeck case. This is one of the most important 
conclusions obtained in this paper. Therefore we can say that there remains some hope 
to generalize the present mixed field theory without violating the finiteness of the self 
energy and the correct variation of the energy and momentum of the field. 

In the final section we remark the same condition is directly derived from the usual 


condition for the vanishment of the self-stress. 


§ 2. Calculation of the total energy and momentum of the field and the 
derivation of the requisite condition 


We use the same notations as was used in I. The modified Lagrangian in the Bopp’s 
non-local field theory is given by 


L=—1/162| fis (x)e(a—2' fa, (a )drde! +1/ef ou (x) S, (2) de, (1) 


where ¢(#) is the characteristic Lorentz invariant “ fernwirkungsfunktion.”’ The Bopp’s 


expression for the energy and momentum tensor of the above Bopp-type non-local field is 


Tus (4) =1/(27)4§ Tag (RY 07 *% dh, (2) 


where 


pat Eee | 9b.) (2p \E— PEEP) — BEM) pan 
on (4) 25675 ee Bie lkar 2h) ees OG .(H) GbR) dl 


=e ) yA Li o es yd , i ~ ~ 
320%¢ Pes PoC a ae |%-@) SP) ae’ (3) 
and all quantities like A(h) are the Fourier coefficients of the corresponding quantities 


A(x), ¢2(%) field quantities and S,(1) source functions of the field. Ono’s revision of 
the above expression is ; 


oe yee 1 ‘ ee A fe 5 
lay (Oras pil | — FO 2 EH) Fan) ba 
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ey. [~ 4 a 2S; \ 
422M!) | Fou(h—-#) Fan (Bh) + Fou lR—-#) fan #)f 
421 Fa(b—R) FaslR!)(— (BU +2 bank b—#):) (4) 


+ Fus(h—#) fev (2) by (2-22) 


o ae e(k—-#)—2(#') 
+ Fale—# fo WE (0— 22?) } =O * | 
RB Yor Wb O28) SOE 


with the same notations as above. The total energy / and the total momentum P of 
the field are given by the equations : 


B= —|T(aav, (s) 


Ps = \Zu (adv. G= 1,2,3) (6) 
7é 


We now proceed the calculations of H and J? from the latter expression of the energy 
and momentum tensor. 


First of all the equation of motion derived from the Lagrangian (1) is 


47 


a fee 2fus (wi) da! ==" SoH!) (7) 
Dies 
or using the Lorentz condition 09, (7) /0%.=9, 
( / / 47 
Ne @—2")¢.(2’) de’ =—— Su (4). (8) 
¢ 
Transforming into momentum representation, one obtains from Eq. (8) 
#22(B) G6 (0) =" Sa (4), (9) 
from which it follows 
2 4r S,(2) 
«( 2) =— * ; (10) 
1d are ia Fey 
For a point electron which has a constant velocity @ and was situated at the origin at 
time ‘= 0, the four current S,(1) takes the form 
S.(x) = (4, %p), (11) 
where p(x, t) =e3(x— Ue) a 
and. é(a, t)=cvd(e—Vv), 


or in momentum representation 


5, (2) = 2701.0 (kv—«), | (12) 
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where oe 
ge (OU, 00), bi= (Kh, AO cy: 

If we integrate the both sides of the conservation law of energy and momentum of the 

field A7,,/0%,= —(1/c)figS3 over the whole field, we obtain the total Lorentz force 

acting on the point electron 


— 7 fy SaV, (13) 
c 


whose vanishment is required by the consetvation of the total energy and momentum of 
the field for this case and can be proven quite in the same way as in I. The symmetry 
requirement is now automatically satisfied in this case. 

In calculating the total energy / and total momentum / of the field from equations 
(2), (4), (5) and (6), it is most important to notice that the contributions to the total 
energy and momentum in the integrands of Eq. (2) come only from the Fourier coefficients 
at /=0. This can easily be seen from the definition of / and P by theequations (5), 
(6) and the factor 0(ke—w) contained in S, (£), as is discussed in detail in I. In 
order not only to perform the calculations unambiguously but also to clarify the differences 
of the two expressions for 7,,(/), it is indispensable to carry out the calculations always 
bearing this point in mind. Otherwise it is impossible to deduce a unique conclusion be- 
cause the products of various delta-functions appear and they give ambiguous results depend- 
ing upon the order of integration. Further it is also important to notice that the expres- 
sion like £,6,(4) can be put equal to zero owing to the Lorentz condition O0.(*)/0Xe 
=0, which was introduced before. Considering these points, the following calculations are 
permissible concerning the first term of Eq. (4): 


=f (k—RYER) Fu (2) 
= ((k—k’) uP hk) — h- 2) on RM) JER) (MG, (2) — HG (KY) 
= LB) nhyG (h-LYERY G(R) + (AB) shy Gu (LB YL), (RH) (14) 


=—2(2—-#),? Gb) EE 2) G, (#) = — 87 5, (8) S(k-2#). 
c 


Above calculations are rigorous when the above expression is multiplied by the four dimen- 
sional delta function 0(/,), which is certainly realized in this case, as is discussed in detail 
in I. Therefore the first term of the integrand of Eq. (4) becomes 
pealed » = DCU rg oy 
ey O ws PAL) S (kk )s (15) 
which is just the same as the second term of the old expression (3). The contributions ° 
to thé total energy and momentum of the field arising from the first term turn out to be 
the same as the corresponding parts in I and are given by Eqs. (36) and (37) of I. 
Concerning the second form of Eq: (4), it can first be seen that both terms give 


the same contributions because of the factor O(4,). Thus the second term of the integrand 
of Eq. (4) becomes 
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4E(2") Fay (k—#) Fray (BY /V6R (27)! 
= —-48(U) {2G b-#) — 8-2) Ga U2) | X 


x | byl Gal) he! GL) | /162 (27) 


= —4é(2') } (L—k') ahs’ Gy (FR) Oy’) + 


+(k—#) why! G( kB’) Bs (a)| /162(27)' (16) 


1 ie E 2 1 ks ne 
= 4h) bh e(h )0, (2') @, (F—#’) + —— ¢e h') S,(k—k’'), 
25675 ae ( Pu ( )¢e, ( ) eae Y (#') a(& k') 


when in addition to the Lorentz condition use is made of Eq. (10) as well as the even 
nature of =(/), S(#) and @(4), and the delta function 0(/,) contained in the integrand 
of Eqs. (5) and (6) is again taken into account. The latter term of Eq. (16) is quite 
the same as the third term of Eq. (3) and the contributions to the total energy and 
momentum arising from this term are given by Eqs. (33) and (34) in I. The first term 
in Eq. (16) will be considered in the followihg paragraph together with the discussions 
of the remaining part in the integrand of Eq. (4). 
This remaining term contains the characteristic factor 


EB) EH) 1/1 BBR, 
which must be considered first. When we put /,=0 owing to the factor 0(/',), both the 


numerator and denominator of the above factor vanish simultaneously. We must, therefore 


evaluate the limiting value of this factor by expanding @(4—A") in Taylor series as in [: 


E(h—#) =E(h —h) =f (hal? — 2h! ha + ha’) 


=f (hy!) —2he! bef lal") +00 (47) 
= E(B) — Lhe! by f! (Bal) beets 


where /(4,") is €(%) itself considered as a function of &,° instead of V/\fa*| and PHC) 
is the derivative of /(4,") with respect to its argument #,°. Thus we obtain 


a GS Lhe oe a a 

cia eas Net 78) (a8) 
ky >? (F2Ryv Se? 

Owing to the delta function factor O(/,), those parts which are multiplied by %, do not 

give any contributions to HZ and P. Thus, dropping. out these unimportant parts, the 


remaining term of the integrand of Eq. (4) becomes 
hob bl Fuh t—#) Fo OOF He) 
= 
(19) 


ase ths hig! byl? Gy (RK )G LY ha") » 
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using Eq. (14). Adding the first term of Eq. (16) to the above expression, we finally 


obtain 


42! bf BBE GE) EY HAF ELD (20) 
2567" \ 
which is just the first term of the integrand of Eq. (3), if we drop out the terms multi- 
plied by /, and use the following limiting value 
lim (A=) (R— 2) MAE) Ley) 4 by fhe), (21) 
kyo (k—k')?—k” 


as was calculated by Eqs. (38) and (39) in I. 

Thus we can see that the values of the total energy and momentum of the field cal- 
culated from the energy and momentum tensor (4) is quite the same as that calculated 
from Eq. (3). Therefore the, requisite condition to assure the four vector behavior of the 
total energy and momentum of the field is the same as that obtained in I and is given 
according to Eq. (51) in I by 

ee V5 aK (22) 
: (E(k) )? 0&(K) 
If the above condition holds, the total enecgy / and total momentum PP are given accord- 
ing to Eqs. (52) and (53) in I by 


1 ee 
somes ACO ee (23) 
and 
i! \ yas 
P=" org (o)/2Vi=#, (24) 
where 
De (2 tke : 
= Pe ee d 2 —— ay? 2 
y(o) ‘ ee and £ /¢ (25) 


§ 3. The comparison between the two expressions for Fs (é) 


From the calculations in § 2, it is shown that the two expressions for 7", (2) or 
Eqs. (3) and (4) give the same total energy and momentum of the field. Therefore it 
is verified that the Bopp’s expression (3) for the energy-momentum tensor gives the exact 
total energy and momentum of the field. In this meaning we can say that the Bopp’s 
expression is correct in essence. In the following we discuss the three difficult points con- 
cerning the Bopp’s expression (3): 

(i) It depends explicitly upon source functions Sein 

(ii) It does not tend to the usual one in the limit of E(£)=1 or (x) =d0(4). 

(iii) It is neither symmetric nor gauge invariant. 

Concerning the first point we must put Sy (2) =chve(h)G4(2) /40 according to Eq. 
(10) in the integrand of Eq. (3) and eliminate S(#) entirely. The resulting expression 
must be considered as the Fourier coefficient of the energy and momentum tensor of the 


field. Then the second term of the integrand of Eq. (3) becomes 
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a 1 iad x ey Se Ch fe AN BN aR 4 a 
ax (any EA! EBB) R= 8), (26) 


which must be replaced according to Eq. (14) by 


itt 1 
= Dae Suy(h—R') ECR 
he acts Fol) Fal), @7) 
which is the first term of Eq. (4) and is free from the defects (ii) and (iii). Indeed 
it was shown in § 2 that Eqs. (26) and (27) give the same contributions to / and P. 
In order to see the behavior in the limiting case of €(4)=1 or e(x) =0(z), we 
must modify the characteristic factor in the following way : 
(kk) e(h— Bh) —k eh) __- » E(k—k') —E(K’) 
a ee ET eh Cet 
(£—k')P—k” ee sf (£—k')?—k” 


where the first term remains in the Maxwell limit and the second term, which vanishes in 


» (28) 


the Maxwell limit, has the same characteristic factor as appears in the integrand of Eq. 
(4). Thus the sum of the first term, in which the characteristic factor is simply replaced 
by the first term of Eq. (28), and the third term, in which SE (2) is replaced by G, (4), 
of the integrand of Eq. (3) becomes 

1 1 


| — t — if 6! \ / Hf} = / I L b 
= Teele 2he! ha — 2s! ERO (RG (A— B) + (RB PE (LR) Gah) PF — Oh, 


(29) 


which must be ae according to Eq. (16) by 
1 iy 7 7 fp ' 
L122) {7 bY Vfa ©) Hui}, G0) 
167 ee oy 
which is the second term of Eq. (4) and free from other above mentioned defects. It is 
shown in § 2 that above two expressions (29) and (30) do give the same contributions 
to & and P. 
The rae term of the integrand of Eq. (3) 
1} (p24!) (ba— 289!) (R—-#G (BG (4—#) X 
167 Cat 
je(b—#) E(B) 4/1 RHPA 
must correspond to the last term of Eq. (4) and both of them do really give the same 
contributions to EH and P as was shown in § 2. 
Thus the correspondence of the two expressions (3) and (4) is clarified and it is 


clear how the Bopp’s expression must be modified and supplemented. 


$4, Application to Pais-Uhlenbeck type non-local field 


In order to see the significance of the condition (22), we consider a case in which 


according to Pais and Uhlenbeck” we put 


(2) = ML/H) 9(@), (31) 
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where j,’s are constants and we assume they are all real and distinct. From Eq. (31) 


it follows that 


N J £ 
Be r (x) de = 11 +e /pe). (32) 
Therefore, 
N 
f(K) = (8/aK) (A+ K2/n2) 
é=1 
N - ie ates N Si Adee aadll Kepes 
on (Ke?) ASW 27a.) 11 Ree eR ee ee 
Kf (KV = SYR me) H+ R4/pg) = + e/a) SET. 3) 
The condition (22) can be rewritten as follows : 


a(S a= | (34) 
0 GC) 0e(K) 


Using the following partial fraction decomposition of 1/2(A’), 


Dy 8 chirhye L jaidy WAeRlae Dulles (35) 
e(z) fe’) i (1+ Key ae Hs 
i= 


where 
Me=1/\ pe f (—be) 3}, (36) 
the integral of the right hand side of Eq. (34) becomes 


Ce \" Ne Pe gee 

See —“#'* —_dK=— >" »,p,°. 
\. E(K)  ka'Jo 1+ K2/p2 s ; <3 2) i:fAk (37) 
On the other hand the integral on the left hand side of Eq. (34) can be calculated as 
follows : 


0 (E(K))? Jo e(K) i 14-K2/pe 


as a ac sim if 2 exe te PBT] Hy 1S ABS 
rW0(14+K°/pey a=t gehJ0 (14+ K*/u,°) (1 + /u2) 


\- LOF (A?) Zip iI : nes Ae 


1 N N oe 4 
= putt? +230 Shy, 
4 k=1 2 k=1 fh Pat 1 
The second term of the right hand side of Eq. (38) can be proven to vanish identically, 
as is shown in detail in the Appendix. Thus the condition (22) is satisfied in this case. 
In the case of Pais-Uhlenbeck type non-loeal field, it is well known that the so-called 


“yvegulator condition” is automatically satisfied ; thus theories of this type automatically 


lead to the finiteness of the self-energy. In the above calculations this corresponds to the 


finiteness of the integral appearing on the right hand side of Eq. (25), which is calculat- 
ed and is proven to be in fact finite according to Eq. (37). 
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Thus it is shown that the condition ensuring the four vector character of the total 
energy and momentum of the field and the regulator condition ensuring the finiteness of 
the self-energy are both satisfied at the same time in the Pais-Uhlenbeck type non-local 
field theory. In this respect the mixed field theory can be considered to be satisfactory. 
Also it can be said that the Bopp-type non-local field theory is quite general, so that 
there remains some possibility to find out functional forms for the characteristic non-local 
function ¢(a) which satisfies the above mentioned two conditions and is in addition free 


from the difficult points of the present mixed field theory. 


§ 5. Concluding remarks 


According to the general transformation properties of energy and momentum tensor, 
the total energy and momentum of the field can be expressed in terms of the correspond- 


ing quantities in the rest system of the particle : 


E=—{T,@aV=— [7'5 EV — PIP AV 
af} 3 
eee, vw {Tya@V—\T av 
bi ka ¢ C 11 — if? ( ) 


where © refers to the rest system of the particle. From Eq. (39) one can readily see that 
in order to have the four vector vatiation of the total energy and momentum of the field 
the quantity |7,, dl’, which is called ‘ self-stress’’, must vanish, viz., 
CTonary 0, (40) 

In the rest system of the particle the calculations are much simplified, so that it is easy 
to deduce the condition (22) directly from Eq. (40). Therefore the condition obtained 
before is nothing but the condition for the vanishment of the self-stress. 

As a conclusion, in the Pais-Uhlenbeck type non-local field theory, the condition for 
the vanishment of the self-stress and the condition for the finiteness of the self-energy are 


satisfied at the same time. As the Bopp-type non-local field theory is more general, it 
may be permitted to generalize the mixed field theory without violating the fulfilment of 


the above two requirements. 
Appendix 


It is shown here that the second term on the right hand side of Eq. (38) vanishes. 
Through Eqs. (36) and (33) what is to be demonstrated leads to 


tte SSS, £50 2G, (Agee 


For this verification we prefer to employ the following identity : 
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a eentl 26 eee») 
ist [H( pe — 4) 
il 


the establishment of which we shall defer until the close of this appendix. On differentia- 
ting Eq. (A. 2) with respect to /4, we get 


| A eens ort tats =~ |=°. (A. 3) 
FER hyp — Pye Hp? — Ps) fH — Be) 
taj wk 


and likewise the differentiation with respect to /4;(7#/”) gives 


eee Finscton, peeibslobis |=. (A. 4) 
es we —pp LW (ue — ps) (te — ba) - 
From Eus. (A. 3) and (A. 4) we get 
aus 1 [ 1 1 |= 
>) ——— Se |. (A. 5) 
23 Pat by LT (ue — pee) LU fr — 4) 
tek aw) 


The left hand side of Eq. (A. 5) is the same as the addition of the left hand side of 
Eq. (A. 1) to its equivalent expression : 


5 at (Het 5) LT (pe? — 3?) } = 0. (A. 6) 


Thus Eq. (A. 1) is verified. 
Finally we shall briefly refer to the verification of Eq. (A. 2). This can easily be 
carried out by performing formally a partial fraction decomposition of 1///(u4,,—p?) as 
tl 


follows : 


VHC HE— Br) = Bias (oy — pe), (A.7) 
where u,'s (7/) are constants independent of ;, and it follows that 
a;=1/11(ee—p;) (A. 8) 
t41, 9 


Inserting «,'s into Eg. (A. 7), Eq. (A. 2) is reproduced after transposition of the right 
hand side to the left. 
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Capture process of positive z mesons by deuterons are theoretically treated under the assump- 
tion that mesons are of pseudoscalar type and have pseudovector coupling. We have also taken into 
cosideration the forces in the final triplet /-state of ~-f system and investigated their influence to 
the final results. The calculation shows that if one assumes strong repulsion in / state, better 
agreement with experiments is to be obtained. 


$1. Introduction 


The experiment on the capture processes of 7 mesons by various nuclei have widely 
been made by many authors. Among those the capture of negative 7 mesons by deuterons, 
investigated early by Panofsky et al.,” have revealed that there occur two competing processes, 
mt +d—>n+un and = +d—->2n+7 by the ratio of 2:1, while no evidence of 7” +d—> 
2+7° has been observed. This indicates that the possibility that 7 mesons are scalar 
particles must be excluded by the selection rules.”” 

Recently, R. Darbin et al.) have made the alternative experiments, 7+d—/ + p, with 
more than 20 Mev mesons and investigated the angular distribution of emitted protons 
and the energy dependence of the process. The reaction and its inverse, P+ pom +d, are 
correlated by detailed balancing. In this balancing it has been shown that there exists the 
difference by the factor 3, whether one assumes 7 mesons to have spin 0 or spin 1. From 
this fact one could determine the spin of 7 mesons. According to the experiments on 
ptp-7m* +d made by Cartwright et al.» it seems better to assume that 2 mesons have 
spin 0. 

‘Thus we may presumably assume the spin of 7 mesons to be zero, then they must be 
pseudoscalar particles because the case to be scalar particles has been excluded by Panofsky’s 
experiments. There remains now to determine whether they have pseudoscalar or pseudo- 
vector coupling with nucleons. The problem will be decided by scattering of = mesons by 
protons. The experiments show the strong increase of scattering probabilities with meson 
energies, which seems to prefer pseudoscalar coupling. 

In this paper we are dealing with the capture process of 7 mesons by deuterons under 
the assumption that they are pseudoscalar and have pseudovector coupling with nucleons. 
The theoretical treatments of the problem have already been made by S. Tamor, W. 
Cheston, J, Gunn et al.” They assumed, however, that there exist no force in the final 
3p state of p-p (or -2) system, according to Serber’s consideration of high energy 1-7 


scattering. But in 7p scattering the situation will be somewhat different and whether 
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there exist forces or not are still undetermined. The purpose of this paper is to investigate 


the influence of the force on the probability. 


§2. The process of 7*+d—>p+/ 


The’ matrix element for the capture process by two-nucleon system is given in the 


first order approximation by 


Wee F Val {(R) — op, cP exp Gkr,) 


me (5h) — wp, t? exp (ck71,) sha 


x 
Fig. 1. Angular distribution of protons Fig. 2. Angular distribution of protons 
for 4»=53Mev in C.M. for Z,—=40Mev 
x 
Fig. 3. Angular distribution of protons Fig. 4. Energy dependence of 


for 4»,=25Mey. differential cross section at 30°. 
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/ . ae o e 
where 4's denote the initial and final nucleon wave function, # the meson mass, w= 
pie) fo : 
Vpe4+h and c, is the operator which changes the nucleon from neutron state to proton 
state. To obtain the values due to the matrix Or,, we take for the charge and spin func- 


: 1 
tions the forms ¢; = a ee \2 (1) 4(2) —a(2)6(1) *y,"(1.2)U,(r), for the initial deuteron 


state; ¢,=a(1)a(2)*y7"(1,2)/7.(”), for the final *(odd) state; or a(1)a(2)'y,"(1, 2) 
U,(%), for the final *(even) state. Here a, b denote the isotopic spin function, y the 
spin functions. The transitions to the other states are forbidden by the matrix Or,. 
Substitution of the above expressions yields 


dee P. 
LV ——S— — a mm Tx aw aa A (1) Te ol (a y 
Sf Tey pe 2 Sz Uj Ol k ((o exp(zkr,) —o exp(ikr) ) 


+0 (9, exp Zkr,) — 9, exp (7kr,) ) fer Gz) de, 


where the sufiix / refers to the *(odd) or ‘(even) state. 

We shall here deal with the mesons of 20~50 Mev. In these meson energies the 
recoil of the nucleon system after the meson capture can be neglected because of the small 
meson mass and we may simplify the calculation by assuming that the centre of gravity 
of the nucleon system is fixed throughout the process. Thus in the relative coordinates we 


Ihe ‘Aig 8 ; . 
can put Y=”7,—Y,, Y,= —1,=-—. In the non-relativistic approximation , can be sub- 
P 5 "9 IA a PR ; 1 


stituted by 7(0g)/J/, and then we have 
1 pena } 3 eo 
m=() J Sz U% (| we (0 exp (iker/2) — 0 exp ( —ikr/2)) 
40 fe fim | 


tw (1) “Toyo (2) RS ae |Bapern 
+ Ut (o exp (chr /2) +0 exp(—zhr /2)) 4| 4 alr) au: 
The summation over 7, gives 


M= ¢ Lie 2if (7) | é(ar/2) — oat cos (hv"/2) A, hud ae, for °S—>*(odd), 
40/7 pp M 


V25¢0° ; 
=(-) TN) [é cos (kr/2) + © sin (kr/2) 4, | Ug(r) av, 
4 ; M 
pe 
for °S—>'(even), 
as only the transitions #=1—1 and m=—1—>—1 for *S->"*(odd) and m=0--0 for 


3S—>'(even) are allowed. Here we have taken /’ to coincide with z-axis of the coordinate 


system. 
In the case where kinetic energies of mesons are less than 50 Mev, only S, / and 
D. waves of the nucleon are effective to the process. Therefore we may confine our con- 
5 soe i L f 1 1 
sideration to the following transitions, 1S-38P and °S—>1S, 1D. Then the matrix element 


can be written as 
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/2 
Li Ui ed pe a Chea be wkay 
= : Jp Isis M,= 3 4 5 
i ee ) ps enel ow ) pL: 
with 
Lee Breas Olu, (7) wa(r) 7 ar, 
3 
i,= 210 3 At Up (7) 0 g(7) r ar, 
IOs or 


I,=sne{ Us(7) Ua(r) 7° adr, 


20,47 fe) z 
L= k aul r)—u,(r) # a; 
aig {OO ate 


PY) 5 8 fe) 5 
Le 7] Ju 4) —ual(r) rar, 
We ee o(r) ar ( 


where the suffices represent the nucleon radial functions for S, P, DD, states. Further we 
have taken cos (A/2)~1, sin (Av/2) ~kr/2, which introduces about 2~3% errors in 
the final results for meson energy of 50 Mev. In the above integrations /, is of the order 
of 0,001, independent of incident meson energy, and we may neglect it. For other quan- 
tities we perform the integration with the wave functions 


tal = 7p, us) =) sin Br fr, Uy 0) =5 fan (BP)/P0 


and 


A : 25 
Op (7) =3 Juan (pr) /or, with Jd=— Be 
0 being P-phase shift. When 0=0, Uo f- for oe 0) I, decreases with increasing 0, 
while /, increases; and for 0 <0, /, increases and /, decreases as 0 decreases. The con- 
tributions of /.,, /, are small, compared to /, /,. Therefore, the cross sections, angular 


distributions, energy dependence vary with the value of 0. For negative 0, /, becomes 


large and the angular distribution will come to like the shape of cos’ @. Further, as /, 
is proportional to £°, the cross section increases with meson energies. 


The 


differential cross section is antisymmetrized with respect to the final protons and 
we have 


a 4 M nyt Chee 7 
COPE Be a: VN? () 7a), 
ad~ 4m wR 3 


The calculated /(0) for various values of 0 


and incident meson energies F,, ate 
listed in the Table. 


In Fig. 1,2 and 3 are plotted the angular distributions of emitted 
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Table. Values of /(@) for various values of phase shifts 6 and meson energies /'», 
in unit of 107-26 cm?. 


2 - —— ———— 
in degree) =e Em=25 Mev Lom=40 Mev Lom=53 Mev 
20° 0.0058 (Cos?@+5.4) 0.0094 (Cos?@+2.5) 0.0162 (Cos?@+ 1.8) 
0° 0.0072 (Cos?6+4.1) 0.0121 (Cos2@+ 1.8) 0.0198 (Cos?@+4 1.0) 
—20° 0.0167 (Cos?@+1.2) 00306 (Cos?@+0.51) 0.0432 (Cos2@-+ 0.31) 
—40° 0.0306 (Cos?@+0.31) 0.0594 (Cos?0+0.16) 0.0918 (Cos?4@-+0 11) 


protons, which are normalized at 30°. The justification of this normalization is checked 


by the energy dependence in Fig. 4. where the values are normalized to 4,,=25 Mev. 


§3 Conclusion 


From the figures we see that for zero or positive phase shifts the angular distributions 
will be too flat and the differential cross section does not increase sufficiently with incident 
meson energies, while for negative phase the agreement with experiments becomes better. 
This seems to contradict t> the concept of charge independence of the nuclear forces. In 
the high energy w-p scattering, the angular distribution of the scattered nucleon is sym- 
metric arround 90°. To explain this experimental facts, Serber has introduced the nuclear 
potential, which does not exert force in the state, because ?-wave gives asymmetry around 
90° by interferring with S-wave. However, there is another possible explanation. If the 
nuclear forces are negative and suitably strong for /state, the interference will again vanish, 
because interference term contains the factor which is the cosine of the difference of S and 
P phase shifts. Whether we may extend the above results to the ~-f system, or not, can 
not be decided at present. However, if applied to the photodisintegration of the deuteron, 


we can have large cross section at high energy region, which agrees well with the recent 


experiments. 
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With the help of the relation between T-product and S-product given by Wick, a new formula 
for the S-matrix has been obtained, which expresses the S-matrix directly as S-product and from 


which several already known results can be derived much easily. 


$1. Introduction 


The evaluation of the S-matrix should be performed for the present in the form of 
power series expansion of the coupling constant, each term of which becomes finite, as 
proved by Dyson”, after the renormalizations of mass and charge are carried out. The 
convergence of the series, however, remains now to be proved. For this purpose, more 
detailed knowledge about the structure of the S-matrix—finite part of the S-matrix — will 
be required. Therefore it is desirable to express the S-matrix in a simpler (closed) form 
and it is also desirable in order to make it possible to evaluate energy eigenvalues of the 
bound state from the S-matrix by means of analytic continuation and to find a clue to 
the future theory as well. 

Recently Feynman” succeeded to write the S-matrix in a compact form, using his 
operational calculus. For calculating its matrix element, however, we must again transform 
it into a sum of the normal products, namely, into the usual power series. We will try 


from the beginning to express it as an S-product—-a sum of ordered products. 


e 


\ 2. Well-ordering of the S-matrix 


Recently Wick” has introduced algebraic operations named T-product and S-product which 


make the treatment of the S-matrix much easier. Using his T-product symbol, one can 
write the S-matrix as, 


co =) n fo io} 
Sa Cite flte, Te) HG.) Ha), (1) 
where “7(2) is the Hamiltonian density of the system in consideration. 

Since T-product is a linear operation, we can change the order of T-product operation 
and since /7(4) contains even numbers (including zero) of Fermi field variables in the 


case of physical interest, 7(x)’s in the ‘T-product commute each other. Therefore we 
obtain 
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sens £1" iz reat 


or 


S=T te [Petters 


Considering the meaning of the T-product, this expression is in complete accordance with 
Feynman’s result regarding the time as a disentangling parameter. 

To fix the idea, we will confine ourselves to the quantum electrodynamics. Further 
we will consider the transformation function S{o] instead of the S-matrix. The S-matrix 
can be obtained immediately by letting aco ; S=S[0o]. 

The relation between T-product and S-product was given by Wick” : 

T(OVW..-X YZ) =: UVW-XVZ:4 OV Wes+XVZ:++ 
OL ieee VO ae ey Zs (3) 
where on the right hand side the summation is over all possible contractions with respect 
to UVW.--XYZ. 
In the case of the quantum electrodynamics the Hamilian density is given by, 
H,(«) =—7, (4) 4, (@), (4) 


where 
Ful) =te: P(x) ru (%) : (5) 
and then we can readily see that 


S[aJ= s 2 (de (as 1A Juth*) "Fun a) x 


n=1 1! 


T(Ayi(41) +" Ayn n))- (6) 
When the second T-product (with respect to A,) in the Eq. (6) is transformed into 


S-product, the terms which contain no contraction can be written as, 


3 Vitel T Gusev) “Jun (4) ): Aui(41) “Aun (%n): 


n=17!J— 


or 


sf Se (aa [ie T jus (2s) “fon (@—)) Ans) “Ama(aa) | 


n=0 2! J—@ 


Here we have used a notation S4 instead of colons to express S-product only with respect 
to Ai. 
Because 


Aj, (2) As (gy) =1/2 9a, De(e—-I)) (8) 


introducing the operator 
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S 1 ro 5) ? A2 
Aia\= ds\ dy De(2—J) — ,*7 (9) 
ie] 2 Jo wy vf OA, (£Y0A,. (7) 
we can write the terms which contain a contraction, 


ips Alo] exe ier dt eax Gy) 15 ain) ) ok 2) j cde (ra) | (10) 
ni J—© ts 


n=0 


and the terms containing two contractions, 


yp ie “|e, oo ‘\ditn iE Gree) ne Tue (25) yay Cz,) pi ‘Ayn aa) | 


n=0 
The factor 1/2! is necessay because the same terms with two contractions arise in two 
ways. In general the terms with 7 contractions can be written as, 


of —-4[a]—\dz,-- |x, DG (aa) AER) ree (4) Aya Zn) | 
. i Sg 


n=vU VA 


Finally they are collected to be 


© [5] ym oO oO 
So] OS ato) Slate fen x 
nN: = i00: —o 


n=0 r=0 7! 


LC Fur 41) un 4n)) Ani (41) ++ Ayn (in) Ht 


(Pe ee — 
where [4 |-4 for even 7 and a for odd 7. We may replace this upper limit of 
the summation by infinity, because the alteration merely give rise to a vanishig effect. 
Therefore we obtain 
nu 
1 


Sta]= Su) e215: : [an a Lush 4G) Jon tal 
so JB 


n=0 2 


Ay (41) ++ Aun (i) | (11) 


In this case the definition of the functional derivatives with respect to the operator A, 
exhibites no serious difficulty, for the functional derivatives always appear in the S-symbol. 
Next, noting that 


; ie 1 
pi, (4) h; (7) — at & =?) (12) 
and definig the operator 
So ea Sros(4#—y) oe (13) 
Dia) 1d! = Of, (4) Of; ( 7) : 


we can treat the first T-product (with respect to the electron field) in the entirely similar 
manner with only exception of precaution to the sign. Combinations such as (x) f(x) 


or 7,(1) commute each other in the S-symbol not changing its sign. Hence we can 
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always arrange @(x) and ¢/(y) in such order as they stand; (a)¢(1)¢(y)¢(J). 
After >}|a] operates, this factor changes into ¢(1)S,¢() which again contains a gh and 
a and commute with 7, or each other in the S-symbol, and so on. Thus we need only 
define that the factor arising by the differentiation with respect to (7) must be written 
always on the left side of the factor arising by the differentiation of ()(y). The situation 
may be more explicitly manifested* by writing (13) as 


10 eee 0 O 
ia |= | ax\ ady———_S,(*-y)=——_.. 14 
SIo]=— | 4 Rees rte aay (14) 


Eventually S[oa] can be expressed as an S-product*”: 


Sfo]= : eel} ee | ul2) A, (ade 


n=0 2! 


—-+ gulolAlsh > 242 julx) An (x) dx re (15) 
It is the main feature of S[o] written in the form (15) that every Ay(#) in the “Eq. 
(15) are commutable and d(x), £(%) are anticommutable each other, resyectively and 
commutation relations which should be appear are all involved in the operator e7©] and. 
el Therefore it will be very opportune for the discussion of many problems about S- 

matrix. The operator ¢*'?! and e*] play the role to com- 


bine the fundamental graph (Fig. 1) representing H(4)= 


We can easily shown that even if Hamiltonian density 


: in consideration contains not only //;(7) (4) but the mass 
renormalization term, 


H, (4) =—dme: $ (#4) P(4): - 


or the Gupta’s term” or both, we can write similarly 


‘ 

) 

i 

—ij,(+) A, (x) im every possible ways. 
' 

i) 


Fig. B 


: = —0\2 f(a) ax 
Syol=: erlelealol, Jr : 


(16) 


But the latter cases need some remarks. 


$3. Remarks on the Gupta’s term 


We can automatically take into account the effect of the charge renormalization by 
adding the Gupta’s term? to the Hamiltonan density /7 (7). Since this term contains the 
time derivatives of the potential A, (+), a normal dependent term necessarily appears in the 
Hamiltonian. Further we would have to modify d[a] because of the presence of Fy) 
in 77(x). If we use nevertheless the same expression for A{o|, the result obtained by 


* The definition 62/0 b (x) Ag (y) =—02/8G EO), may be also available. 
** In the Eq. (15) the Eqs. of motion for the field variables should be taken in consideration after e¥C71 


and ¢4f0] have already operated. 


582 Sy, [nat 


— eo 
@ ) 


applying 4[o] can be summarised as follows : First we rewrite /’,, (1%) = Scr we ax, 


A,(a). Second when 4[a] is applied, /’,,(%) differentiated functionally with respect to 
a(x) 


ph 


le eee 2 i D,(“—y) contained in 
A,(%) bequeathes Oa aes "aoe and this always operate to D,(x—/) 


4[a|. For example, 


Aho] exp [4 (ul) Anaya + LVR) Fra) ae | 
auf [eel ay} if(2) +7 Fyg(2)( 94,20 
a ST Sl Oe 2 0%, 


460) +E (agp 2 — On) 9)} 
{H+ F(a — ban Wal) 


x exp] ili Owens af \Fe (x) Fro(2) dx | 
=| — 5 ately ODD) je) + 


+f AX |" 7, (x) - Dil % ey) Peal y) 


f 


ae [aef'a pret ayae Ot SEN PM las 
5 RL AN pu (4) aa Soe r(x—y) me (9) | 


+p 
X exp |-' he (4) Lil £) ai+ i ("F4 Fade |, (17) 


If 4’s no more operate from the left, the second and the third term in the first factor 


vanishes due to the Eq. of motion (cf. the foot note on p- 804). The result above mentioned 
amounts to the difinitions, 


EWE a Ce One mala lee (8) 
Os Oy, 
7 A NY fe) Ny fa) Ny fe) N a) 
ar + 75 V) =\ 9 7 Oey (04, — %.6—— )D,(a—-y). 19 
OFAN = (Baus — Bergan 2 7 


The Eqs. (18) and (19) are correct except that to the Eq. (19) should be added a 
singular term containing a 0-function. The normal dependent term plays the part of com- 


pensating the singular expression. Eventually we need only retain the first term of the 
Gupta’s term, 


,=— ; fle) Fiuv(%) 


with Mo] not modified, 
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$4. The diffusion equations 


Now we replace the charge e by e= AL and rewrite 
Vb Ay (4) >A, (e)a% ag (4) >¢(4+) , Vad (14) >$(*) 
Then we have instead of (8) and (12) 


Ay (2) AV(y) = 5 6 Yu, Dela —J) (20) 
$i(x) fy) = 5 a Syap (4-9) (21) 
and instead of S/o], 
Sa, 6; oJ=: ABlal gdalely 7) A(x) aa. ay (22) " 


Let A,(2) be an arbitrary cnumber function and P(x), P(x) be a set of an arbitrary 
c-number spinor functions and A[o}j and S[o] be the same operators as Md[o] and 3{[o] 
replaced A, and ¢, ¢ by A, and g, ~, and 


Sia, ie a | — paXto1,bato,—*) Beat) ae 4 (23) 


S{a, 6; ¢] can be obtained from Sla, 4; a| by replacing A,, g, ~ by A,, $, ¢ and 
taking its S-product. One can readily see that 


a8\2. 25-7] = S[e]S[o, 4; «], (24) 
asa, 4; Ay a|Sla, 6; ¢ 
= A[e|Sla, 4; 9]. (25) 


It might seem paradoxical at first sight the S-matrix involving divergences (15) and the 

renormalized (16) satisfy the same diffusion equations. This is because the initial condi- 

tions at a=0 and 6=0 differ in the both cases. The Eqs. (24) and (25) correspond 

to the diffusion equations obtained by Tomonaga and Fukuda”, but in their work above 

consideration about the difference S[a, 4 ; a] and between S[a, 2; a] was made only implicitly. 
Next, since 

© oo Julx)Ap(a)ydx __ 


Hales J 


LW (ie 3 : aN oo ule) Anda 
=} [del dy jul) Poe) He Fe ag (26) 


operating 4[a] again, we obtain 
sale’ ae ju(a) Ap (x) dx 


a i ‘ ‘ En op Jw (*) An (x ax 
={-1| as dy ila) De2—Diu0} e j ju(x) Ap(*) ; 
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and similarly in general, 
Af | ie (oo Ju(x) Au (x) dx ne 
Cie o4 = 
ke Z (20 Ju (x) Au (a) dx 
é 7 


= | RY ; | de | ha (x) Dr(a—y) ju) | 


Thus we have 


o 


Sia, b 3 a 5 paulo}, fr dt 42 ty ju(s) Dr os) Jy) x 
g fcc Ju (*) Au (x) dx ae (27) 


In the Eq. (27) there is no more d[a] contained, so that we may replace A,(7) by 
2,(%) which denotes only real field (and external field which we have hitherto omitted 
out of our consideration) and may be treated as if it was cnumber function*. Returing 
back S-Product into T-Product we obtain 
—36)° dx |e ody Jule) Der(x—y july) ¢ (2, fe (x) Un (ax) dx 
Slab; Ja Te) 0 S208 Go) Pa Wju) f [2m Jul2) Ue Nos 
(28) 
Regarding the time as a disentangling parameter and remembering that ),(%) is equal to 
ay (sie), we find that the Eq. (28) is identical to that obtained by Feynman 
27 
(a—>00). The same result was obtained by Glauber" but in the case of cnumber 7, (7). 


The Eq. (25) can easily afford to derive the Feynman’s diffusion equation** 


es "del Dey) 
TOs bee H1,(2)dU,9) 


which is essentially the same as the Eq. (25). 
In conclusion the author wishes to express his hearty thanks to Prof. S. Ozaki for 


his helpful discussions. He is also very grateful to the Press the Chubu Nippon for the 
financial aid. 


* Tt operates to the state vector and creates or annihilates a photon. 
12) p 


** In the Eq. (26) S should be replaced by S in the case of not using the Feynman’s cperator calculus 
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of the Compton Scattering 
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Thirring” has shown the disappearance 
of the Thomson limit of the Compton 
scattering by the Fermi particles. In this 
note it will be shown that we can obtain 
the same conclusion from only the Lorentz 
covariance and the gauge invariance. 

The matrix element of the Compton 
scattering (Fig. 1 (a)) in momentum re- 
presentation may be expressed in virtue of 
the covariance as follows : 


S,= AN (bs) Ash) PD) TEED)» 
where 

V2,=U wt Vit Vint Wo 

Oe at Grinds 

Ves=PD; Putvt (21 > Po Pv hs), 

Di Pate t (PDirPa bs. ho), 

Wuv=£; Pm Put (Dy Por br Po hi hs) - 
In the above expressions, the coefficients C’, 


D,, Di and £, etc. are, respectively, the 


functions of the covariant expressions of /,, 


kh, 


P, 


(a) ra 


p» ky k, and the masses of the related 
The symbol (~;—> po 4 &2) 
indicates the terms, exchanged the letter 
“4,” of the very previous term for the 
letter f,, 4, or &, and changed the coefficient 
The meanings of 


particles. 


by the appropriate ones. 
all the other symbols are as usual. 

Now we consider the non-relativistic 
limit. Since p,=—k,, p.=—, in the 
centre of mass system, /,, etc. tend to zero 
in the limit of #,—0. (Since p, and Py 
are the energy-momentums of the Fermi 
particle, their time components do not 
vanish, if x 2 0 (x; mass of the Fermi 
particle), in the limit of K,—> 0. But we 
now consider the scattering of the fhoion, 
hence it is not necessary to take into 
account ‘of the components of #4, »=4.) 
Thus if the coefficients C, etc. were not 
singular in the limit of H,—0”, then 


, A 
Oe. Vie OC 
on “On, 4 == 0 
Oy => C1 Oia lly = iw 


where C? and C? are the limits of A’,—>0 
and the finite 
Hence we obtain : 


Se AEs) Au (bP Po) URI (D)- 


However, there is certainly a diagram 
(Fig. 1 (b)) in momentum representation 


c-numbers respectively.” 


P, hy 


hy 
(b) Ly 
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which has exchanged mutually for absorp- 
tion and emission with respect to only the 
real photon in the diagram (a). Since 
for internal lines the real momentum transfer 
is zero in the case of hk, > 0, 


Si AF (hy) Ay (21) ¢ (pe) Ty pods 
Ow= CO + Con ra 
Thus we obtain the total matrix element 
in the limit of 4,0 as follows: 


S=S,+ Si A¥ (bo) Ain (hs) £ (D2) 
x (Oyyt+ Oy) PCA) 
=2( Cr+ C2) Ag (ks) Ay (4) $ (po) (Pp), 


which #zs/ vanish, considering with all the 
other diagrams,” because of its non-gauge 


invariance. Hence the Thomson limit be- 


comes zero.” 


Actually we have ascertained the above 
conclusion for the Compton scattering by 
the nucleons, which interacts with the 
scalar (or pseudo scalar) meson field,” in 
the approximation ¢°f°. (f; coupling con- 
stant of the nucleon and the meson field. ) 

In conclusion I should like to express 
my cordial thanks: to Prof. S. Sakata for 
his kind guidance and to Mr. H. Umezawa 


for his valuable discussions. 


1) W. Thirring, Phil. Mag. 41 (1950), 1193. 
2) If they were singular, the Pauli term, for instance, 
would remain and then we could not establish 
the below conclusion. In fact this circumstance 
happens in the case of the approximation ¢2, but 
generally does not for the higher order appro- 
ximation if x + 0. 

3) It can be easily seen that the “‘ Compton scatter- 
ing” does not include any new divergences after 
performing the mass and the charge renormaliza- 
tions. Moreover applying the equation of motion 
thoroughly C,° and C,° become the finite c- 
numbers in the limit of K,.— 0. 
reference 5. 

4) Z. Koba, N. Mugibayashi and S. Nakai, Prog. 
Theor. Phys. 6 (1951), 322. 

5) The validity of reference 3 is not changed also 
for these meson fields by performing the appro- 
priate renormalizations. Cf., P. T. Mathews, 
Phys. Rev. 81 (1951), 936, 


See’ also 


Seasonal Variation of Large 


Cosmic-Ray Bursts 


T. Kameda and M. Wada 
Kobe University and Scientific Research Institute 


May 1, 1952 


In compiling the data of the large 
cosmic-ray bursts at sea level and at base- 
ment, described in the recent paper”, we 
found a marked seasonal variation in burst- 
frequencies. To ascertain it, the bursts on 
the records were counted as much as possible, 
and the preliminary report on the study of 
seasonal variation is presented here. 

Burst-frequencies at sea level during 
1941-1943 were obtained by five SRI ion 
chambers of the same type installed at the 
same place, details of which were shown 
in (1). The burst sizes measured by them 
were normalized to those at 40 atm. and 
30°C, each chamber and recording apparatus 
being thermo-regulated at 30°C.  Burst- 
frequencies at basement* were obtained by 
one of them (SRI ion chamber No. 1) 
during 1939-1941. 


Fig. 1. Seasonal variation of burst-frequencies 


+15 
g 
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33 — 5h 
m5 
a 
ey 
—15 : a 
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Month 
——O-—— Tokyo (sea level) 
ee @:----- Cheltenham 
---=x--- Tokyo (basement) 


Fig. 1 shows the seasonal variation of 
the frequencies of bursts of more than size 
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4. (13.4 x 10° ion pairs), and each ent 
represents the percentage deviation of the 
frequencies in successive two months from 
In the Fig., bursts 
of more than 350 particles measured at 
Cheltenham are also plotted.” 


the mean frequencies. 


As shown in the Fig., seasonal varia- 
tions of the burst-frequencies are clearly seen 
at each station. 
of x2-test on the data the existence of 


Moreover, by application 


seasonal variation is justified in each case. 
Assuming that these seasonal variations are 
attributed to the variations of atmospheric 
temperature”, i.e., the variations of isobar 
heights, the relations between burst-frequen- 
cies and atmospheric temperature are graphed 
in Figs. 2, 3 and 4. Here, the atmospheric 
temperature 1s that at sea level, and that 
at Cheltenham is replaced by that at 
Washington, because we have not the availa- 
ble data of outdoor temperature at Chelten- 
ham. Close correlation between _ burst- 
frequencies and atmospheric temperature is 
seen in the Figs., and the temperature 
coefficients obtained from the Figs. are as 


at basement 


Tokyo dge— (1A 40.3) % 7 O 


the errors are estimated considering the total 
number, errors in reading, and the electrical 
leakage at the insulators of the electrode 
system (on the bursts at basement). 

In connection with the temperature 
effect of the burst-frequencies, latitude effect 
of large cosmic-ray bursts reported. by several 
authors” may be attributed to the variation 
of isobar heights with latitude, namely, the 
temperature effect. 

Admitting that the seasonal variation 
is caused by the variation of atmospheric 
temperature, it is necessary to know the 
temperature effect of the burst-frequencies 
at mountain altitude of medial or high 
latitude, in order to find the reason why 
such large temperature effect as these occurs. 
Though we have not any available data for 
it, the paper reported by Stinchcomb” may 
throw some light on the subject, and 
following it the temperature effect at moun- 
tain altitude appears to be smaller than 


follows ; —0.5%/°C. Therefore, if the frequency 
at sea level ratios of p-bursts to /V-bursts at mountain 
Tokyo U,.= — (0.95 +0.1) % /°C” altitude, at sea level and at basement are 
Cheltenham vf =— (0.8 +0.2)20/ HG: taken into consideration”, bursts which 
Fig. 2 Burst-frequencies vs. atmospheric temperature (Tokyo; sea level) 
% 
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Fig. 3 Burst-frequencies vs atmospheridtemperature (Cheltenham) 
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Fig. 4 Burst-frequencies vs. atmospheric temperature (Tokyc ; basement) 
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change the frequencies with temperature 
seem to be contained in p-bursts, and the 
following possibility may not be ruled out ; 
that is, some of the so-called j-bursts are 
hot initiated by the bremsstrahlung of p- 
mesons, but are produced by some particles 
which have short life time (< 107° sec) 
and absorption mean free path several times 
longer than that of /V-components. 
Statistical treatment of the data and 
details of the subject will be soon published 
in Journal of the Scientific Research Institute. 


* 
*K 


1) 


2) 


3) 


4) 


5) 


Under 170 g/cm? concrete. 
This assumption is justified by the fact that the 
seasonal vaviation lessens as increasing burst size. 


T. Kameda and M. Wada, Prog. Theor. Phys. 
7 (1952), 1. 

Cosmic Ray Results from Huancayo Observatory, 
presented to Dr. Sekido by Dr. Forbush. We 
thank Dr. Sekido who lent it to us. 
Correcting for the barometric effects, 
as=—1.0%/°C, ag=—1.196/°C. 
W. P. Jesse and P. S. Gill, Phys. 
(1939), 414. 

M. Schein and P. S. Gill, Rev. Mod. Phys. 11 
(1939), 267, 


T. G, Stinchcomb, Phys. Rey. 83 (1951), 422. 


Rev. 55 
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On The Equivalence Principle* 
T. Dodo and R. Utiyama 
Department of Physics, Osaka Universi’y 


May 2, 1952 


The equivalence of the scalar (pseudo- 
scalar) and vector (pseudovector) couplings 
of the meson and nucleon fields is shown 
by means of a change of variables in the 
It is also shown that this 
modification of the Lagrangian is equivalent 
to a unitary transformation of the Hamil- 


Lagrangian. 


tonian. 
Let us take a typical example of the 
neutral pseudoscalar meson field : 


Lion = L + Ls 

L, =H 6)?+ #0}, (1) 
—L= Pj Au$ +P +f Prd 
- s Grit P99 P=P* Te (2) 


Making the transformation 


= exp( —4 a 78), 
(G3) 


p= (OW )*7=0*U-= PU, 


g=U¢’, 


the original Lagrangian becomes 
— LP) =P'U 9, (OP) + oP OY! 
+f PO pV b+ EF rut U0 Oud 
=P 7 pOpf" + xf" Up + if P70 °p'd 
sa L'($') (4) 
by virtue of the relations 


Cle Wray ae Saar 


0,0 = y-(-i 9,8 )U 


70° 
ao, 8 1s0ud- 
x 


The latter relation is guaranteed because we 
here treat the field variables as c-numbers. 
The new expression (4) of the Lagrangian 
is obviously void of the pseudo-vector 
coupling term. 

Now, we shall show this modification 
of the Lagrangian is equivalent to some 
unitary transformation of the Hamiltonian. 
The line of reasoning runs along the follow- 
ing scheme : 

Lg) '(f)— >A) 
change of variables quantization 

DRY ed) ee te ag) 
quantization unitary transformation 


+H") =H"(9!). 
The Hamiltonian H7’(#’) runs 
Ay (¥) = +p 4s é*g— Lrvtan 


=P'7 Oi! +49 Ory be ae “pp! 
PENG + Op’) +xd"t, “G) 


where ¢b’* and @’* are canonically conjugate 
to of’ and @’, respectively, i.e. 


+ = OL AGE) an ee 
io 30! Sidi) pia e 


Whereas we get from (1) and (2) the 


following expression ; 
HP =PP4 8b— Lesa 
= $7 Oip+ xogigh 


+ Li) + @)'+ 28} + ifr 
om “br 100 + f drarpo* 

Dye rf 2 
+1(£) (ori) (6) 


p* =", b+ =b—£ Gry. 
x 
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Now, let us introduce the following unitary 


transformation : 
raei(—i8 [Brose 
x 


f= TYT=exp( +i = rb )\P=U-~$, 
x 


$= T$T'=9, (7) 


o 


p= THT =6' + SS b=d. 


Note that these new variables ¢f’, @’ etc 


are nothing but the quantities ¢/’, 9’ ete. 


already used in exp. (3). 
Thus the transformed Hamiltonian becomes, 
in terms of the new variables 


A" (f') = HP Y'e'), 0 (Y'9')) 
Cin Tee (Ud) + xp Up! 


Hers 


Tp'9! + EGU 7s Pd." 


. P'*75 i) + (0:0) + e6"| 
+ if PTs 


+ £Grq 0 (6 —< grr") 
4 zx 


1/(e\75 
a ae hi : TENS 
s =A : )POrrsUP’) 


= P71 dih! + xh 07’ + = 16") +(d, s)° 


$26} +f TTS, (8) 


which is just the same with the exp. (5). 
O.B.D: 

If we make use of the interaction 
representation, the Hamiltonian becomes as 
follows : 


(9) =%9(U°—1) 9 + if $7094 
=i( /— 2g) 97.96+ (7 © x) 


x PPP +... 


the Editor 


an expression already given by Case. 

Our procedure can be extended easily 
to other kinds of meson fields. 
The results only are listed : 
Neutral scalar field : In this case two coupl- 
lings are completely equivalent, i.e. the 
vector couplings has no effect. 
Charged scalar field: After the transforma- 


(=,6*+7.4)). 


tion =U", U=exp{ —* 
x 


= Lita (Y =P TO l! + xo’ p" 
fF EB + PY + PTL 9% 2p 


bags i are ' 
ier. aed Au—Lims 


— Li,={(0,6*+icA,0*) (0,¢—ie Ad) 
+x'6*¢}, 


Ree eo 


x {6*(O,—te A, )9—9 (0, +i¢A,)b*} 


2m+1 i: 18 r ae = a 

(Q2m+2)!~ nab ois beh 2 

x ($*6)"|6*(8,,—ieA,)6—6(0u +ieA,)6*} 
2m+2 ; 


(2m 43)! 
Charged pseudoscalar fe ld: After the 


transformation 


g=UyY', O=exp|-i £ (6% +p}, 
x : 


—Lroa(Y’) =P Ten!’ + xy Uy’ 
+f Py s(7.d* + 7d) Up" 


+ P'T.G (d, o*, 7) — ief'y ys 


—t3 Gy" 4 
ie does 


=i. 
G(¢, 0*, 7) is obtained by replacing the 
factor (—r,d*+7_4) in F(d, 6*, 7) with 
7s(—T4O* + 79). 
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These complicated expressions (charged 
field) result from the non-commutativity of 
T-spin. 


* The contents of this letter are read at the annual 


meeting of the Physical Society of Japan in 
October 9th in 1951. 

K. M. Case, Phys. Rev. 76 (1949), 14. 

F. J. Dyson. Phys. Rev. 73 (1948), 929. 


Remark on the Self Energy 
Problem of the Photon 


O. Hara and H. Shimazu 


institute of Theoretical Physics, 


Nagoya University 


May 8, 1952 


The divergence of the self energy of 
the photon has been a dead lock in quantum 
electrodynamics and many attempts” have 
been done to overcome this difficulty. But 
none of them seems to gain a final success. 
We point out in this note that the re- 
examination of Lorentz transformation 
suggests a way from this situation. 

Let us.consider, for example, the inter- 
“action of the electromagnetic field with the 
electron-field. The vacuum is defined accord- 
ing to Dirac’s positron theory as a state 
in which all negative energy states are 
occupied. This state is however nothing 
but a sort of Fermi gas at the absolute 
zero of temperature, and it may be expected 
that the light velocity is altered from that 
of no interaction. Here we must remark 
that what Einstein used as a signal in his 
theory of the relativity is the light in this 
electron gas, or in order word, photons 
“ clothed’ with virtual electron-positron 


pairs, so that the constant c that appears 


in Lorentz transformation must be regarded 
as the propagation velocity of these clothed 
photons. This means that c is altered as 
the result of the interaction, and that it 
would be necessary to consider the self 
ennergy problem of the photon in the re- 
lation with this alteration of c. 

The rest mass of a particle is determin- 
ed from its energy and momentum by the 
equation 


Pape + ees (1) 
therefore 
= pe (2) 


is the condition that the particle has a zero 
As to the photons, (2) is of 


course satisfied if there is no interaction. 


rest mass. 


Upon switching on interaction between the 
photons and the electrons, the self energy 
appears accompanied by the alteration of 
the propagation velocity. The former can 
be calculated by the ordinary perturbation 
method, and the latter is obtained from 
the equation of motion of the clothed 
photons in the free space. 


—/ ears 
(oh 4o ea a OD y (3) 


where A, represents the electromagnetic 
four potential in Heisenberg representation, 
and (A,).a- means the expectation value 
of A, in the vacuum state of the electron, 
while 0.j, is the induced current due to 
the photons, and we can show, at least in 
the second order approximation, that the 
following relation is satisfied between L+ 4L 
and c+Jc; 


E+4E=p(c+4c). (4) 


(4) shows that the photons are observed 
to have zero rest mass even when there is 
interaction if Lorentz transformation is 
constructed using c+4c instead of un- 


observable c, and the self energy term which 


592 Letters to the Editor 


has been believed to violate the gauge in- 
variance of the theory can be ignored by 
replacing c¢ by c+d4e. Thus we can use 
the self-consistent subtraction technique 
proposed by Tomonaga” and Schwinger” 
just as in the case of the self energy problem 
of the electron. Writting the Hamiltonian 
of the electromagnetic field /7(c) in the 


form 


H(c)=H(e+dc) — oa ue cs 


c 


we replace c+Jc by the observed value 
of c, and treat /7(cod) as the Hamiltonian 
of the free clothed photon, while off 4, 
: 

serves as a new counter term to cancel 
divergent effects produced by 
In this way, we can formulate 
a theory which is Lorentz invariant, gauge 
invariant, and at least in the second order 
approximation of perturbation calculation 
free from the pathological divergence of the 
photon self energy. 

At the present stage of quantum ele- 
ctrodynamics, we can not avoid mathematical 
ambiguities due to the singular character 


of 2 functions and we can not say con- 


ordinary 


calculations. 


clusively whether our renormalization techni- 
que can be a final one. But we want to 
emphasize that the self energy problem of 
the photon would not be settled by comput- 
ing the self energy alone, and it would be 
necessary to take into account the alteration 
of the light velocity due to the interaction, 
together with the appearance of the self 


ia 


Vi 


energy, since both are the simultaneous 
effects of the induced current. 

We wish to express our sincere gratitude 
to Prof. S. Sakata for his interest and en- 
couragement. Details will soon appear in 


this journal. 


1) J. Schwinger, Phys. Rev. 75 (1949), 651. 
H. Umezawa, J. Yukawa and E. Yamada, Prog. 
Theor. Phys. 5 (1948) 317. 
D. Feldman, Phys. Rev. 76 (1949) 1369. 
W. Pauli and F. Villars, Rev. Mod. Phys. 21 
(1949), 434. 

2) S. Tomonaga and T. Tati, Prog. Theor. Phys. 
3 (1948), 309. 

3) J. Schwinger, ibid. 


On the Model of V-Particle and 


Meson-Nucleon Scattering 


K. Sawada 
Department of Physics, Kyoto University 


May 8, 1952 


Recently, various models of [particle 
have been proposed by many authors”, and 
essential point of these theories is to separate 
V-production from its decay. We have 
estimated the effect of the existence of [//- 
particle to the meson-nucleon scattering, 
assuming ” is the mother particle of [7 


and l-production and -decay follows.as in 
Figg 1. 


2 


Fig. 1. (Z and S means large and small coupling constant, respectively) 
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In this figure /V is the nucleon, and rt is 
not necessarily identical with the observed 
t-meson. We mean by such model only 
that the J~production is of two steps through 
strongly interacting ’’-particle. This model 
infers as the mass of |/’-particle, 72), > 
My +m, ~ 28007,. 

The existence of such strongly interact- 
ing heavy particle affects the scattering of 


meson with nucleon. If we confine our 


arguments to mesons of kinetic energy up «+ 


to 200 Mev, the breadth of resonance and 
effect of damping may be neglected (reson- 
ance takes place at about 600Mev meson 
in the above model). The effect is shown 
in Fig. 2. We can offer a simple argument 
for the effect of the intermediate [’- 
particle as follows; Denoting the mass of 
V’-particle by 7; and coupling constant by 
&, (the coupling constant when they trans- 
mutes to nucleon and vice versa), we have 
as the matrix element in the pseudo-scalar 


(in Feynman 


pseudo-vector coupling meson : 
notation) 


Process I (destrucrive interference) 


Mi =A al (4 


La Q) +10 + 2mm, || o- WV — 7 | 
[(a%— -q)? + 372" \| (py—- 1)? — ma, | 


x 2) Pra IP + 3H (ay 


(p,—9¢)?—m* 
+(g Re cdr oh ad ert Be ca :) 
2m[(,—-9) — my] 
% VEE (2) 
(Dy-Q)* 10 

Now; 
ie (My +N) + + 3mm, | 

2m (Pot MN) +300 


I m+ ms] ~ 0.04, 
21 


(3) 
k + 0 SGD 


Q)?+m?+2mm, | 


2m (Py—-V)° + 3m? 
[= | Ras 
2m 
PIN A4@ 
vy" 
ramets 


Process II (constructive interference) 


Fig. 2. 


ee axl (s° 


4 [ (po + Go)? + 3772 Po + Wo) — 1 | 


eee +30? (4 r) 
(D+ %) me 


ie [2+ ms JL (Po+%)- — mt | ms 
G i 200 [| (Pot Mo)” °— mm," “| ) 


ye 20 (w+ 2 (Doo) 2, (1) 
(Po+%)°— 0 


[( 2+ Go)” + 72" 24 21m, \[(Pot Vo) — il 


for €, 3/4, 72,= 3000, and in laboratory 
system. The values diminish considerably 
for €,< 3 from the above magnitude. 
So we have approximately, 


M= —An(¢° 2 [m+ mL ot +%)” ay 
2m [(Pyo+QN) — mr] - 


sh £) 


[Po +%) + 37° (Gor) — 27s + 2( Po) | 
(Po sip Qh)? — m0 
(4) 
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[e+ my |\[Do- @) 8° pee °) 
2m (py—Q)?— my] ” 


[Ca — 2)? + 308 (gr) + 2m 2 (Po) | 
(—-Q)?— 8 
(5) 


This means that in such energy region the 
effect of |’/-particle appeares as a change 
in the coupling constant. For the process 
I, the coupling diminishes considerably when 
the meson energy is raised, for II they 
build up. The former effect is larger than 
the latter (see Table, in comparison) . 
The exact evaluation of the matrix 
element and cross-sections shows that the 


My =47(g* ar 


argument given above is approximately cor- 
rect for energies 40 to 200Mev. Thus, 
the scattering cross section, 7” + Poz +P, 
is of type I and so they suppressed from 
the theoretical value obtained by Ashkin, 
Simon and Marshak”, and for z*4+P— 


m+ +P which is of type II is raised above 
their results. The behavior of the total 
cross sections for such processes 1s plotted 
in Fig. 3 (exact evaluation). 

As to the charge exchange process, the 
experiments seems to indicate” the existence 
of plateu for z+ P— m4 at about 
150Mev meson energy, and to fit this fact 
we have assumed pure neutral type inter- 
action for neutral meson interaction V’— 


_N+7,, with our constants indicated in 


Fig. aoe 
the process mt + /V-—> 


as destroys the symmetry of 
m°+ P and above 
process, the difference becomes notable above 
100Mev energy ; the cross section rises along 
the lower side of 7*+ P—7*t+FP curve. 
Normal scattering is not affected by this 
assumption ) ‘ 

Thus, the existence of mother 7 which 
is strongly interacting with nucleon modifies 
the meson nucleon scattering cross section 


Fig. 3. Total Cross-Sections. 
Curve A: 2++P—>xt+FP, 
m-+P>2-+P 
Curve B: f 
z+ P>7.+ NV 
Curve C: 2-+P—>2-+P. 


Coupling constants are such that (gn, £p) 
has opposite sign; (£1, no), (&n» Sn) 
and (, 2,) has same sign. 
And g?=2¢n", §°=22ni1°. 
E.g., symmetrical theory for the V-V-z 
interaction. 

The mark © indicates the normaliza- 
tion point. Experimental data are taken 
from reference 3. 


e 20. 
SS Or : Sr=0.9¢2 ; re = 38.7 mb, 


+ 4 
50 100 150 200 
(MeV) 
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Table I. 


Meson Kinetic 


Change of coupling constant from the simple formula (4) and (5). 


Coupling constant was taken »,=0.8¢ 
and the mass of /”/-particle to be 3000m,. 


For g7 *"ective, we put €9~ € in (5), 


| 
: lee Been: 
( gyettective/o)4 | 0.52 | 0.40 | 0.28 | 0.17 
ji ro = 
(ersetective] | 1.32 | 1,39 1.46 | Teil 


which is not sensitive to the value listed. 


considerably in its magnitude, but the above 
simple arguments permits us to discuss 
roughly their angular distributions as follows ; 
the normally scattered meson has angular 
distribution which is: nearly the same as in 
reference 2, because the effect of V7’-particle 
is only to change the coupling constant. 
But as to the charge exchange scattering, 
the angular distribution is more like that 
of Process II, because this scattering is 
composed of process I and II and, exact 
evaluation shows that the process II is 
predominant”. Since the angular distribution 
of scattered meson given in raference 2 is 
nearly the same for process I and II, and 
we may roughly expect almost the same 
angular distribution for normal- and ex- 
change-scattering. 
In _ conclusion, 
express his sincere thanks to Prof. M. 
Kobayasi and to Mr. S. Takagi for their 


kind interest taken in this work. 


the writer wishes to 


For summary of references, see A Pais, preprint. 
J. Ashkin, A. Simon and R. E. Marshak, Prog. 
Theor. Phys. 5 (1950), 634. 

P. J. Issacs, A. M. Sachs and J. Steinberger, 
Phys. Rev. 85 (1952), 803; Fermi e¢ a/. Phys. 
Rey. 85 (1952), 934, 935, 936. 
Owing to the choice of coupling as given in 
Fig. 3, for z~ + P>7°+X, we have as effective 
coupling constant, in (4) and (5) 


1) 
2) 


3) 


4) 


[+m] [(P0+90)?- 77) 
2m [ (pot Qo)? —7417] 


ue 


[at | Lo- 9? "1 
2m (po—-Q)? 747] 


£ 


SE 


ism) 


217° = Sop Py 
[e+] L(po— 9)? — 77] 


Nas (zen ~ 2m [(o-@)* —my"| 


and thus, (72°"/gey)? is just corresponding 
quantity in Table I, ((g,gy)'/2=0.8( ggy)'/2), 
but (g777*"/gew)? is 


An Empirical Mass Spectrum of 


Elementary Particles 


Y. Nambu 


Osaka City University 


May 14, 1952 


It seems to be a general conviction of 
current physicists that .the theory of ele- 
mentary particles in its ultimate form could 
or should give the mass spectrum of these 
particles just in the same way as quatum 
mechanics has succeeded in accounting for 
the regularity of atomic spectra. Even if 
we disregard any philosophical background 
in such a postulation of theoretical physics, 
the recent discovery of many unstable, ap- 
parently elementary particles drives us to 
the efforts towards a systematic comprehen- 
sion of the variety of elementary particles. 
With the present undoubtedly insufficient 
accumulation of our knowledge, however, it 
may pethaps be too ambitious and. rather 
unsound to look for an empirical “ Balmet’s 


> Nevertheless we should like here 


law 
to present one such attempt because it 
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happens to be extremely simple, and because 
the significance and utility, if any, of this 
kind of attempt could best be appreciated 
at the stage where it awaits more expeti- 
mental data to prove or disprove itself by 
its own predictions. 

The nature of V7, particles’ and r- 
mesons” has been investigated by several 
authors. 
that their decay Q-values are rather uniform, 
ie. of the same order of magnitude of the 


Among other things, we note 


rest mass of the daughter 7-mesons. This 
gives us a hint that some regularity might 
be found if the masses were measured in 
a unit of the order of the =-meson mass. 
The 7-meson mass, being ~274=137 x 2 
electron masses (77,), gives us a second, 
rather fanciful hint that 137 72, could be 


chosen as the unit. The ensuing result is 


given in the accompanying table. We see 
particle mass no. 137xn experimental 
n mass 

lepton 0 0 ~0 
photon 0 0 0 

Le 1% 206 2103 m, 

M14 2 274 2763 (z+) 

Veo 6 822 800 30 

G 7 959 96610 

£4 1000~ 1500 
nucleon 13% 1849 1837, 1839 


Vo, 16, 16 yy Q=35, 70 Mev 35=65, 75--3Mev 
ve 17% O=280 Mev ~280 Mev 


that the ‘‘ mass number” of the observed 
particles is either integer or half-odd, which is 
generally valid within a deviation of about 
~+15m,, or ~ + 1/10 mass unit, for 
those cases in which the experimental error 
is also of this order of magnitude. In the 
above table, we have adopted the view that 
the heavy V7, particles have two kinds of 
Q-values, namely~ 35Mev (1/2 mass unit) 
and ~70Mev (1m.u.)”, decaying into a 
proton and a z-meson. [/* means the 


nucleon isobar whose existence is being con- 


jectured from 7-7 reaction and 7-proton 
scattering, with an excitation of roughly 
about 280 Mev (4 m.u.). 

We can make a few comments on the 
result. 1) As was pointed out by Enatsu”, 
the adopted mass unit incidentally agrees 
2) Bosons 
seem to have integral, while fermions half- 
3) The small 
mass value of the electron cannot be explain- 
ed by the above rule. 


the view that this as well as the proton- 


with Heisenberg’s natural unit. 
integral, mass numbers. 
But we can take 


neutron and 7*-7° mass differences correspond 
to a kind of fine structure. Indeed, their 
magnitude is just of the order of 1/137 m.u. 

It goes without saying that this rule 
is purely of an empirical nature, and might 
turn out to be entirely illusory or accidental 
in the event of getting more reliable data 
or establishing the true theory of mass 
spectrum. But the rather strange distribu- 
tion of the observed mass numbers might 
simply mean the lack of our knowledge. 
Indeed, only those particles which have 
favorable lives as well as abundances for 
detection have so far been observed, and 
we have no grounds at all to exclude the 
possibility that there exist other particles 
which are liable to escape direct observation. 
At any rate, an effective and close-by test 
of this rule may be provided by more ac- 
curate determination of the masses of the 
observed particles. In particular, the <- 
meson may be predicted to have any of ~ 
1030, ~1100, ~1160, ~1230, ~1300,... 
electron masses (72, 8, 8%, 9, 9%... 
m.u.). 


1) E.g., R. Armenteros et al., Phil. Mag. 42 (1951), 
1113. 


2) P. H. Fowler et al., Phil. Mag. 42 (1951), 
1040. 

3) S. D. Wanlass et al., Bull. Amer. Phys. Soc. 
27 (1952), No. 3, 7. 

4) Remarks by H. Enatsu at the Tokyo meeting 
of the Physical Society of Japan. April 1-3, 1952. 

5) K. A. Brueckner, Bull Amer. Phys. Soc. 27 
(1952), No. 1, 50. 
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On the New Description of 


Quantum-mechanics”* 


H. Shimooda 


Department of Physics, Aichi Gakugei University 


May 20, 1952 


The conventional quantum-mechanics 
has been framed from the foundation of 
the theory of the ‘“ izstantanecous observa- 
tien’’, we can prepare at any moment 
such quantum state of an individual system 
as. we wish to prepare ; and we can describe 
the time variations of the quantum state 
by the Schroedinger equation. And a 
particle can be described by the usual wave 
function as an unsharply defined individual 
within finite space-time regions. 

On the contrary, Feynman” has recently 
built up the quantum theory on the founda- 
tion viewed from a point entirely different 
from the conventional one. We should like 
to emphasize that his essential idea through- 
out his worl’s is one of the so-called 
“ particle path’. 

According to the conventional quantum 
theory, it has been well known that the 
geometrical and kinematical description of 
a particle can not be attained. 

However, the particle ‘‘ path” involves 
such an idea against the conventional one, 
that the particle has a distinct position, 
and moreover suggests us a possibility of 
the so-called ‘' continuous observation ee 

Therefore, if we take the path as a 
physical quantity...--. a quantity measured 
by a sort of so-called “ continuous observa- 
tion”, a sort of the accidental uncertainty, 
further, enters into the conventional quantum- 
mechanical description. This new probability 
amplitude may be a kind of one of random 
choice of the position, because the pheno- 
menon is a random one that a particle 
continuously chooses any path and moreover 


the phenomenon that a particle continuously 
chooses any path is a kind of the ‘ stochas- 
tic phenomena.” 

Then, as for the probability amplitude 
specified by the position of the particle, 
from the requirement of the methodical 
description of the microscopic phenomena, 
we should further take into account the 
probability amplitude of random choice of 
the position. 

On these lines, we shall rewrite the 
Feynman’s equation, as follows : 


P(tnar E+E) = exp] © SCrnen 5) | 


WG Cats) b(x_ t) es, Gh) 


where €(%,41—4,) is a random probability 
amplitude with which the particle chooses 
the position 4, , from the position 7, along 
the path; and we may also. reinterprete 
that the function €(4,4;—%,) 18 2 kind 
of the correlation function between the two 
points (7,41 Zi): 

In the above-mentioned formula, we 
may call @ the “super wave function, 


v(x, )=\~-8, Oa8 


=|) YO-8.0& 
=| Orr 4 


= (2) br +6, 2) dé. (2) 


If we may reinterprete € in the formula 
(2), the unknown coordinate, or the 
“ hidden variable’ which  discribes the 
internal behaviours of the particle, % means 
the state which involves all effects of the 
internal influences of the particle ;- and we 
may call % a “super probability ampli- 
tude’, 
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_ Next, we may consider the motion of 
the particle in the three dimensional potential 
V(X, V,Z, x: 9, 2), where X, VY and Z 
mean the representative position of the’ 
particle, and x, y and 2 are the “ /vdden 
variables” of the particle. 

Searching for the equations of motion 
of , @ and Y, we obtain the following 
formulas : 


th Oy Boar y,nP+ VP, (3) 
i 


n2® 1 (FV pr, 0400, (4) 
Of 2m\1 

th oe aoe (2 eee y, 20 + VG, (5) 
Ot 2X7 


a@ 2 
th ie z zs (4) es 2) ? 
Of 2722 


+[ V(X Y, 2,2, 9,2) +U (x, 9, 2); 


where (6) 
/ hk? = |,0(log 7). a 
Cae, Pan) eee SS leew Se 
) 2m we) Ox Ox 
d(log €)\” zee) | 
a ( BEES) ve 2 Mg Oa, 7 
Ox ) Ox? (7) 


U-operator is analogous to the so-called 
“ quantum-mechanical potential ” which was 
introduced into the theory by Bohm”. But 
(/-potential operator is essentially different 
from the Bohm’s potential. 

At the present Stage, it seems to be 

very difficult to give the functiontype of € 
explicitly. 
However, to catry our discussions somewhat 
concreately and clearly, we may roughly 
assume €-function as the Gaussian distribu- 
tion, as follows : 


3 _ #2 +y24 22 


Ga, 9, #)=(sV27) %e 432 


ra (p 2 +p y+ p,2) 


é 
xX eh y (8) 


where s means the effective length of the 


particle. 
Hence, it follows that the mean co- 


ordinate of ‘‘ hidden variables’ is always 
the representative point of the particle and 


a! 
a priori weighted factor (2s V 27)? 
LE: Ske aly sk 2 Zz ‘ 
Mii meme ea? appears in Y, 
>», Py, Pz and P, mean the components 
of the momentum of the particle and %/s 
respectively. 


Moreover, as the degrees of uncertainty 
in the space of Aidden variadles, we have 


where 


(4r)2=s°, (9) 
Wigan (10) 
PAS 


Hence, we obtain 


(11) 


Next, the physical space utilized to describe 
our new theory seems to be however, different 
fromthe one used to describe the conven- 
tional theory. 

In other words, this physical space may 
be speculated to be such a space as describes 
the probability amplitude for finding the 
positions of the representative points of the 
particle and at the same time, accompanies 
such a local space at each world point 
that is described by the “ hidden variables” 
of the particle. 

The article with the detailed contents 
on this subject will soon appear in this 
Journal. 

Further researches are now being deve- 


loped. 


* Mare detailed content than that of this letter was 


read before the meetings of the Physical Society 
of Japan held at Tokyo on April 1, 1952, 


1) R. P. Feynmn, Rev. Mod. Phys. 20 (1948), 
367; Phys. Rev. 76 (1946), 749; 76 (1949), 
749; 76 (1949), 769; 80 (1950), 440, 

2) D. Bohm, Phys. Rey. 85 (1952), 166; 85 
(1952), 180, 
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Excited States of Elementary Particle 
and the Quantization of 


Elementary Particles 


M. Sugawara 


Department of Physics, Hokkaido University 
May 24, 1952 


Recent many experiments upon /- 
parsicles are not sufficient to deduce a de- 
finite clarification concerning the nature of 
V-particles, however, it seems quite certain” 
that there are two modes of decay scheme 


of a |’°-particle : 


P= PEE, (1) 
pac egs er (2) 


If in the above two processes there are 
accompanied no other neutral particles we 
must conclude that the //"-particle which 
decays according to (1) and the one which 
decays according to (2) are different in 
nature. On the other hand, there is a 
strong evidence’ that the processes (1) and 
(2) must be written correctly as follows : 


> P+7- 47", (1)’ 
> N+at +r. (2)' 


If this is the case, the two l’°-particles 
which decay according to (4) and cl2yt 
turn out to be the same kind of particles. 
We assume that the latter possibility is right 
and further we propose a possible model 
in which a V°-particle is nothing but an 
excited state of a nucleon, This excited 
state, we assume, zs a consequence of a 
new kind of quantization of a nucleon 
which is surrounded by the ™-meson field. 
‘Then the |’°-particle decays (1)/ and (2)! 
can be explained as the quantum jump from 
the excited state of a nucleon to the ground 
state of the nucleon. The energy liberated 
at this quantum jump is emitted in the 


form of quanta of the 7-meson field which 
induces the excited state of a nucleon. 

According to the above model, one 
of the decay products of a ’-particle must 
be always a proton or a neutron, therefore | 
we must assume that two 7-mesons are 
emitted at the decay of a //"-particle if 
the decay scheme (2) is true. In order 
to understand this decay mode into three 
particles, we assume a certain selection rule 
which forbits the transition from an excited 
to a ground state of a nucleon accompanied 
by a single quantum emission, but allows 
the transition accompanied by two 7-meson 
emission. In the case of pseudoscalar 7- 
meson field, it seems possible to obtain such 
a selection rule by assigning suitable proper- 
ties to the excited state of a nucleon, 
namely a [’-particle. If there are charged 
V-particles in nature, they are perhaps also 
excited states of nucleons. 

It is the most important purpose of 
this short note to remark that we can also 
apply the above considerations to electrons 
and neutrinos. For this purpose, we return 
to the original Yukawa theory, according 
to which the z-meson field which interacts 
with protons and neutrons also interacts 
with electrons and neutrinos. Therefore if 
it is permitted for the z-meson field to 
produce certain excited states Of nucleons, 
it is natural to assume that there are also 
some excited states of an electron or neutrino. 
We decidedly assume that p-meson 15¥ 
nothing but an excited state of an electron 
or a neutrino. 

This assumption is supported by the 
very fact that in the p-decay process there 
appears one electron and two neutrinos”. 
From the above assumed excited state hypo- 
thesis, it is easy to understand the s-decay 
process. If we consider a /#/-meson as an 
excited, state of an electron, the p-decay 
can be explained as the quantum transition 
from the excited to the ground state of an 
electron accompanied by the neutrino pait 
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creation, which can be shown by the formula 
ite sSS (22 Jeep (3) 


In this case it is forbidden to emit a 
quantum of the field which produces such 
an excited state and the quantum jump 
between two states, therefore the -decay 
process results in the pair creation. On 
the other hand if we consider a /t-megon 
as an excited state of a neutrino, the p- 
decay can be explained as the quantum 
jump accompanied by the electron-neutrino 
pair creation, which can be shown by the 
formula 


pt — v+et ty, (4) 


In the former case, there is another possible 
mode of /-decay besides that given by (3), 
namely the decay process which is the 
quantum jump accompanied by the electron 
pair cteation, the three electron decay of 
a f-meson. In order to forbid this three 
electron decay of a f-meson, we assume the 
latter possibility (4), namely ze assume 
that a ft-meson is an excited state of a 
neutrino. From the usual standpoint based 
on the analogy between ?-decay and [-decay, 
the w-decay process cannot be explained so 
naturally owing to the fact that there are 
two neutrinos in the final stage of the 
decay process. It is to be remarked here 
that the decay mode (3) can be well ap- 
proximated as the charge retention case in 
the Tiomno, Wheeler and Rau’s investiga- 
tions” and the decay mode (4) can be 
well approximated as antisymmetric or simple 
charge exchange case in the same investiga- 
tions. It is shown?” that the experimental 
energy spectrum of a decay electron can be 
very well explained both in the case of the 
charge retention with scalar coupling and 
in the case of the antisymmetric charge 
exchange with tensor coupling. If we te- 
call that the tensor interaction is also very 
hopeful in nuclear {-processes’), it is reason- 
able to take the latter case or the assump- 


tion which considers a /-meson as an excited 
state of a neutrino. 

The most difficult point in this picture 
is how to understand the 72-meson decay 
process into a //meson and a neutrino. 
According to the experiment”, the z-e decay 
rate is smaller than 1/1400 times the 7-4 
decay rate. As the present excited state 
hypothesis is based on the original Yuhawa 
meson theory, in which the 7z-meson field 
interacts with both nucleons and electron- 
neutrinos, we can reasonably expect that 
the z-meson decays into an electron and a 
neutrino with a mean life of the order of 
10~“sec in order to get the agreement with 
experiments in nuclear /-processes. This 
value of the life time for the z-¢ decay 
process is the same order of magnitude as 
that observed for the 7-4 decay process. 
Therefore the z-e decay will compete with 
m-~2 decay and this contradicts with the 
experiment. 

In order to overcome this difficulty, 
we must assign some properties to the p- 
meson, the excited state of a neutrino, just 
as the assignment of some properties to a 
V°-particle in order to avoid the two particle 
Thus _be- 


cause of some differences in properties be- 


decay scheme of a ]/°-particle. 


tween an excited state and a ground state 
of a neutrino, it will be the case that the 
m-e decay is forbidden or nearly forbidden, 
making the 7-y decay rate far larger than 
the 2-c decay rate. It is here remarkable 
that the same selection rule considerations 
are very successful in both cases of excited 
states. That the 7-y decay occurs with the 
life time of the order of 107° see is quite 
reasonable because the excited state of a 
neutrino will interact with the z-meson 
field at least as strong as the ground state 
does. 

In this last paragraph we discuss a 
little about the mechanism which permits 
the existence of such an excited state of an 
elementary particle. The present author 
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considers that the present strong coupling 
theoretical considerations would not be the 
correct picture. 
must consider the quantization of an 
elementary particle itself which produces 
some kind of boson field around it. In 
order to solve this quantization problem it 


Rather it seems that ze 


seems essential to have a deep going under- 
standing of the nature of elementary particles 
interacting with their surrounding fields. 


1) R. B. Leighton, S D. Wanlass and W. I. 
Alford, Phys. Rev. 83 (1951), 843. 
W. B. Fretter, Phys. Rev. 85 (1951), 1053. 
G. Cocconi and A. Silberman, Phys. Rev. 84 
(1951), 1062. 

2) R. Sagane, W. L. Gardner and H. W. Hubbard, 
Phys. Rev. 82 (1951), 557. 

3) J. Tiomno, J. A. Wheeler and R. R. Rau, Rev. 
Mod. Phys. 21 (1949), 144. 

4) G. E. Uhlenbeck and C. S. Wang Chang, Phys. 
Rev. 85 (1952), 684. 

5) E. J. Konopinski, Rev. Mod. Phys. 15 (1945), 
209. : 
D. R. Hamilton, Phys. Rev. 71 (1947), 545. 
C. W. Sherwin, Phys. Rev. 73 (1948), 1174. 
J. C. Jacobsen and O. Kofoed-Hansen, Phys. 
Rev. 75 (1948), 657. : 


Convergence Problem in Quantum 
Electrodynamics 


Y. Katayama and K. Yamazaki 
Department of Physics, Kyote University 


May 30, 1952 


It has generally been believed that if 
we could reduce each order term to be 
finite in virtue of the appropriate renormaliza- 
tion procedures and if the expansion para- 
meter would be very small, the validity of 
the perturbation method in quantum field 
theory would be partially guranteed. How- 


ever, as was recently pointed out by Dyson,” 


this problem seems to be not so simple as 
ever considered. 

Though it seems to be impossible to 
deduce the final decision of this problem 
at the present stage of the theory, we think 
that we can at least offer some materials 
which somehow support to his opinion. 

As the estimation taken in this letter 
is rather rough, and the physical meaning 
of approximations used in it is not so clear, 
it is doubtful whether the essential natures 
of the solution of quantum electrodynamics 
are represented sufficiently. But we believe 
that it would by some means indicate the 
leality. In this consideration, we neglect 
all effects of vacuum polarizaticn and assume 
that each term in each order has a finite 
contribution after the subtraction treatments 
and then we regard the contribution of each 
diagram in the each order to be equal. 
Using these assumptions, we can find the 
solution of quantum electrodynamics formally 
as the function of the expantion parameter e, 

According to Feynman, the Green 
function of one electron interacting with the 
electromagnetic field is given by 


Ae i 
Ki, =: | ads exp] — is duly,(P,.—P,) +0] 
0 0 
ie” 9 ‘ (e 9 
ai a | du| Ml) ti D+ (So2) i (1) 
0 0 


where B=ceA. 
we obtain formally 


By using this equation, 


‘ _J2 a —MO(s+ NT 
K,=iew| ase St eat of 
0 
where 


1 
L=il dulra( Po Bu) +71) 
0 


and ehseg (3) 
M= 2 | du\ dt! x tip Dal Seaut)- 
z J0 0 
The equation (2) is nothing but the 
gaussian type integral, and then we haye 
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to make R,(M&*)>0 to gain the finite 
value from this integral. In virtue of this 
condition, the domain of validity of this 
integral is divided into two half-sides in 
e-plane according to R,(J7)>0 or < 0. 
If R.(17) is positive, the domain of validity 
does not include e?< 0, and vice versa. 
This domain also varies according to the 
magnitude and the sign of /,,(/7), In 
this discussion, if we confine ourselves to 
the first case —u<arg(W/) <u and 


OL WK aS. the domain of validity would 
DD 


be the one indicated by Fig. 1. 


e*-plane 


Fig: 1 


The unshaded area is not valid and the 
doubly shaded one is absolutely valid. 
The shaded one is questionable. 


Next, we will examine the behaviours 
of the function (2) in this domain. Making 
the suitable transformation of variable in 
(2), we have 


ayes oR 
Ge =+| du (1 + ae v) ag" (4) 


+0 2 


where the path of integral is taken appro- 
priately not to round the origin. This 
integral is closely connected with one of 
the integral solutions of so-called Whittaker’s 
function W-4,4(1?/2 Me?) and is regular 
at the neighborhood of ¢? —> co. 
Meanwhile, this function is irregular 


at the neighborhood of ¢°=0, and with 
the condition |arg(Z*/2Me’)| < 7, we get 


only the asymptotic expansion 


a = ee] n (21)! 2Me 
Ton ye EE ) 


n 


(5) 


That is to say, we can conclude that these 
seties are not convergent and if we take 
e-°=137, there does exist the value 7 at 
which the w-th term exceeds the foregoing 
(z-1)-th term. 

If the above procedure represent some 
reality, we would be able to expect that, 
although the perturbation method can give 
the approximately correct answer, there does 
not exist any formal justifications for it, 
and if that is true, we would be oblidged 
to content ourselves with the only approxi- 
mately sufficient answers. 

Besides this difficulty, it is very sugges- 
tive that the expansion of above function 
with inverse powers of ¢° is convergent. 
Even if this does not indicate the validity 
of the strong coupling treatment immediately, 
we would be able to anticipate that there 
would exist some other correct approaches. 

The discussions made in this letter 
are very rough, and so it is very doubtful 
whether the difficulty of quantum electro- 
dynamics really exists or not. We hope 
that this problem will be clarified more 
rigorously. 

In conclusion, we thank to Prof, M. 
Kobayasi and Asist. Prof. T. Inoue for 
their kind guidances and Mr. K. Sawada 
for his valuable discussions. One of these 
authors (Y.K.) also wishes to express his 
gratitude for the financial aids from Yukawa 
Fellowship of Osaka University. 


1) F. J. Dyson, Phys. Rev. 85 (1952), 631. 

2) R. P. Feymman, Lectures given at the Calf. Inst. 
of Tech. 1950, 

3) Y. Katayama, Prog. Theor. Phys. 7 (1952), 265. 
K. Yamazaki, Prog. Theor. Phys. 7 (1952), 449. 

4) E. T. Whittaker and G. N. Watson, 4 Course 
of Modern Analysis (1945), joy ha 
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Errata 


S. Emonomoto, Y. Fujimoto, S. Horie and Y. Tsuzuki, Disintegration of Light 
Nuclei by o-Meson Capture (Vol. 7, No. 4, p. 353). 
The scales of Figs. 1, 2 and 3 are to be read as follows: 


Number of Number of ‘ 
protons a-particles 


50 + 


Number of 
heavier fragments 


a. 


30} 
10 ; 


20 


107 


tid) | 
- + - A: 0 owas + —+_--— + 
4 8 12 16 Mev 5 10 15 20 25 Mev 2 4 *6- 8 10 12.14 16014 
Fig. 3. Range distribution of 
heavy fragments. 
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Fig. 1. Energy distribution Fig. 2. Energy distribution of 
of protons. a-patticles. The broken line 
indicates the result excluding 
“ probable“ a‘s. The solid 
curve is an approximate 
analytic one, 1. e. 
V = exp(—£/e) with 
€=4.8 Mev. 


| ty — | 
: 73 ‘ se = _ A ed Ses = ee 
noite eb pt te ate ee t Bis ared . nysaei et ‘: Pers = et 7 


jah Ds Re Pai abl wit Bayne rea ot ; 


J ad , . > ‘a y 
i noite oly! af onerss Che ah eee alee eee eee 
« 7 ~ ; 4 6 apa 
: 5 : : ia. ho. ¥ 
‘ efi ; 
P 4a: 
——* 
‘ 4 
pag 
F . “i = % 

\ ‘~ face ha 

x ; ao ae 

=> he iru 
mivicsey ¥ a iy ee 
, “4 . 
‘ -, : 

: “er ae. Oe. 

a { ‘ ae + 

a ies 
- 


— 


zo > mj baw +i: ie coff ‘ J a Fe 
; vie %, vo; + 415,80 a ? Boe } a eh S| usd Aged 


=, 


s . iy ihe Hint et” Dave - ' ven rey drat se “ ‘ ri 

a i ite x ; a - oer, athe ory reewasd a ae a» — 

7 : Trimet ou P goa 

vie ‘ a *. oe tt ‘ee One Wide “he 

| RE Ml erm ars i dl 
Bee ling he Bnet <b Lola ae: 
; : : ; : i a 4 > i 2 f > a 


a 7 
-, ae “4 


* 


4 7 
oe tr 


INDEX TO VOLUME Vil 


Dodo-T and Utiyama-R, On the Equivalence 


Principle mccts iekeee hee la rs eye ke 589(L) 
Drell-S. D and Rose-M. E, Zeto-zero Transi- 
Re is Se, a ee ee en ene cae 125(L) 


Enomoto-S, Fujimoto-Y, Horie-S and Tsuzu- 
ki-Y, Disintegration of Light Neclei by -Meson 


Garphuite cick ate ssl fi lola 1am ielens 0) im inion 353 
Fujimoto-Y (see EnomotoS) ....--.--.---- 353 
Fujiwawa-1, Operator Calculus of Quantized 

acetate wie ats a peinyaia eo feet © 2 en 433 
Goto-S, Note on the Non-Relativistic Limit of 

the Compton Scattering ..-----++-+++++- 585(L) 
Hanawa-S and Miyazima-T, Radiative Correc- 

tion to Decay Processes, III ......------+-+- 391 
Hara-O and Shimaza-H, On Yukawa's Theory 

of Non-Local Field, I......----------+++-+- 255) 
Hara-O and Shimazu-H, Remark on the Self- 

energy Problem of the, Photonic. <2 > «<2-\sis,< 591(L) 
Hashitsume-N, On the Rate of Irreversible 

Production of Entropy ..-----+-+-++-+++70°° 225 
Hayashi-C and Munakata-Y, On a Relativistic 

Integral Equation for Bound States......-.-- 481 
Hori-S, On the Well-ordered S-matrix ..-.-- 578 
Horie-S (see Enomoto-S) ...-----+++2+2077" 353 


Ida-K, Nuclear Cross Sections for Fast Neutrons 
and Interaction between High Energy Nucleons 
A el ee A OE SO ORO BO Oe lig nat ts Ae 269 

Ikeda-M, On the Approximation Solutions of 
the Unified Field Theory of Einstein and Schroe- 
eee tye ute oe Reema ATE 127) 

Imamura-T (see Utiyama-R) ....--+++-+: 328(L) 

Ito-D, Tanaka-H, Watanabe-Y and Yama- 
zaki-M, Group Theoretical Aspects in S-Matrix 


eoemalisthe «Geer aatier tas cee os ree 128(L) 
Ito-D, “ Weisskopf-Wigner Method” in S- 

Matrix Formalism ..---<-0--+e2ss0eo ott 326(L) 
Jto-H, On the Density Matrix in Hartree-Field, 

i eee ote OR ie as 406 
Jwata-G, The Unitary Transformation and the 

Qiantization ---..niweronerressssee 39 
Iwata-G, Orthogonal Functions in the Complex 

Bcnaaetl ce errr ots eee ss Sarees 22 B33 
Kamata-K (see Nishimura-J) ..-------+00°° 185 


Kambe-K, Koide-S and Usui-T, Theory of 
Some Magnetic Properties of Cobalt Tutton Salts 
15 


eI ite rest ny erp oe a 


Kameda-T and Wada-M, On the Nucleonic 
Components producing Large Cosmic-Ray Bursts 
under Thick Shirelceanatagee ye 1, 422(L) 


Kameda-T and Wada-M, Seasonal Variation 
of Lerge Cosmic-Ray Bursts........-.-.++: 586(L) 
Kamefuchi-S (see Sakata-S) 
Kamefuchi-S and Umezawa-H, On the Renor- 
malization in Quantum Electrodynamics ....-. 399 
Katayama-Y, Transformation Function in 
Quantum Electrodynamics......---.-- 7 26a) 
Katayama-Y and Yamazaki-K, Convergence 
Problem in Quantum Electrodynamics ... .601(L) 


Kimura-T (see Suura-H) ........--+-++-++: 171 
Kimura-T and Miyachi-Y, On the Role of 
Longitudinal and Scalar Photons......-.-. 419(L) 
Kita-H, Relativistic Two-Body Problem...... 217 
Koide-S (see Kambe-K) .......+20+s++eeeee> 15 
Komori-H, Miyanaga-K and Ogawa-S, The 
Burst Production by the y-Meson ......-. 122(L) 


Kotani-T, Takebe-H, Umezawa-M and Ya- 
maguchi-Y, Note on the Decay of the 


WWleutrom.. eciiteie clbke clot ole rabayers vers. sco evn essere 469 
Machida-S (see Taketani-M) .......--------: 45 
Machida-S and Nishiyama-K, Remarks on the 

Adiabatic Nuclear Potential........--++-++-++> 3y/ 
Matuzaki-Y and Sasaki-M, The Capture 

Process of z-Mesons by Deuterons ....------ 573 
McConnell-J, Vacuum Polarization by Spin One 

Darticles bu jecele ac cee es cere else rae src rnetele 421(L) 
Mimura-Y (see Suura-H)......--++-++-+++: 171 
Minami-S, Neutral-Meson Production by Gamma- 

RE ao podbean eon. a omaing 6 OCG PEIRCE 0 = 69 
Minami-S, Excitation Function for Meson Pro- 

Production by 7-Ray ames inl: eei ein 535 
Minami-S (see SugawaraM) ...-+++++++++> 563 
Miyachi-Y (see Kimatasl)\ .oc sate ieerere 419(L) 
Miyanaga-K (see Komori-Fl)! o.- 200+ sine 122(L) 
Miyatake-O, On the Structure of Heavy Nuclei 

Pe RE Se BOD SUC ORT OR Huo CGE, POTIONS 285 
Miyazawa-H, Non-additivity of Nucleon Magnetic 

Moment in Deuteron..-.-.2+++-s+ss+2255"? 207 
Miyazima-T (see Hanawa-S) ....0--eeeeees 391 
Munakata-Y (see Hayashi-C) ....---++++++ 481 
Murai-T, Electronic States of Ethylene Molecule 

345 


Lec RHO EN ODO On COE An Op Ceara FRNA 275 
Nakamura-S, (see Tomozawa-Y) ...-5+---=- 317 
Nakamura-T, Statistical Mechanics of Coopera- - 

Hvar Phenomneiia eer oe «sje cos nies Sse 241 
Nakamura-T, On the Spin Wave Theory of 


al 


Magnetic Susceptibility and Resonance Absorption 


in Antiferromagnetics ..........------+-+----: 539 
Nambu-Y, On Lagrangian and Hamiltonian 
ortialistnis etc acvotuciets lee fore erat stecsrs ler \eh rena 131 
Nambu-Y, An Empirical Mass Spectrum of 
Elementary Particles ...............-...- 595(L) 
Nishijima-K, (see Machida-S) .............. a7 
Nishimura-J and Kamata-K, On the Theory 
Of GasCaGle! LOWELS: Levencrraiiiten remit ietensrcciat. 185 
Nishiyama-T, On the Velocity Operator in 
@uanuuin Nlechanics epi emia eieiee 417(L) 
Ogawa-S (see Komori-H)........-......: 122(L) 
Okayama-T, Generalization of Statistics...... 517 
Qnuma-S (see Vaketani-M)..............-... 45 
Rose= MEH (see) Drell-SiD) see ie ae SO) 


Saito-Y, Watanabé-Y and Yamaguchi-Y, 
Meson Production by 7-Rays from Deuterium. .103 
Sakata-S, Umezawa-H and Kamefuchi-S, On 
the Structure of the Interaction of the Elementary 
Ranticles', We rl smtierpasen se ie. ieee eee ils Seyi 
Sasaki-M (see Matuzaki-Y) ................ 575 
Sawada-K, On the Medel of V-particle and 
Meson-Nucieon Scattering 
Shimazu-H (see Hara-O) 


Shimooda-H, On the New Description of 
@uanrum-Wlechanicsm eer eer ener re 597(L) 
Sugawara-M, The Mass Variation with Velo- 
city in Bopp’s Unitary Field Theory, J, II .... 
ree, oar Pee, ie ee 303, 563 
Sugawara-M, Excited States of Elementary 
and Quantization of Elementary 
Batticles tina a acioeisisins, cikisieseean ie o)Aena 599(L) 
Sunakawa-S (see Utiyama-R)............ 328(L) 
Suura-H, Mimura-Y and Kimura-T, On 
the Analytic Behavior of Dyson Transformation 
Punction Pts emreeerre ie cess cle elec ere alvAl 
Takagi-S, Note on the Statistical Theory of the 
Meson Showers reece nti ieee iets 123(L) 
Takahashi-Y and Umezawa-H, The General 
Discussion of the Self-Stress.............. 330(L) 
Takebe-H (see Kotani-T) 


Particles 


Takeda-G, On the Renormalization Theory of 


the Interaction of Electrons and Photons ....359 
Takeno-H, On’ Relativistic Theory of Rotating 
Disk’ Uso t cies 2 wie ein b=, «onl ote oO ear 367 
Taketani-M, Machida-S and Onuma-S, The 
Meson Theory of Nuclear Forces, I........-- 45 
Tanaka-Ee (see lte-) fesse ere nee eer 128(L) 
Tanikawa-Y, Theory of Super-Quantization of 
Quantized Field and Its Application ........ 193 


Tomozawa-Y, Umezawa-M and Nakamura- 
S,  Beta-Spectrum of the Third Forbidden 


Transition or Rb” se Quake ei, Soe ene BUY. 
Tomozawa-Y and Umezawa-M, Note on the 

Forbidden Transitions in Beta-Decay ........ 323 
Tsuya-N, Microwave Resonance in Ferrimagnetic 

Substance... oc fenccn ss cos te ee eee 263(L) 
Tsuzuki- Y¥'  (Sée-Enomoto-S) -... 2.252 -e5se8 353 
Umezawa-H (see Takahashi-Y) .......... 330(L) 
Umezawa-H” (Gee Sakata-S) 222-2 eee Sie 
Umezawa-H (see Kamefuchi-S) ............ 399 
Umezawa-M (see Tomozawa-Y)........ 317; 323 
Umezawa-M (see Kotani-T)................ 469 
Usui-t “(Gee* Kambe-)- to panes ence eee eee 15 


Utiyama-R, Sunakawa-S and Imamura-T, 
On the Green-Functions of the Quantum Electro- 


dynamics ss.n 0 ete oc eee eee eee 328(L) 
Utiyama-R “(see Dodo-1) 2. eee ee 589(L) 
Wada-M (see Kameda-T) ...... 1, 422(L), 586(L) 
Watanabé-Y, (see Saito-Y) ........ Re ates 103 
Watanabe-Y “see ito) 225-6. eee eee 128(L) 
Yamaguchi-Y, Meson Reactions in Deuterium 

and Meson-Nucleon Scattering .............. 93 
Yamaguchi-Y «(see Saito: Ys 5555556552 nee 103 
Yamaguchi-Y (see Kotani-T) .............. 469 


Yamazaki-K, Operator Calculus in Quantized 
Field Theory 
Yamazaki-K (see Katayama-Y) 
Yamazaki-M “(Gee" Ito). eee eee 128(L) 
Yosida-K, On the Antiferromagnetism of 
CuCl,-2HeO Single Crystal... 0... 2.207... 25 
Yosida-K, Theory of the Antiferromagnetic 
Resonance Absorption in CuCle2H.O ...... 425 


PRINTEDINU.S.A. 


GAYLORD 


| ILI 


Hom 


SEA ber hay ~ “is Adit dled 
we pnd lon epg  ee nd aape a ae Semen ht 
prt e ~ Pl 2 eee basin 
OF 4 Far bie 4° rhe 
a {= 3 : pei teest: 
c “ {ox 
animes 5 phy tg Lhn ire 5 Menge rt yenspem peste bh : + : 
: 2 ; ee - prise ont : + 
‘ - eae teb ators tat oe vrs nO ca b> coat i acta 
2 AE PES ney - arate ahah Sete y LE GRAS) ATMO Rte ee a tae 
pels ? weer tomatoe Be : 
: pp bee FOr : 
OB Te tome 
heey 


ew pena ah 
fn ; es P esha tna pie 7 
Pay cabal dt 


Pot 


p (ge tend mantra 
us (ull sedeialiaiasta uaeseael nates 
coped Se nk iahgowsreneammirelon see Dy ee oe Pee 
: Saint rh me MEET ow g remit 3 
8 | GRY rep et escimeneas 
tod. prs 9 wm npepetey © 
" Led Pet hand aad - iw i 
“ i Setar nest wie teh ro Ks Pirates hts ae beh 
ea be nee ‘ peak eee 
Sp tty ee ad oak fe rare ethers gets “eed 


“ 


=p 
ae Ft hee nen 
: aang er ta te op opel Pieter ace 
“ wpm niet “ + rived wad ipdienteied peg hae Sapien: Shakes negate ye OTR he ae 
Fi inept mane Ty te 9 TL pA ng GS OD ein faker ten tery mp Sage 
= : PR earee een Nps genres pein, Seog « 
nabs ng eae e Tabs oe taper : 
: af gap ti ni hee 6 
So Re pe ee 
eae he cre oianta soa Bes 
LP oe tes 2 8 arom tne A toa 
ra eR eS 
Seine 
pepo 


oy Pennie 


yes 
Ce leads 


ea: 


¥ 


>a et 
$2 anh OE OO SII 3. IRL 
Ane af MON e a se 


yer 
Fee, 2” —- 
ens hrgngebere = 3 
aaa ey ao 

eae eo ieiele 

= PM Pena ene e 

x a renee ny spine 

. 


SComanoen 
rn er SE 


Bo gentle Pg ed 
4 A a 
tet 4G ey 7 “pre 
earta> Sed 
ae een 
aba > NTs 


Pisce 


ns 

gy werd bs 8 (sheet 
Pala ee oly 

oP ith 


< 


=< 


ee. 
SC ee ee 
ee may ST 


teem Sekai ag Mall 
Re wee 
ant ~ 


ra 
wees ks 


~~ as 
se Remit = 
Addo ee 


ro 
Pret aren 


> Nam rete fuel 
Prom atoll 


~ 
sph 
ane te. app *K 
sy a SNe ; Peet iguanas 
ere ee 4 aes 
en 


tm Sh tea 


= es Sree 
Ceri int ots seeet ee mes eek 
pes ean . 


pean erence r ay ie * aoee te es oa 

See re Daa tact ne . 

so eee at as cae eee 
ie von 


vs 
. a 
valcee hos 
GER routes an 


eRe sae 
a” 


ane 
akeeethi ae scan 
ha ren 
Eas 


et elie 
pres ep 


I Seated estat 
iateairenty Ptaniips 
Arak Pushes 
Darans 
peru Fy 


>, 


